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s PREFACE 
fl 

The special features of this book, which are described below, origi- 
nate in a certain underlying purpose. This is to keep clearly before — 
the student the values which he may expect to receive in return for 
his effort. An understanding of this sort is necessary for intelli- 
gent work. And, if he is to work with enthusiasm, the modern 
student is inclined to insist on it. Certainly this is not a new idea 
in the writing of textbooks. Nevertheless the technical methods by 
which this principle is carried out form the feature that most dis- 
tinguishes this book from other books in the same field and that 
motivates most of the other features described below. Whether the 
reward for labor be immediate and obvious, or whether it be more 
remote, by example and by explanation it is held before the student 
as a guide and an incentive. This principle is present from the first 
problem which sets forth a reason for the introduction of the trigono- 
metric functions before the functions themselves are defined, to the 
more algebraic parts of the book where clear explanations are given 
for the methods employed. 

1. Originating in this general idea is the discussion of the sig- 
nificance of numerical data, and of the criteria for determining the 
accuracy of results. This material gives the student a sense of the 
reality of the things with which he is dealing and of the validity of his 
results. It is a feature of the book most valuable both for its direct 
applications and for its general cultural benefit. 

2. In addition to formal exercises there is a great variety of applied 
problems, an unusual number of which have some real interest to 
the student and correspond to conditions that he can conceive of 
as occurring in actual experience. 

3. Throughout the book there is an immediate application of 
principles to problems. These take the form both of illustrative 
examples worked out in the text and of exercises for the student. 
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A comparison of this book with other texts will show that to an un- 
usual degree the passages devoted to the accumulation of principles 
and formulas are broken into short sections followed by exercises. 
This arrangement, besides immediately revealing the usefulness of a 
method just learned, enables a class to make continuous daily progress 
in the theory and at the same time to have ample time and material 
for drill work. Noticeable instances of this method will be found 
in the work on the logarithmic solution of right triangles, the proofs 
of identities involving multiple angles, and the formulas for the 
solution of the oblique triangle. 

4. While no formal analysis is given of the various types of trig- 
onometric identities and equations, general suggestions are offered 
which are very helpful in this most puzzling portion of the course. 
Sufficient justification is given for the introduction of this work 
and for the methods on which the book insists to dispel the gloomy 
indifference with which a class frequently struggles with this 
material. 

5. The book may be said to be self-contained. (i) It contains 
a treatment of logarithms. (ii) It defines the terms and explains 
the principles involved in applied problems, with a saving of time 
for the class and teacher. (iii) It gives such abundant drill exercises 
as to make other exercises unnecessary, the problem lists and illus- 
trative examples being complete even for such mechanical work as 
the use of tables. (iv) The text and tables are designed to be used 
together, so that the units involved and the methods of interpolation 
will correspond. 

6. The book is especially adaptable to courses of various lengths 
and purposes. Certain sections are starred for omission in short 
courses. THxercises are given in duplicate with answers supplied 
where practicable for the odd-numbered examples. Either the odd- 
or even-numbered examples are more than sufficient for an ordinary 
class. The exercises are so carefully graded that a simple course 
may be planned, using only the earlier exercises in each section. 
Many types of applied problems are segregated so that certain types 
may be omitted to suit the time or purpose of a class. 
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7. It has been intended to make the book concise but sufficiently 
complete, and to include only such material as is justified by its 
true value rather than by tradition. No attempt has been made to 
reduce it to a mere outline, which, in the end, is wasteful of time and 
unsatisfying to the student. 

8. While the book is modern in its purpose and material, it is 
conservative in the details of presentation. It avoids peculiar 
methods which may be useful for some individual instructor but 
are dangerous in the hands of an inexperienced teacher and offensive 
or inconvenient to an experienced one. On the contrary, the book 
should prove helpful to an inexperienced teacher by revealing the 
purpose behind each detail, and should lend itself to the methods 
of any teacher who has already developed his own technique of 
presentation, by furnishing ample material with which his class may 
work. 

The author wishes to express his gratitude to Professor Leon 
Archibald for drawing the figures, and to Doctor Elizabeth Carlson 
for suggestions and problems. He is especially grateful to Professor 
Anthony L. Underhill who read the entire manuscript, used parts of 
it in the classroom, and made innumerable criticisms and suggestions 
which have added immensely to the value of the book. 
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CHAPTER I 
THE TRIGONOMETRIC FUNCTIONS* 


1. A problem of measurement and a graphical solution. — It is 
desired to build a bridge across a certain river, and in order to do so 
it is necessary to find the width of the river. Instruments are 
available, of course, for measuring angles and distances on land with 
the necessary accuracy. The problem is to devise a method by 
which, from such measurements, one can find the distance across the 
stream, where no direct measurement is possible. 

To carry out the solution, place marks at two points, A and B, 
on opposite banks of the stream. With an instrument placed at A, 
establish a line AM at right 
angles to AB, and along AM 
measure any convenient dis- =——— 
tance, AC. With an instrument 
at C then measure the angle 
ACB. Suppose that in the pres- 
ent case the distance AC is taken 
equal to 800 feet, and that, on 
measurement, the angle ACB is 
found to be equal to 71°. The 
distance AB can now be found 
graphically as follows: Con- Fia. 1 
struct on paper a triangle A’B’C’ 
similar to ABC, making the angle at A’ a right angle, and with 


* After reading Articles 1 and 2, the reader may proceed at once to Chapter 
II, and complete Chapter I after reading Chapters II, III, and IV. This order is 
recommended for those wishing a very short course. 
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a protractor make the angle at C’ equal to 71°. The side A’B’ 
can be measured. And since the triangles are similar, AB can be 
found from the proportion 

(1) AB: AC =A one 

where AB is the only unknown. 


|B 
Pat 
Siemon 


For convenience use paper ruled into 
squares and allow one space on the paper to 
represent some distance, say 100 feet, of the 


800 feet, is 8 spaces. We read off the dis- 
tance A’B’, which is about 23.2 spaces, 


ae 
Eeeseseted beca ee 
FEEEEEEEEEEEEEHEEE EEE 


HH and conclude that, approximately, 
(2) AB = 2320 feet. 
jal : i OES 
fare) | « The accuracy of this result is limited by 
a [fa 


errors made in measuring the angles at A 
and C and the distance AC, and also, prob- 


9 


aye 
aie ela | 
Aa 
AR 


sxun 


we ably to even a greater extent, by inaccu- 
C' A racies in constructing the angle at C’ and 
Fig. 2 reading the distance A’B’. 
EXERCISES 


Using Figure 2, determine AB for each of the following measure- 
ments of AC, assuming that angle ACB = 71°. 

1. AC = 1000 ft. Ans. AB = 2900ft. 2. AC = 1000 yds. 
3. AC = 300 rds. Ans. AB =870rds. 4 AC = 30rds. 


Using Figure 3, determine AB for each of the following pairs of 
measurements. Do not draw lines nor mark on the figure, but 


problem. Then A’C’, which corresponds to © 


indicate angles by a celluloid ruler or a thread stretched through the 


center of the circle. 


5. AC = 1000ft, ZACB = 61°. Ans. 1800 ft. 
6. AC = 700ft., ZACB = 58°. 
7. AC =1100ft., ZACB = 42°. Ans. 990 ft. 
8. AC = 900ft.,  ZACB = 39°. 
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1040 ft. 


Ans. 


52° 30’. 


ZACB = 31°. 


ZACB = 


800 ft., 
650 ft., 


Ag = 
a AC = 


AE a SS 
ai 


oak NG 


Se 
Ht tt 
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2. Another solution. — From equation (2), Article 1, we have: 


AB _ 2320 _ 


AQ? 30. at 


From the results of Exercise 1, Article 1, we find 
AB _ 2900 _ 


Aaa 
and from Exercise 3, 

AB 870 

AC = 300 —— PAS) 


The ratio AB/AC evidently retains the value 2.9, regardless of the 
length of AC. Indeed, since the right triangles are similar, this ratio 
must remain constant so long as the angle ACB remains equal to 71°. 
A change in the value of the angle ACB carries with it a change in 
the ratio AB/AC. This ratio, then, is a number which is independent 
of the dimensions of the triangle, and is determined solely by the 
magnitude of the angle ACB. The ratio AB/AC, since it depends 
for its value on the value of the angle, is said to be a function of the 
angle ACB. . 

This function is called the tangent of the angle ACB, a statement 
which we may write in the following form: 

(1) oe tan ZACB. 

A general definition of the tangent of an angle is given in Article 8. 
We have seen that when ZACB = 71°, AB/AC = 2.9, so that 
tan 71° = 2.9. 

Had we but known this value for tan 71°, we could have solved 
the problem of Article 1, without incurring the inaccuracy and in- 


convenience of the graphical method. For, since AC = 800 ft., by 
equation (1) 


AB = 800 X tan 71° = 800 X 2.9 = 2320 ft. 
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The solution which uses the tangent of the angle ACB is both more 
accurate and more convenient than the graphical method, for tables 
have been made which give very exactly the value of the tangent of 
any angle. 


EXERCISES 
1. A table gives tan 71° = 2.9042. Use this value to obtain 
a better answer to the problem of Article 1. Ans. 23231 
2. Solve Exercises 5 to 10, Article 1, using the following values: 
tan 31° = .601, tan 39° = 810, 
* tan 42° = 9004, tan 52° 30’ = 1.303, 
tan 58° = 1.600, tan 61° = 1.804. 
Ans. (5) 1804 ft., (7) 990 ft., (9) 1042 ft. 
Using Figure 3, find the values of 
3. tan 27° 30’. Aus. ».52. 4. tan Ae. 
5. tan 55°. Ans. 1.48. 6. tan 45°, 
7. tan 60°. Ant. 1:7; 8. tan 75°, 
S$) tan.32°. Ass, .62. 10... tan 25°. 
Using Figure 3, find an angle C, such that 
ii. tan C =1.1. Ans CU = 43", 12. tan C = .51. 
igetaaG = .65.. Ans. C = 33°. 14. tan C = .36. 
iperancG = .70. Ans. C = 35°. 16. tan C = .23. 
17. tan C = 4.0. Ape.  C =i16". 18. tan C = .87. 


3. Directed distances.* — The next five articles deal with topics 
necessary for understanding a general definition of the tangent and 
of certain other functions of an angle. 

— ee 
A B C 
Fig. 4 


If a point moves in a straight line from a point A to a point C, it 
traces out the line-segment AC. We call A the initial point and C the 


* See footnote, page 1. 
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terminal point of the segment. We also denote by AC the distance 
from A to C or the length of AC expressed in some chosen unit. 
If B is a point on the line between A and C, in tracing AC the moving 
point traces the segments AB and BC, and 


AB+ BC = AC. 


In order that this rule may hold even when B is not between A and 
C, distances measured in one direction along any given line will be 
counted positive, and distances in the opposite direction will be 
counted negative. That is, AB = —BA, or 


(1) AB+ BA =0. 


If a point starts at A and, after moving back and forth along 
the line in any way, ultimately arrives at C, the algebraic sum of all 
the distances traversed by the point is AC. For every segment except 
AC is traversed the same number of times in each direction, and the 
sum of the lengths of these other segments is zero. In particular, 
if the tracing point moves from A to B and then to C, we have 


(2) AB + BC = AC, 


for all arrangements of the points on a straight line. 


en ee re ee 
Cc Bees AMSG B B A C 
Fig. 5 


4. The codrdinate system. — Consider two straight lines drawn 
at right angles to each other in a plane. One of them, OX, usually 
taken horizontally, we shall call the x-axis, while the vertical line, 
OY, will be called the y-axis. Their point of intersection, O, is the 
origin. We choose some unit of length in which to express distances, 
and agree that distances measured along any line which is parallel 
to OX are to be counted positive if measured to the right, and negative 
if measured to the left. Distances along any line parallel to OY are 
positive if measured upward, negative if measured downward. 
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Now let P be any point of the plane, and let its distance from OY 
be x and its distance from OX be y. Then 2 is said to be the ab- 
scissa of the point P, 
and y is the ordinate 
of P. The position 
of P is determined if 
these two numbers or 
coérdinates, x and y, 
are known, and P is 
commonly denoted as 
the point (a, y). The 
points (—4, 6), (—6, 
—5) and (7,—3) are 
marked in Figure 6. 

The distance of the 
point P from the origin 
is called the radius 
vector of P. This dis- 
tance r is counted Fig. 6 


positive, regardless of the signs of 
x and y. From the triangle OMP, 
r= VEEP. 
The axes of codrdinates divide the 
x plane into four quadrants which are 
numbered as in Figure 7. This figure 
also shows the signs of the coérdinates 
of points in the different quadrants. 


EXERCISES 


cane For careful plotting, the student 
should use printed ‘‘cross-section” or “‘coérdinate” paper. For 
hurried work, or at the blackboard, mark a scale of points on 
éach axis, and then estimate distances by the eye or with a meas- 
ure. 
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1. Plotthe points: (2, 1), (4,7), (6, 6), (—2, 4), (—5, 2), (—4,-3), 
(0,5); (4,—1), (2;—8), (v5, 3), (—1,-v3), (x, 4), (2, 7); (0, 3), 
(0, 0), (6, 0), (—3, 0), (0,—4), (7/2, 2), (—2/3, 5/2). 

2. In Figure 3, give the codrdinates for the point at which the 
degree sign (°) is printed for each of the angles 0°, 10°, 20°, ete. 

Using Figure 3, find the value of the angle XOP to the nearest 
degree for each of the following positions of P. 


3. (10, 4). Ans 22. 4. (8, 7). 

5. (4, 8). Ans. 68°. 6. (2, 4). 

te (Cha O). Ans. : 8. (0, 5). 

9. (—8, 10). Ans. 107°. 10. (—12, 5). 
11. (—9, 3). Ans. 162°. 12. (—12, 4). 
13. (—6, 2). Ans. 162°. 14. (—3/2, 12). 


Denote by A the foot of the perpendicular drawn from a point 
B to the z-axis, and find the value of tan ZAOB for each of the 
following positions of B. 


162 1(4 512). Ans. tan ZAOB = 8. 16. (38, 9). 
Ute A5). . Ans. tan ZAOB = 5/4. 18. (3,3). 
19. (x, 1). Ans. tan ZAOB = 1/z. 20. (5, 10). 


Find the radius vector of each of the following points. 


21. (3, 4). Ars oe 22, (12,5), 
23. (15, 8). Ans. 17. 24, (2,1). 
25. (5,—12). Ans. 18. 26. (—4, 3). 
27. (—1, 1). Ans. V2. 28; (aoa): 


5. The generation of angles. — If a straight line, J, revolves in 
a plane about a point O from the position OA to the position OC, 
it sweeps out or generates the angle AOC. The lines OA and OC 
are called the sides of the angle AOC, OA being the initial side, and 
OC being the terminal side of the angle. 
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When there is no possibility of confusion, an angle may be denoted by the 
same single letter as its vertex, or by some different letter (usually a Greek letter) 
designated for the purpose. For example, we may say 


ZAOC = 20 = 8. 


If OB is a line lying between 
OA and OC, in revolving from 
the position OA to OC, the gen- 
erating line sweeps out first the 
angle AOB, then the angle BOC, 
and in all, the angle AOC. We 
can thus add angles and write 


ZAOB+ ZBOC = ZLAOC. 


6. General and directed an- 
gles. —It has been customary 
in elementary geometry to con- 
sider all angles as positive and as limited to values less than four 
right angles. These restrictions are not necessary and it is now 
desirable to do away with them. 

We shall call certain angles positive and others negative, the 
sign of an angle depending on the direction of rotation of the 
line which generated it. An angle which is generated by a line re- 
volving in a counter-clockwise sense (that is, in the opposite direc- 


Fig. 8 


(6: C 


Fig. 9 


tion from that in which a hand of a clock moves) is counted positive. 
And an angle generated by a line turning in a clockwise direction 1s 


negative. 
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In Figure 9, ZAOC is positive and ZCOA is negative. In fact 
ZCOA = — ZAOC. 


We shall place no limit on the magnitude of an angle. During 
one complete counter-clockwise revolution a line sweeps out all 
angles from 0° to 360°. But it may continue to turn. During its 
second revolution it completes the generation of angles between 
360° and 720°; during the next revolution it finishes generating the 
angles from 720° to 1080°, ete., without arbitrary limit. 

We thus see that two lines OA and OC may serve as the initial and 
terminal sides respectively not merely of a single angle AOC, but of 

countless angles, some positive 


C 3 
and some negative. 


In Figure 10, for example, the angle 
AOC may have any one of the values 
a = 30°, B = —330°, 7 = 390°, etc. 

8 A The value of an angle AOC 

ee therefore depends not only on 

the positions of the initial side 

OA and of the terminal side OC, but also on the direction and extent 

of rotation of the generating line. Any two values of AOC will 
differ by some multiple of 360°. 


Thus, in the figure, a — y = 30° — 390° = —360°; a — 8 = 30° —(—330°) 
= 360°; y — 8 = 390° — (—330°) = 2 X 360°. 


EXERCISES 
Draw the following angles, and indicate by arrows, as in Figure 
10, the direction and extent of the rotation. In each case name two 
other angles, one positive and one negative, having the same initial 
and terminal sides. 


is 90°. 2. =—90": 3, 135° 
4. —135°, BS) su Os) 20 
a et: S. 270% 9. 300°. 
10. 360°. 11. —390°. 12. 450°. 


13. —600°. 14. 1035°. 15. —120°. 
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7. The standard position of an angle. — An angle is said to be in 
standard position with reference to a system of codrdinates, if its 
vertex is at the origin and if its initial side extends along the positive 
x-axis. We speak of 
an angle as being in, 
say, the second quad- 
rant, if, when it is 
placed in standard 
position, its terminal 
side lies in the second 
quadrant. We use 
similar expressions, of 
course, for the other 
quadrants. 

The angles 120°, —210°, 
and 510°, for example, 
are in the second quad- Fie. 11 
rant, while 65° is in the 
first, —100° is in the third, and 300° is in the fourth quadrant. Positive angles 
between 0° and 90° are in the first quadrant; angles between 90° and 180° are 
in the second, angles between 180° and 270° are in the third, and angles be- 
tween 270° and 360° are in the fourth quadrant. 


EXERCISES 


Using Figure 3, find one positive and one negative value of the 
angle XOP, for each of the following positions of P, giving the re- 
sults correctly to the nearest degree. 


cee 7, 7). Ans. 135°, —225°. 2 f= 66), 
Sa 7). Ans. 306°, —54°. ALO) 
5. (8, 0). Ans. 360°, —360°. 6) (Oiee8), 
tee 7, — 10). Ans. 235°, —125°. Pompey 


8. Definition of the trigonometric functions of an angle. — In 
Article 2 we defined, for any acute angle, a number which we called 
its tangent. Now we shall give definitions of the tangent and of 
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five other functions of an angle which will be applicable to any angle, 
6, whatsoever. These six quantities, called trigonometric functions 
of 6, are the sine, the cosine, the tangent, the cotangent, the secant, 
and the cosecant of 6, which are written sin 8, cos 4, tan , cot 6, sec 9, 
esc 6, respectively. Definition: Place the angle 6 in standard po- 
sition with reference to a codrdinate system, and choose any point, P, 
on the terminal side of 0. Let the codrdinates of this point be (x, y) 
and its distance from the origin be r. Then 


ye 


ordinate of P 


iy Oe eee 
— radius vector of Pr’ 

eke eae abscissa of Px 
radius vector of Pr’ 

dinate of P 

Gs ee 
co abscissa of P xt 

cut bee abscissa of Ps x 
ordinate of Py’ 

dius vector of Pr 

Ppp ch he I 
Pe abscissa of P OF 
cae re radius vector of P ee 

ordinate of P y 
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These quantities,* although defined in terms of the codrdinates of 
the point P, are nevertheless true functions of 6. That is, their 
values depend solely on the 
value of 6, and not on the y 
particular point P which we 
choose on the terminal side of 
6. For if we choose any other 
point, P’, on OP, with codrdi- 
nates (x’, y’) and radius vector 
r’, from the similarity of the 
triangles OMP and OM’P’, 
we have 


so that the value of sin @ is 
the same whether we obtain it Fic. 13 

using P’ or using P. The 

student should write the corresponding equations for the other 
functions. 


Two numbers are said to be reciprocals each of the other, if their product is 
equal to 1. Thus 3 and 1/3, and 2/5 and 5/2 are pairs of reciprocals. If a and 
b are reciprocals a = 1/b. 


Since, by definition, sin 6 = y/r and csc 6 = r/y, these functions 
are reciprocals each of the other. That is, 


1 
cse 6 — Aes 


* Two other functions are sometimes used, particularly in laying out railroad 
curves. They are the versed sine of 6 and the coversed sine of 6, defined as 
vers 0 = 1 — cos8, 
covers @ = 1 — sin @. 


We shall make no further reference to these functions. 
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: : 1 
. Likewise sec 9 = —_., 
cos 6 
Iz 
and cot @ = ——. 
tan 6 
13 : : © . 
12 Examp_e 1. Find the trigonometric functions of 
the angle XOP, if the coérdinates of P are (—5,12). 
8 x The radius vector is 
mM % [0 
r=V2+y¥ = V(—5)? + (12) = 18. 
eM Therefore, by definition, 
eg 923 A ee =S = aon 
sin @ = = {3 = -923;, cos @ = — = Sy = —.385, 
abe 12 5 
ne = a cot.@é =—- = —> = —.417, 
aL —5 5 2 12 
i 3 3 
sec 6 = —- = — — = —2.60, esc 6 = — = — = 1.083. 
G 5 2 


The last three values might have been obtained from the first three by the re- 
ciprocal relations. That is, since 


sin.é@ = 12713, esc @ = 13/12; 
since cos 6 = —5/18, sec @ = —13/5; 
since tan @ = —12/5, cot @ = —5/12. 


Examete 2. Find the trigonometric functions of 
270°. 

Place the angle in standard position, and as P 
choose a convenient point, say (0,—8). Then r = 
+8, since r is always counted positive. Then, 
from the definitions, 
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but, since division by zero has no meaning, evidently there is no such thing as 


rain Likewise sec 270° does not exist, since r/x or 8/0 is without meaning. 
u 


Exampte 3. Find the trigonometric functions of 214°. From Figure 3, 
we see that the point (—9,—6) lies on the terminal side of the angle 214°. Let 
us use (—9,—6) as the point P. Then 


r = V(—9)? + (—6 = V117 = 10.8. 


Therefore 
: ge £6 zc —-9 
AS SSS ae ‘ 6S Se 
sin 214 ‘ 108 56, cos 214 : 108 83, 
—6 = 
tan 214° = 2 = — = 167, perdi ti 
0 —9 y —§6§ 
10.8 10. 
nes = = —— = —£2, ei == (28 
x —9 y —6 


Second solution. — In Figure 3, the radius of the circle is 10. As the point 
P, take the point on the circle corresponding to 214°. Its coérdinates are 


(—8.3,—5.6) and r = 10. Therefore sin 214° = y/r = —.56, cos 214° = —.83. 
To find the tangent take P as the point where the terminal side of 214° meets the 
- line for which x = —10, the vertical tangent to the circle. Its codrdinates are 


(—10,—6.7). Therefore tan 214° = y/x = .67. If we take P on the hori- 
zontal tangent to the circle, its codrdinates are (—15,—10), and cot @ = x/y=1.5. 


EXERCISES 
ORAL EXERCISES 


Find the value of r for each of the following positions of P, and 
then find the trigonometric functions of the angle XOP. Do not 
reduce the answers to decimal form. 


ea, —4). 

Ans. r= 5,sin@ = —4/5, cos @ = 3/5, tan@ = —4/3, ete. 
2. (—8, 6). Be (2,3), 4. (—4,-3). 
5. (5, 12). 6. (—12, 5). 7. (—5,—12). 


& «1, 1): Shes 105(1= 
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1142, 2). 12. (—2,2). 13. (2,—2). 
14. (—3, 4). 15. (—3,—-—4). 16. (—12,—5). 
17.16, 8). 18. (—6, 8). 19. (—6,—8). 
20. (0, 2). 21. (2, 0). 22. (—3, 0). 
23. For which quadrants is 

(a) sin 6 positive; (b) sin @ negative; 

(c) cos 6 positive; (d) cos 6 negative; 

(e) tan 6 positive; (f) cot 6 negative; 

(g) sec @ positive; (h) ese 6 positive? 


24. The signs of sin 6 and esc @ are always the same. (a) Why 
is this true? (6) What other function always has the same sign as 
cos 6? (c) What function has the same sign as tan 6? 

25. In what quadrant is @ in each of the following cases? 


(a) sin 6 and cos @ are both positive. 
(b) sin @ is positive, cos @ is negative. 
(c) sin 6 and cos @ are negative. 

(d) sin 6 is negative, cos @ is positive. 


26. Work Exercise 25 using tan @ first instead of cos @ and then 
instead of sin @. 
WRITTEN EXERCISES 


Using Figure 8, find the values of the sine, cosine, tangent and 
cotangent of the following angles correctly to one figure in every 
case and correctly to two figures when possible. 


27. 49°. Ans..- (5, SG, 1a. et. 28. 65°. 
29. 20". Ans. .48, .87, .55, 1.8. 30. 14°. 
31. 148°. Ans. .53, —.85, —.62, —1.6. 32. 165°. 
33. 240°. Ans. —.87, —.50%1.7, .58. 34. 209°. 
35. Jip Ans. 0,1,0,—. 36. 180°. 
of. - 00°. Ans. “4, 0; =, 0. 38. —90°. 


Boe ali Ans. —.86, .52, —1.7, —.60. 40. 339°: 
41. —50°. Ans. —.77, .64, —1.2, —.84. 42. —69°. 
43. 421°. Ans. “87, .48, 1.8, .55. 44, 824°, 
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9. The determination of one function from another. — If we know 
the quadrant in which an angle lies, and have the value of one of 
its trigonometric functions, we can find the values of its other trig- 
onometric functions. Formulas by which this can be done alge- 
braically will be given in Article 68. The geometrical method is 
illustrated in the following examples. 


ExamMPie 1. Given that 4 is an angle in the second quadrant and that tan 6 
= —4/5, find the other functions of 6. Any point (z,y) in the second quadrant 


is a point on the terminal side of 6, if y/x = tan@ = —4/5. In particular, the 
point (—5,4) is such a point. The point (—10,8) or the point (—5/2,2) would 


serve equally well, but we prefer (—5,4) as being simpler. Thenr = V16 + 25 
=vV41. Therefore, 


Fig. 16 Fig. 17 
Exampie 2. Given that sin@ = —2/3 and that @ is in the third quadrant. 
Find the other functions of 6. The point in the third quadrant for which y = —2 
and r = 3 must lie on the terminal side of 6. From the relation 2? + y = 1”, 
et ile Therefore sino = =, cos 0= = 5, 
tané = vi, 55 ee en ary 
an -=- cot = —5~, sec eo ay ene aa 


In general, the method consists in finding from the given conditions 
a point on the terminal side of the angle, and then using the co- 
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ordinates and radius vector of this point in the definitions of the 
functions of an angle in order to obtain their values. 


EXERCISES 
In each of the following examples, find the functions of an angle 


which satisfies the given conditions. 


1. tan 6 = 3, 6 in first quadrant. 


Ans. 1s 13, 1s V'13, 3, 3 V'13, z V3. 


2. cot 6 = 4, @ in first quadrant. 
3. sin 6 = .4, 6 in first quadrant. 
Ans. 4+V21, & V21, } V21, & V1, § 
r 4. cos 6 = ;%, 6 in first quadrant. 
5. sin 9 = #, 8 in second quadrant. Ans. —4#4, —%, —#, —4, 3. 
6. cos @ = —2, @in second quadrant. 
7. tan 6 = 2, @in third quadrant. 
Ans. —§ V5, =. V5, 3 7 5, —% V5. 
> 8. cos @ = —3, 6 in third quadrant. 
9. sin @ = —,};, 6 in fourth pea a 
Ans. He 79s yp tee 
10. cos @ = 58, 0 in fourth quadrant. 


ty 
+ = ee = Sys 
11. sin @ = $,cos6 = —% Ans. —#$, —i, —$,2% 


12. tan 6 = 48, cos 6 negative. 


CHAPTER II 
THE TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE* 


10. The trigonometric functions of an acute angle. — Consider a 
right triangle, ABC, in which the right angle is at C. Let a denote 
the angle at the vertex A, and 6 the angle at the vertex B. Denote 
by a, b, and c the lengths of the sides which are opposite the vertices 
A, B, and C respectively. 

Note: This notation will be used regularly. Unless it is otherwise stated, 
in a triangle whose vertices are the points A, B, C, the letters a, B, y will denote 


the angles at those vertices, and a, b, c will denote the lengths of the respectively 
opposite sides. In a right triangle, y will ordinarily be the right angle. 


The six trigonometric functions 
of the acute angle a are then 


; a b 
sina =-, cosa=-, 
(fe c 
a b 
tana = - LOE 6 — 
b’ a 
e Cc 
seca=-, cs a-——. 
b a Fra. 18 


These statements may be expressed as follows: For an acute 
angle of any right triangle, 
the sine equals the ratio of the opposite side to the hypotenuse; 
the cosine equals the ratio of the adjacent side to the hypotenuse; 
the tangent equals the ratio of the opposite side to the adjacent side; 
the cotangent equals the ratio of the adjacent side to the opposite side; 
the secant equals the ratio of the hypotenuse to the adjacent side; 
the cosecant equals the ratio of the hypotenuse to the opposite side. 


* See footnote, page 1. 
19 


gS ra tae, 
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Students who have not read the Litter part of 
Chapter I may accept the foregoing statements as 
definitions of the tngonometrc functions of an 
acute angle. They are valid for all acute angles, 
since any acute angle may be taken as one of the 
angles of a night triangle. Definitions that apply 
to all angles are given in Article 8 of Chapter L 

Students who have learned the general defini- 
tion of Article 8 should consider the statements 
above as a theorem, which may be proved as fol- 
lows. Draw a xt of codrdinate axes with the 
origin at A and the z-axis in the direction AC, 
placing angle «a in standard position. The codr 
dinates of B are (j.2), and its radius veeter B & 
Therefore, by Article 8, 


Fie. 19 


The relations of this article should be remembered, also, in the 
following forms: 


a=csing a = dtana, 
b = c cosa, = acota, 
c = acsca, c = bseca. 


11. The variation of the functions of an acute angle. — For a 
hypotenuse, c, of given length, the larger the angle a, the larger is 
the value of a and the smaller is the value of 6. Therefore, by the 
relations of Article 10, when an acute angle increases, its sine, tan- 
gent, and secant increase, and its cosine, cotangent, and casecant 
decrease. Since a and 6 are always less than ¢, the sine and cosine 
of an acute angle are always less than 1 and the secant and cosecant 
are always greater than 1. The tangent and cotangeat have no such 
fixed limits. 

12. The functions of complementary angles. — If we apply the ~ 
statements of Article 10 to the angle 8 instead of to a, Since a is now 
the adjacent side and 0 is the opposite side, we find that 


sin 8 = 


aio 


q/ . 
= cosa, cos § = — = sina, 
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tan B = — = cota, cot 8 = — = tana, 


= csc a, esc B = > = seca. 


Sle MIS 


The sine and cosine are said to be cofunctions, each of the other, as 
are also the tangent and cotangent, and the secant and cosecant. 
Inasmuch as any two complementary acute angles can be taken as 
the acute angles, a and 8, of a right triangle, we have the 

Theorem. Any trigonometric function of a positive acute angle is 
equal to the corresponding cofunction of the complementary angle. 


13. The trigonometric functions of 45°. — 
It is very easy to compute the values of the 
trigonometric functions of the angles 30°, 45° 
and 60°, and it is useful to remember them. 
In this article we compute the values for 45°. 

Draw a right triangle with the acute angle, 
a, equal to 45°, the length of the opposite 
side a equal to one unit. Then we also have 
B=45° and b=1. Since #?& +P =—c,c= 
Wii = V2 

From Article 10, we have 


; a Sb ee re aes 
sin 45 See cos 45 i ENE, 
oe suas 
tan 45 ee iy cot 45 ay i 

ce v2 c 
= a 2. 
sec 45° =F = V2, cae 45" 


14. The trigonometric functions of 60° and 30°. — Draw an equi- 
lateral triangle, ABD, making the length of each side equal to 2 units. 
From B draw BC perpendicular to AD. It will bisect AD at C. 
Then in the right triangle ABC, a = 60°, B = 30°, c= 2, 6=1. 
Moreover a? +b? =, so that a= Ve— = V4—1= V3. 
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From Article 10, we get 


sin 60° == 3 v3, 
oats ae 
c 

tan 60° =F = V3, 

6 eee 
cot 60 i wee 1 /3, 
see 60° = 5 = 2, 
ose 608 = 


Functions of 30° are equal to the corresponding cofunctions of 
60°, which is the complementary angle. Therefore 


sin 30° = 4, cos 30° = 3 V3, 
tan 30° = 3 V3, cot 30° = V3, 
sec 30° = 2 V3, ese 830° = 2. 


The student should memorize the following table: 


i] 30° 45° 60° 
sin 6 vi V3 V3 
cos 0 1/3 2/2 sel 


15. Tables of trigonometric functions. — Four-place tables. In 
Table IV, pages 92-96 of the tables, are columns headed “Sine,” 
“Tangent,” “Cotangent,”’ “Cosine.” These give the values of these 
four functions to four decimal places for acute angles at intervals of 
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10’. The secant and cosecant, if needed, can be found as reciprocals 
of the cosine and sine. 

There are two problems involved in the use of the tables: (a) given 
an angle, to find the corresponding value of a function, and (b) given 
the value of a function, to find the angle to which it corresponds. 
The methods are illustrated in the following examples. 


16. A function of a given angle. — 


Exampte 1. Find sin 28° 20’. On page 95, in the column headed “Degrees,” 
we find the entry 28° 20’ and opposite this entry, in the column headed “Sine,” 
we find the number .4746. So sin 28° 20’ = .4746. In the same line, in the other 
columns, we find tan 28° 20’ = .5392, cot 28° 20’ = 1.8546, cos 28° 20’ = .8802. 


Examete 2. Find sin 56°40’. In the column marked “Degrees” at the 
top the entries go only to 45°. But in the column at the right, marked ‘“‘ Degrees” 
at the bottom, the entries read wpward from 45° to 90°. In fact, for any row in 
the table, the angle at the left and the angle at the right are complementary 
angles, and consequently an entry in any column gives one function of the angle 
marked at the left and the corresponding cofunction of the complementary angle 
which is marked at the right. By this arrangement each entry of the table is 
made to do double service, with consequent economy in printing and using the 
table. In seeking a function of an angle entered in the column at the right, we 
must use the designation of the function which is printed at the bottom. The 
entry for 56°40’ is on page 95, and we find sin 56° 40’ = .8355. Likewise 
tan 56° 40’ = 1.5204, cot 56° 40’ = .6577, cos 56° 40’ = .5495, 


EXERCISES 


From Table IV find the sine, cosine, tangent and cotangent of 
each of the following angles. 


sj POT ia a Meio’. 8 2. cos 6° 50’. 3. tana 7-03 

4. cot 23° 40’. 5-833" 30". 6. cos 40° 10’. 

7. sin 81° 40’. 8. cos 69° 0’. 9. tan 49° 50’. 
10. cot 76° 50’. fie tangle 0 12 cot-b2 206 


17. Interpolation. — When we wish to find a number which is not 
given in the tables, but lies between two entries of a table, we resort 
to the method of znterpolation. 
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Exampte 1. Find sin 34°27’. The angle 34° 27’ lies between the two entries 
34° 20’ and 34°30’. The difference between two successive entries in the table 
is called the tabular difference. From the tables we find 

sin 34° 20’ = .5640 
sin 34° 30’ = .5664 
Tabular Difference = .0024. 


It is not correct to say that the sine of an angle is proportional to the angle. 
But for small changes in the angle, the change in the sine is nearly proportional 
to the change in the angle. And we may assume that since 34° 27’ is “seven- 
tenths of the way” from 34° 20’ to 34° 30’ then sin 34° 27’ will also be ‘‘seven-tenths 
of the way”’ from .5640 to .5664. We must therefore add to .5640 seven-tenths of 
the tabular difference .0024. That is : 


sin 34° 27’ = .5640 + .7 X .0024 = .5640 + .00168 = .56568. 


We must remember, however, that the tables themselves are accurate only to 
four decimal places. When we say that sin 34° 20’ = .5640 we mean that 
sin 34° 30’ is nearer to this number than it is either to .5639 or to .5641. In other 
words, the entries in the table have been “‘rounded off” to four places. We 
should be wrong to expect greater accuracy in our interpolated result than exists 
in the tables themselves. We therefore ‘‘round off’? our number to four places, 
and write sin 34° 27’ = .5657. The work of interpolation should be done men- 
tally about as follows: ‘Sin 34° 20’ = .5640; the tabular difference is 24 (in the 
last places); .7 of 24 is 16.8, which we call 17; this number added to .5640 gives 
sin 34° 27’ = .5657.”’ Only the result is to be written down. 


Exampie 2. Find cos 34° 27’. The process is the same as in the preceding 
example, except that since the cosine decreases when the angle increases, we 
must now subtract seven-tenths of the tabular difference from cos 34° 20’. We 
find cos 34° 20’ = .8258; the tabular difference is (S258 — 8241)= 17; .7 x 17 
= 11.9, which we call 12 and subtract from 8258. The result is cos 34° 27’ 
= .8246. The student should verify the following results: tan 34° 27’ = .6860, 
cot 34° 27’ = 1.4577. 


Exampte 3. Find cot 64°45’. From the table cot 64° 40’ = .4734. The 
tabular difference is 35, and five-tenths of the difference is 17.5. This number is 
equally near to 17 and to 18, and there is no logical reason for choosing one in 
preference to the other. It is well, however, to have some fixed practice, and it is 
the custom among computers in interpolating to rownd off .5 so that the result 
written down is the even rather than the possible odd number. We shall adhere to 
this rule throughout the book. In a long piece of computation, the cases in which 
the result is increased are likely to be nearly balanced by the cases in which the 
result is diminished. In the present case, if we round off 17.5 to 18, the result is 
cot 64° 45’ = .4716, which, being even, is accepted as the result. It is the re- 
sult, rather than the added difference (17 or 18), which is to be even, and the 


rule is applicable only in case of logical doubt, when it is .5 which is to be rounded 
off. 
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EXERCISES 
From Table IV find the values of the following functions. 
1 -g08 8° 13". Ans. .9898. Deebanel Oee2sa 
3. cot 24° 14’. Ans. 2.2217. a aio, sole 
5. tan 41° 56’. Ans.  .8983. 6. cot 10° 92 
7. sin 48° 16’. Ans.  .7462. 8. cos 57° 57’. 
9. sin 74° 31’. Ans.  .9637. 10. cos 64° 34’. 
Pio tan: 10". Ans. 1.0111. 12. cot 60° 55% 
13. sin 9° 35’. Ans.  .1664. 14. tan 27° 45’. 


18. The angle corresponding to a given function. — 


Exampie 1. Given sin 6 = .5225, find the value of 6. Looking in the column 
headed ‘‘Sine,” we find the given entry on page 95, and write @ = 31° 30’. 


2 


Exameite 2. Find @ if tan 6 = 3.9136. This entry is found on page 93 in 
the column marked ‘‘Tangent” at the bottom. It corresponds to 6 = 75° 40’. 


EXxamp.Leé 3. Find @ if sin@ = .5531. This entry does not occur in the tables, 
but is between .5519 = sin 33°30’ and .5544 = sin 33°40’. We can arrange 
the numbers as follows. 


Angle Sine Difference 


33° 30’ 5519 \ 42 
6 5531 i 25 
33° 40’ 5544 


Therefore sin 0 is ‘twelve twenty-fifths of the way” from sin 33° 30’ to sin 33° 40’, 
and we conclude that @ is ‘“‘twelve twenty-fifths of the way” from 33° 30’ to 
33° 40’. Using decimals we get 12/25 = .48 which we call .5. To 33° 30’ we 
therefore add .5 X 10’, and get 0 = 33° 35’. 


Exampie 4. Find 0, given cos 0 =.5164. This number appears between 
the entries for 58° 50’ and 59° 0’. The tabular difference is 25; our difference 
is 75 — 64 =11. The proportional part is 11/25, which we call .4, and the 
angle is @ = 58° 54’. 
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EXERCISES 


From Table IV find an angle corresponding to each of the follow- 
ing functions, giving its value correctly to the nearest minute: 
(Answers are given after Example 28.) 


a 
4, 
ie 
10. 


13. 
16. 
19. 
22. 
25. 


28. 


19. 


of decimals. 


sin @ = .0669. 
cos @ = .9276. 
cot 6 = 1.3190. 
cos@ = .2476. 
SIG) a DOO Ue 
cos 6 = .8456. 
cot @ = 1.5927. 
SiG) == feyeler 
Ganglia O07: 


5. 
8. 
ai 


14. 
LT. 
20. 
23. 
26. 


sin@ = .6338. 
tan@d = «1974. 
sim ¢@ = ».9002 
tan @ = 1.6003. 
6 = Sse 
‘enn Oe Bh rae 
cot @é = 2.8568. 
cosa — 2 bo2k: 
tan @ = 11.943: 


3. cos t= 978k 
G2tane— 2612s: 
9. cosd = .5854. 
12. eot @ = .3057: 


15. cos#@ = .9888. 
18: tan = 2825) 
21. sin @ = .8015. 
24. cosé@ = .0939. 
27. cot @ = 2573. 


Find the values of the other tabulated functions for each of 
the angles of Examples 1 to 27. 


6 sin 6 
OL 
Wadd .2079 
Beal Sy 
S oe .1492 
29° 48’ 4970 
MGS 5316 
Oo LG 
; 49°18" 7581 
a ho 8321 
seo oe 9684 


tan @ 
.0670 
.2126 
.6310 
.1510 


6277 
1.3400 
1.1626 


3.8855 


cot 6 


14.924 
4.7046 
1.5849 
6.6259 
1.7461 


£7463 
.8601 
.6665 


cos @ 


9978. 


8458. 


8678. 
.8470. 
5981. 


5046. 
2493. 


A five-place table of trigonometric functions. — Table III is 
similar to Table IV, except that angles are given for every minute 
and the corresponding values of the functions are given to five places 


It is proper, with this table, to interpolate to or from 


an angle expressed correctly to the nearest tenth of a minute. 
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Exampte 1. Find sin 39° 41.3’.. On page 87 of the tables, we find 
sin 39° 41’ = .63854 


sin 39° 42’ 63877, 
Tabular difference = 23 


Then .3 X 23 = 6.9 which we call 7. We add this to sin 39° 41’, and so obtain 
sin 39° 41.3’ = .63861. 


ExampPie 2. Find tan 62° 32.8’. The nearest entry is on page 81. The 
tabular difference is 14, .8 of which is 11.2. We find tan 62° 32.8’ = 1.9248. 


Exampiez 3. Find 8, given cot @ = .61831. From page 83, 


cot 58° 16’ = .61842 cot. 58° 16’ = .61842 
cot 58° 17’ = .61801 cot @ = 61831 
Tabular difference = 41. Our difference = 11. 


Proportional part = 11/41 or approximately .3. Therefore 9 = 58° 16.3’. 


Exampte 4. Find 8, given cos @ = .96240. From page 75, the tabular differ- 
ence = 8, our difference = 6. The proportional part is 6/8, which we round 
Off to .8. Therefore 9 = 15° 45.8’. 


EXERCISES 


Find from Table III the sine, cosine, tangent and cotangent of 
each of the following angles. 


iis 45", > Aa eet os 3. 51° 464 

4. 69° 18’. Br ag" 26", G6. 40° oa 

feral OSA", By es 9.58" 17538 
10. 74° 31.9’. i eer ele ag 12, 23" 0.66 
is. 41° 0.2’. 14, 81° 40,3’. 152 35t 16.6: 
16. 48° 18.8’. a by ale: 4s Gas ea 18; 2a" 3.58 

Ans. sin@ tan 6 cot 8 cos 6 

1. .25404 .26266 3.8073 .96719. 

S. .18050 1.2693 .78786 .61887. 

7. .62953 .62422 1.6020 .84830. 

9. .85070 1.6184 .61789 .52564. 


17. 58672 72454 1.3802 80978. 
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19. 
22. 
25. 
28. 
31. 


34. 
37. 
40. 
43. 
46. 
49, 


Ans. 
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sin@ = .67666. 20. sin@ = .54000. 21. cos@ = .74002. 
cos@ = .95337. 238. tan@= .18895. 24. tan@= .93906. 
cot 6 = 1.2145. 26. cot@ = 2.3201. 27. sin@d= _ .81412. 
sin @ = .92287. 29. cos@= .70360. 30. cos = .59342. 
tan 6 = 1.4559. 32. tan@ = 1.2002. 33. cot@= .78269. 
sin@ = .48881. 35. sin@ = .46521. 36. sin@d = .62083. 
sin@ = .88791. 38. smé@= .79629. 39. cos@= .81356. 
cos6 = .97314. 41. cos? = .64137. 42. cos9= .25286. 

tan@é= .64137. 44. tan@= .27933. 45. tané@ = 1.3860. 

tan @ = 2.7844. 47. tan@= 1.0008. 48. cot é@ = 1.8249. 
cot 6 = 1.2398. 50. cot@= .97452. 51. coté@= .06689. 

19.42" 35': Bite 23. 10°42, 
3a, Ol S77. a6. 21" 43.4". 39). 35 soars 
43. 32° 40.5’. 47. 45° 1.3". 49. 38° 53.4’. 
20. The solution of a right tri- 

B 


90/7) e 


Fra. 22 


angle. — Besides its right angle, a 
right triangle possesses five parts, 
which are its two acute angles and 
its three sides. If two of these 
parts are known, at least one of 
them being a side, it is possible to 
determine the other three parts. 
The determination of the unknown 
parts constitutes a solution of the 
triangle. 


In each of the following cases find 6 (between 0° and 90°) correct _ 
to the nearest tenth of a minute, and find the values of the other _ 
tabulated functions. 


For the solution of the right triangle ABC, we have the following | 


formulas. 
(i ae 
(3) sine 


(2) 
(4) 


a+ B = 90°, 


b : 
eae sin 6, 
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(5) tana = = "cot 8 (6)  ecota= 2 = tan 2. 


In order to determine an unknown part, select and use one of the 
formulas which involves that part and no other unknown. As a 
_ check against gross errors draw the figure approximately to scale and 
compare the results with the figure. Methods of checking more 
closely will be explained in connection with the solutions of triangles 
_by logarithms. 


Examp.e i. Solve the right triangle ABC, given 
ce = 21.33, a = 32° 20’. 


From formula (2), £6 = 90° — 32° 20’ = 57° 40’. 
From (3), G— 6 Mn o.oo DC fin pe 20 — 21.35.54.0048— 14a 
From (4), bo C08 a = Zl oe 3 8400 — 1s.02:; 


Example 2. Solve the right triangle ABC, given 
i= A102, 6 = 18.3. 


| By formula (3), = ae = Sage a Gano 20.9. 


Exampip 3. — A radio aérial is to be stretched from the corner of a house to 
the top of a pole 62 feet away. By sighting, it is observed that the wire will 
- make an angle of 15° with the horizontal. 
How long must the wire be, if 8% be 
added to allow for sag and contraction? 

In Figure 23, b = 62 feet, a = 15°. 

b 62 


= eRe re = 9659 = 64.2 feet. 


c 


Adding 8% or 5.1 feet to this, we get 69.3 
feet as the length of the wire. 


j 
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EXERCISES 


In the following exercises give angles to the nearest minute. 
Solve the following right triangles, given: 


L. 


c = 16.4, a = 24° 50’. 
Ans. a = 6.89, b = 14.88, B = 65° 10’. 


2. ¢ = 258, a = 57° 30’. 
3. ¢ = 423.6, a = 49° 27’. 


Ans. a = 321.85, b = 275.38, B = 40° 33’. 
60.24, a = 28° 43’. 
24.6, b = 40.4. 

Ans. «= 31° 20’. 8 = 58° A, ee 


° 
I 


Q 
I 


6. a = 9.07, b = 5.63. 
7. a= 6011, b = 8203. 


Ans. a= 36° 14’, B = 53° 46’, c = 10170: 


8. a = 8104, b = .5302. 
9. a = 3.81, c = 5.07. 


Ans. a= 48° 43’, 8B = 41°17’, b = sau 


10. a = 511.2, c = 810.3. 
11. b = .04318, ¢c = .07004. 

Ans. w= 51°S7 pp = 38° 3), oc = woos 
12, °b = 62:31; ¢ = 100.44. 
13. % = 25.3, a = 38°40". 

Ans. 8 = 51° 20’, c = 40.49, b = 31.62. 

i4 a= .107, a 165 22. 

Tb as SIF 48 = Ie 

Ans. a = 68° 44’, c = 348.1, b = 126.3. 
16, a= 4.021, 8 = 49° 9’, 


21. 


Angles of elevation and depression. — Suppose that an ob- 


server is at a point O, and a certain object is at a point P. The 
line OP is then called the line of sight from the observer to the object. 
Let OH be drawn horizontally in the vertical plane through OP. 
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Then the angle HOP which the line of sight makes with the hori- 
zontal is called the angle of elevation of the object P from O if P is 
higher than O, and it is called the angle of depression of P from O, 
if P is lower than O. 


P Os H 


H Sys 


Fig. 24 


EXERCISES 
These exercises may be worked either with or without logarithms. 


1. From a point on the ground 200 feet from the foot of a flagstaff, 
the angle of elevation of the top is 30°. How high is the flagstaff? 
Ans. 118% ft. 
_& 2. From a point 1150 feet from the foot of a cliff, the angle of 
elevation of the top is 20°. How high is the cliff? 
3. If the angle of elevation of the sun is 30° how long a shadow 
will be cast on the ground by a man 6 feet tall? Ans. 10.4 ft. 
~ 4, If the angle of elevation of the sun is 60° how long a shadow 
will be cast on the ground by a spire 140 feet high? 
5. Find the angle of elevation of the sun if an object 20 feet high 
casts a shadow 60 feet long. Ans, 18°26" 
6. What is the angle of elevation of the sun if an object 40 feet 
_ high casts a shadow 60 feet long? 
7. When the angle of elevation of the sun is 15° 1’, the shadow 
of the Great Pyramid reaches to a point about 1790 feet from the 


' center of the square base. How high is the pyramid? 
Ans. About 480 ft. 


Historical note: One of the earliest uses of trigonometry was in determining 
the heights of the pyramids and other objects by measuring their shadows. 
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vertical post is 8.7 feet long. How high is the post? 


9. The height of the Great Pyramid is about 480 feet and the — 


length of a side-is about 760 feet. What are the angles of inclination 
of a side and of an edge? Ans. 51° 38’, 41° 46’. 
_ 10. How high is a kite when the length of the string is 600 feet 
and its angle of elevation is 32°? 

11. A ladder 36 feet long reaches from the ground to a window 
33 feet high. How far from the wall is its foot, and what angle does 
it make with the horizontal? Ans. 14.4 ft., 66° 27’. 
.- 12. A guy wire is stretched from the top of a telephone pole 


8. The angle of elevation of the sun is 60° and the shadow of a 


39 feet high to a stake on the ground 23 feet from the pole. Find — 


the length of this wire and the angle which it makes with the 
pole. 


13. From a lighthouse which stands 109.7 feet above the level of a © 
lake, the angle of depression of a small object floating on the surface — 
of the water is 19° 23’. Find the distance of the object from the — 


base of the lighthouse. Ans. 311.8 ft. 
v 14. A surveyor’s instrument stands 4.7 feet above the ground and 
187.3 feet from the foot of a vertical flagstaff. From the instrument 


the angle of elevation of the top of the flagstaff is 16° 42’. How high — 


is the flagstaff? 

15. A radio aérial is stretched from a point on a house 32.8 feet 
high to the top of a pole 51.4 feet high. The horizontal distance 
between the points is 63.7 feet. Find the angle which the aérial 


a ml ay 5 mm an et 


makes with the horizontal, and its length, if 0.4 foot be added to 


allow for contraction. Ans. 16° 17’, 66.77% i 


16. A flagstaff stands on top of a tower. From a point on the 
level ground 221 feet from the base of the tower, the angle of elevation 


of the top of the flagstaff is 19°15’, and the angle of elevation of | 


the bottom of the flagstaff is 15°40’. Find the height of the flag- 
staff. 

17. From the window of an office building the angle of elevation 
of the top of a church steeple is 21° 35’ and the angle of depression 
of a point on the ground directly below the steeple is 32° 20’. The 
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horizontal distance between window and church is 123 feet. How 
high is the steeple, and how far above the ground is the window? 

Ans. A2Vit 7st 
- 18. From the top of a lighthouse which stands 217 feet above the 
level of the sea, the angle of depression of the top of the mast of an 
anchored vessel is 23° 10’ and the angle of depression of a point on 
the vessel’s waterline is 34° 35’. Find the height of the vessel and 
its distance from the base of the lighthouse. 

19. A tower rises from the bank of a river. A man standing di- 
rectly opposite on the other bank observes the angle of elevation of 
the top of the tower to be 58°45’. He then goes back 102 feet from 
_ the river bank, and finds the angle of elevation of the top of the tower 
to be 26° 25’. Find the height of the tower and the width of the 
stream. Ans. 72.5 ft., 44 ft. 
- 20. From a point on a horizontal plain the angle of elevation of 
a cross on top of a mountain is 21°43’. After walking 1272 feet 
directly toward the mountain the observer finds the angle of elevation 
to be 26° 27’. How high is the mountain above the plain? 

21. Two buoys are directly in line with a cliff which stands 282 
feet above the water. Their angles of depression from the top of the 
cliff are 42° 25’ and 37° 15’. How far apart are the buoys and what 
are their horizontal distances from the cliff? 

Ans. 62 ft., 371 ft., 309 ft. 

22. Two buoys are anchored in line with a cliff and are 325 feet 
apart. At high tide the angles of depression from the top of the 
cliff are 38° 45’ and 27° 10’ respectively. At low tide the angles are 
40° 20’ and 28° 30’. How high is the tide? 

23. In order to find the distance from a boat dock, A, to an island, 
_B, a line, AC, 1000 feet long, was measured along the shore in a di- 
rection at right angles to AB. The angle ACB was measured and 
found to be 63° 25’. What was the required distance? Ans. 1998 ft. 

24. In Ex. 23 if there is a lighthouse 180 feet high at C, what is 
the angle ADB measured by an observer D at the top of the light- 
_ house? 

95. A railroad track rises 1 foot for every 25 feet measured along 
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the track. What angle does the track make with the horizontal? 
How many feet does it rise in a mile measured along the track? If 
it costs the road 1 cent to raise 330 tons of freight 1 foot (more than 
it does to move it on the level), what will this grade cost the road 
in moving 100,000 tons of freight 1 mile? 

Ans. 2° 18’, 211.2 ft., $640. 

26. In a certain department store there is an escalator or moving 
stairway which moves at the rate of 250 feet per minute and is in- 
clined at 40° to the horizontal. How long will it take to carry a 
shopper from one floor to the next, the height of one story being 19 
feet? 

27. The minute hand of a certain clock is 4.5 inches long. At 
10 minutes past 3 o’clock, the line joining the ends of the two hands 
is perpendicular to the hour hand. What is the length of the hour 
hand? Ans. 3:0 ik 

28. Work Ex. 27, taking the length of the minute hand as 5.4 
inches and the time as 4 minutes before 10 o’clock. 

29. At what time between 2 o’clock and 10 minutes past 2 will the 
line joining the ends of the hands of a clock be perpendicular to the 
hour hand, if the minute hand is 4.8 inches long and the hour hand 
is 3.1 inches long? Ans. 1.9 mins. past 2. 

30. At what time between 11 and 11:10 will the hands be in the 
relative positions indicated in Ex. 29, if the minute hand is 6.3 inches 
long, and the hour hand is 4.3 inches long? 

31. In each step of a certain stairway the tread (or horizontal part) 
is 9 inches and the riser (or vertical part) is 8 inches. What angle 
does the banister make with the horizontal? Ans. 41°38¢ 

32. If the tread of a stairway is 11 inches and if the banister makes 
an angle of 39° 27’, how high is the riser? 

33. The radius of a circle is 20 inches. Find the length of a side 
of an inscribed regular pentagon (5-sided polygon). Ans. 23.51 in. 

34. The radius of a circle is 20 inches. Find the perimeter of an 
inscribed regular octagon. 

35. A side of an equilateral triangle is 20 inches. Find the radius 
of the inscribed circle. Ans. r= 10/3 = 5.77 in. 
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36. The area of an equilateral triangle is 300 square inches. Find 
the area of the inscribed circle. 

37. Two boats are anchored 2500 feet apart. An airplane flies 
across the line joining them. Just as it does so its angle of elevation 
from one boat is 50° and its angle of elevation from the other is 60°. 
Find the height at which it was flying. Ans. 1765 ft. 

38. The angle of elevation of an approaching airplane from a 
landing field is 22°. The plane glides straight toward the landing 
field and arrives 90 seconds after it is first sighted. If its average 
speed during that time is 40 miles per hour, how high was it when 
first sighted? 

39. A boat is anchored near a bridge. From a point on its deck 
15 feet above the water, the angle of elevation of the top of the bridge 
is 39°, while the angle of depression of its image reflected in the water 
is 54°. Find the height of the bridge above the water and the dis- 
tance of the boat from the bridge. Ans. Height 58 ft., dist. 53 ft. 

40. An airplane is flying horizontally directly away from a station 
on the ground at the rate of 80 miles an hour. At a certain instant 
its angle of elevation from the station is 40°, and 30 seconds later its 
angie of elevation is 25°. Find the height at which it is flying. 


CHAPTER III 
LOGARITHMS 


22. The uses of logarithms. — In solving triangles, and in many 
other problems, the work of numerical computation can be greatly 
lessened by the use of logarithms. We shall see that logarithms 
enable us to replace the processes of multiplication and division by 
the simpler ones of addition and subtraction, and to replace the 
taking of powers and roots by multiplication and division. Loga- 
rithms, we shall find, are exponents. For that reason in the next 
article we recall the fundamental laws of exponents. 


23. Laws of exponents. — Let a be any positive number and zx 
and y any two numbers. Then 

I. a*- a? = att, 

EXAMPLE, 35 - 32 = 37. 

1 DS a. 

iy 
EXAMPLE. 35/3? = 33, 
III. (a*)? = a*, 


EXAMPLE. (3°)? = 310, 


x 
IV. V/a* = @. 
EXAMPLE. V3° = 38, 
Wg ee 1p 
EXamMpiLe. 3° = 1. 
2 1 1 

yada =, and fae a-*, 

ele 
EXAMPLE. Sia Sie 


36 
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VU. If @is any number greater than 1 and if y is positive, it is 
always possible to find a real exponent + such that 


ax = y. 
But if y is negative no real value of x exists satisfying this relation. 


24. Definition of logarithms. — If a, x, and y are three numbers 
such that 


(1) a= y, 


the exponent x is said to be the logarithm of y to the base a, which we write 
(2) « = logs y. 


The equations (1) and (2) are different ways of expressing the same 
relation among the three numbers a (the base),\y (the number) and 
x (the exponent or logarithm). Equation (1) is in exponential form; 
while (2) says the same thing in logarithmic form. 

Definition: The logarithm of a number to a given base is the exponent 
to which the base must be raised to yield the number. By VII, Article 
23, if a is greater than 1, any positive number has a logarithm to the 
base a, but a negative number has no real logarithm. 


Exampies. 1. Since 2? = 8, 3 = log: 8. 
2. Since 374 = 4, —4 = logs (A,). 
. Since ¥/4 = 24, 2 = loge (1/4). 


3 
4. Since a! =a, logga = 1. 
5. Since a = 1, logz1 = 0. 


ORAL EXERCISES 


Change the following statements from exponential to logarithmic 
form. 


1. 2) = 32. Ans. log, 32 = 5. 2. 3 = 9. 

By Se = foil Ans. log; 81 = 4. A =" 125) 
5. 10? = 100. 6. 104 = 10,000. 7. 6° = 216. 
8. 4/4 = 2. Ans. log,2 = 4. 9. V9 = 3. 
dOms 27 = 3. 1) W/32 = 2. 129/100 ="10. 
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13. 2°? = 4. Ans. logs (4) = —2. 14. 3+ = j. 
15. 10? = .01. 16. 107+ = 0.1. 17. 10-* = .001. 
18. 3° = 1. 19. = 20. 2! = 2, 
In each of the following examples, find the value of z. 
21. x = log, 16. Ans. « = 4. 22. x = logs 36. 
23. x = login 100. 24. x = logio .01. 25. x = logy 81. 
26. « = log, 8. 
Ans. We have 4* = 8, or 2% = 2%. «. 22 = 3,2 = §. 
27. x = loge; 81. 28. x = logis 2. 29. x = logs, 216. 
1 1 

ac (Fe) Dabs : S733 
32.. log, 8 = 3. ASS Laon 33. log, 25 = 2. 
34. log, 16 = 4. 

Ans. zt=16. «. ct = V16 = 2,2 = 2 = 32. 

35. log, 81 = ¢. 36. log, (4%) = 3. 37. log. ¢& = —#. 
38. log, .001 = —3. 39. log, 256 = 4 40. log, 25 = 2. 
41. logsx = --5. Ans. & = sis: 42. logs x = 3. 
43. logsx = —3. 44. logiox = 2. 45. logsx = 3. 
46. log, x = 0. 47. loggx = 1. 48. log, x = b. 
Show that 
49. qloeax = x. 50. log, (a7) = = 51. loge(=) = ade 


25. The fundamental theorems of logarithms. — Corresponding 
to the four laws of exponents we have the following four theorems. 

I. Multtplication. — The logarithm of the product of two numbers is 
equal to the sum of the logarithms of the two numbers: 


log, (M - N) = log, M + log, N. 
Proof. Let M and N be any two positive numbers, and let 
x = log, M and y = log, N. 
Then, from the definition of logarithms, 
a* = M and ay = N. 
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Therefore, from I, Article 23, 
M-N=@-@ = a, 
Consequently 
log, (M-N) =2+y = log, M + log, N. 


It is easily seen that the logarithm of the product of any number 
of factors is equal to the sum of their logarithms. This theorem 
enables us to replace the laborious process of multiplying two or 
more numbers, by the comparatively easy one of adding their loga- 
rithms. 

II. Division. — The logarithm of a quotient is equal to the logarithm 
of the dividend minus the logarithm of the divisor: 


log, (=) = log, M — log, N. 


N 
Proof. Using the same notation as before, we have 
M a Drs 
Sea 


by Law II for exponents. This is equivalent to saying that 


log, (x) =2z—y = log, M — log, N, 
as we wished to show. 

This theorem permits us to substitute the simple process of sub- 
traction for the more arduous one of division. By combining this 
theorem with the preceding one, we see that the logarithm of any 
fraction is equal to the sum of the logarithms of the factors of the numer- 
ator minus the sum of the logarithms of the factors of the denominator. 


EXaAMPLe. ; 

32% 12-70% 194 
loza( eee. logg 32 + logg 12.7 + logg 194 — loga 17 — logg 542. 
III. Involution. — The logarithm of a power of a number is equal to 


the logarithm of the number multiplied by the exponent of the power: 


log, (M*) = nlog, M. 
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Proof. Let 
x = log, M, 
so that 
at = M. 
Then 


M” = (a*)" =i, 


by Law III for exponents. Therefore, by the definition of the loga- 
rithm of a number, 


log, (M") = nx = nlog, M, 
as we were to prove. 


Exampire. To find 17, we notice that logro (17%) = 19 logic 17 which, as 
we shall see, is easily obtained. 


IV. Evolution. — The logarithm of a root of a number is equal to 
the logarithm of the number divided by the index of the root: 


log, (WM) = a a 


Proof. Since, by Law IV of exponents, 
1 


WM = Mr", 
by the preceding theorem we haye 
a Ta OS "logs M, 
as we wished to show. 


Exampie. To find W247 directly is a difficult task, but we shall see that to 
find V 247 by logarithms is a simple matter, since 


logio WV 247 = $ logio 247. 
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EXERCISES 


Given logio 2 = 0.301 and logio3 = 0.477, find the following 
logarithms. 


1. login 6. Ans. 0.778. 2. logio 3. 

3. login 2. Ans. —0.176. 4. logy 20. 
5. logio 10. Ans. 1.000. 6. logio 1. 

7. logio 30. Ans. 1.477. 8. logi 60. 
9. logio 3. Ans. —0.301. 10. logio }. 

11. logio 2”. Ans. 0.602. 12. logio 3”. 

13. logio 9. Ans. 0.954. 14. logio 4. 

15. logio 12. Ans. 1.079. 16. logiy 18. 
17. logio 8. Ans. 0.903. 18. logio 27. 
19. logio 40. Ans. 1.602. 20. logiy 180. 
21. logio 5. Ans. 0.699. 22. logio t. - 
23. logio 4. Ans. —0.954. 24. logio 36. 
25. logic 48. Ans. 1.681. 26. logio 72. 
27. logio 45. Ans. 1.653. 28. logio 225. 
29. logis V2. Ans. 0.100. 30: login V5: 
31. logis V3. Ans. 0.095. 32° logis V2. 
33. logis 27. Ans. 0.084. 34. logiy V6. 


26. Logarithms to the base 10. — In numerical computations the 
most useful base of logarithms is the number 10. Hereafter when we 
speak of the logarithm of a number without specifying the base, it 
is to be understood that the base of the logarithm is 10. And in- 
stead of writing logio N we shall write merely log N. 


EXAMPLES. 
log 100 = 2, log .1 = —1, 
log 10 = 1, 1 = 


27. Characteristic and mantissa. — Any number can be written 
as the sum of a whole number or integer and a fraction. These 
parts, of course, may be zero, or positive or negative, It is always 
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possible, however, to take the fractional part of the number positive 
or zero. 


EXAMPLES. 
4.231 = .231 + 4. 
0.462 = .462 + 0. 
—0.563 = .487 — 1. 
5 =m fds 
—2.694 = .306 — 3. 


For use in computation a logarithm is always written in this way 
as the sum of a whole (or “‘integral’’) number (positive, negative, 
or zero) and a fractional part (positive or zero). The integral part 
of a logarithm is called its characteristic, and its positive (or zero) 
fractional part is called its mantissa. 


EXAMPLES. 
Logarithm. Characteristic. Mantissa. 
log 2 = 0.30103. 0. 30103. 
log 20 = 1.30108. i -30103. 
log .5 = —0.30103 = .69897 — 1. —l. .69897. 
log 100 = 2.00000. 2: .00000. 
log .05 = —1.30103 = .69897 — 2. —2. .69897. 


28. Significant digits. — The numbers 704200 and 0.07042 are 
said to have the same sequence of significant digits, 7042. The sig- 
nificant digits of a number are the figures to the right of which and 
to the left of which are no figures other than zeros. 

In the next two paragraphs we shall make use of the following 
table and of the fact that the logarithm of an integral power of 10 is 
a whole number. 


log 1 = log 10° = 0, 


log 10 = log 10! = 1, log .1 =log107 = —1, 
log 100 = log 10? = 2, log .01 = log 107 = —2, 
log 1000 = log 10° = 3, log .001 = log 10 = —3, 


ete. etc. 


29. The mantissa. — Theorem. If two numbers have the same 
significant digits, their logarithms have the same mantissas. 
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Proof. The larger of the two numbers may be obtained from the 
other by moving the decimal point to the right. This is equivalent 
to multiplying the number by an integral power of 10. By Theorem 
I, Article 25, this has the effect of adding to the logarithm of the 
number, the logarithm of an integral power of 10, which, as we have 
seen, is a whole number. A change in the position of the decimal 
point in a number therefore changes the whole part of its logarithm 
or characteristic, but it does not change its fractional part or mantissa. 


Exampues. Given log 7.042 = 0.84770. Then 


log 70.42 = log7.042 + log 10 = 0.84770 + 1 = 1.84770. 
log 704.2 = log 7.042 + log 100 = 0.84770 + 2 = 2.84770, 
log 0.7042 = 7.042 — log 10 = 0.84770 — 1. 

log 0.07042 = log 7.042 — log 100 = 0.84770 — 2. 


ORAL EXERCISES 


Given log 6.071 = 0.7833 and log 2.4 = 0.3802, 
give the values of the following logarithms. 


1. log60.71. 2. log0.6071. 3. log 607.1. 4. log 24. 5. log 240. 
6. log 24000. 7. log 0.06071. 8. log0.0006071. 9. log 0.0024. 


30. The characteristic. — We shall suppose that any number that 
we use in computation contains a decimal point; if it is not actually 
present, its presence is understood. 

If a number has just one digit to the left of the decimal point 
(e.g., the number 7.21), the characteristic of its logarithm is zero. 
For the number (unless it be the number 1 itself, in which case its 
logarithm is zero) lies between 1 and 10. Therefore its logarithm is 
between log 1 = 0 and log 10 = 1, and has the characteristic 0. 

Any positive number may be obtained from a number having one 
digit to the left of the decimal point by moving the decimal point a 
suitable number of places to the right or to the left. Each time that 
the decimal point is moved one place to the right the number is 
multiplied by 10, and log 10 = 1 is added to the characteristic. 
We can say, then, that if a number has two digits to the left of the 
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decimal point (e.g., 72.1), the characteristic is 1; if there are three 
digits, the characteristic is 2; and if there are k digits to the left of 
the decimal point the characteristic is (k — 1). 

On the other hand, to move the decimal point one place to the 
left divides the number by 10 and reduces the characteristic of its 
logarithm by 1. It follows that if the decimal point immediately 
precedes the first significant digit (as in the number .721), the char- 
acteristic of the logarithm is —1; if the first significant digit is in 
the second place to the right of the decimal point (as in .0721), the 
characteristic is —2, ete. 

Rule. If a number is greater than 1 and has k digits to the left of the 
decimal point, the characteristic of its logarithm is k — 1. 

If a number is positive but less than 1, and if its first significant digit 
as in the kth place to the right of the decimal point, the characteristic of its 
logarithm is —k. 


Examptes. The characteristic of log 273.4 is 2; that of log 2.734 is 0; that 
of log 27.34 is 1; that of log 273400 is 5; that of log .2734is —1; that of log .002734 
is —3. 


ORAL EXERCISES 


What are the characteristics of the logarithms of the following 
numbers? 


dL. 5.76. 2. 609.1. 3. 2100. 4. 23600. 
5. .637. 6. .78932. 7. .042. 8. .000632. 


31. Notation. — Negative characteristics may be written in 
various ways. We may write 


log .08641 = .93656 — 2. 


It would be incorrect to write this logarithm as — 2.93656, for this 
would indicate that the mantissa is negative. Inasmuch, however, 
as —2 = 8 — 10, we may, zf we choose, write 


log .08641 = 8.93656 — 10. 


F 
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This method of writing negative characteristics in practice is the 
most convenient one, and will be used in this book. In a similar 
way we shall write 


log .8641 = 9.93656 — 10, 
log .0008641 = 6.93656 — 10, ete. 


EXERCISES 
ORAL EXERCISES 


Given log 3.078 = 0.48827 and log 86.73 = 1.93817, find the 
following logarithms. 


1. log 307.8. Ans. 2.48827. 2. log 867.3. 
3. log 8.673. 4. log 3078. 5. log 30.78. 
6. log 307800. Ans. 5.48827. 7. log 30780. 
8. log 8673000. 9. log 86730. 10. log 8673. 
11. log 0.8673. Ans. 9.93817 — 10. 12. log 0.08673. 
13. log 0.3078. 14. log 0.003078. 15. log 0.03078. 


Given log 6.509 = 0.81351 and log 468.3 = 2.67052, find the 
value of N in each of the following cases. 


16. log N = 2.81351. 17. log N = 0.67052. 
18. log N = 1.81351. 19. log N = 5.81351. 
20. ‘log N = 8.67052. 21. log N = 8.67052 — 10. 


22. log N = 9.81351 — 10. 23. log N = 6.67052 — 10. 
24. log N = 8.81351 — 10. 


WRITTEN EXERCISES 


Given log 2 = 0.30103 and log 3 = 0.47712, find the number of 
places to the left of the decimal point or the position of the first 
significant figure for each of the following numbers. 


25. 2% Ans. log 2% = 35 log 2 = 35 X .30103 = 10.53605. 
.". There are 11 places to the left of the decimal point in 2”. 
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20 a 2 Ans. 12 places. 
7 val 5) cr 29. (45)'4. Ans. 10 places. 
30. (@0)”. 31. (300)°. Ans. 13 places. 
32, (0.2)5: Ans. log (0.2)" = 11 log (0.2). 


. log (0.2) = 11 X (9.30103 — 10) = 102.31133 — 110 = 2.311383 —10. 

.. The first significant figure is in the 8th place to the right of the 
decimal point. 

33. (0.03)®. Ans. 10th place.: 34. (0.06)’. 


32. A table of logarithms. — Table I is a table of the mantissas 
of all whole numbers from 1 to 9999 correct to five decimal places. 

The mantissa of the logarithm of any four-figure number can, 
therefore, be found in this table, since the mantissa depends only 
on the sequence of significant figures in the number and not on the 
position of the decimal point. This economy in the preparation 
and use of tables is one of the advantages gained by using 10 as the 
base of logarithms. 

In seeking the logarithm of a number we look for the first three 
significant figures of the number in the column WN at the left of the 
page. This gives the row in which the mantissa is to be found. 
The column is that in which the fourth figure of the number appears 
at the top of the page. The entry in the table gives only the last 
three figures of the mantissa. The first two figures, to save space, 
are printed only once, in the column headed 0 and at the left. Any 
entry is to have prefixed to it the last preceding pair of numbers at 
the left of the 0 column, unless it is marked with an asterisk, in which 
case the next following pair is to be used. The characteristic is 
determined by the position of the decimal point. 

Exampte 1. Find log 16.74. We find 167 in column N, page 3. In the 


column 4 we find the entry 376 without an asterisk. The mantissa is therefore 
.22376. The characteristic is 1. Therefore log 16.74 = 1.22376. 


Exampie 2. Find log .06763. On page 13, line 676, column 3, we find the 
entry *014. The mantissa is therefore .83014, and log .06763 = 8.83014 — 10. 

33. The antilogarithm. — If x = log N, N is said to be the anti- 
logarithm of x, N = antilog x. In order to find the antilogarithm 
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of a given logarithm we seek the given mantissa in the body of the 
table. The first three figures of the antilogarithm then appear in 
the same line in the column N, and the fourth figure appears at the 
top of the page. The decimal point is then placed by the value of 
the characteristic. 


Examptes. 1. Find z, given log x = 2.84036. We seek the mantissa .84036 
in the body of the table. It is on page 13. The corresponding figures are 6924. 
Since the characteristic is 2, x = 692.4. 


2. Find z, given log x = 8.90157 — 10. On page 15 we find « = .07972. 
3. Find antilog 0.46045. Ans. 2.887. 


EXERCISES 


Find the logarithms of the following numbers. 


1. 87130. Ans. 4.94017. 2. 45.62. 

3. 0.06209. Ans. 8.79302 —10. 4. 1.280. 

5. 100.3. Ans. 2.00130. 6. .002615. 

7. .2457. Ans. 9.39041— 10. 8. 3687. 

9. .6166. Ans. 9.79000 — 10. 10. 7.769. 

at 1.087, Ans. 0.03623. 12. 632.8. 

Find the antilogarithms of the following numbers. 

13. 1.82406. Ans. 66.69. 14. 2.94275. 

15. 9.91955 — 10. Ans. 0.8309. 16. 8.76916 — 10. 
17. 4.83948. Ans. 69100. 18. 7.63347 — 10. 
19. 2.69011. Ans. 489.9. 20. 3.82014. 

21. 0.00087. Ans. 1.002. 22. 9.99029 — 10. 
23. 5.25018. Ans. 177900. 24, 2.62003. 


34. Interpolation. — The logarithm of a five-figure number can 
be found from the table by interpolation. (Article 17.) 

Before seeking the logarithm of any number of more than five 
significant figures, we will generally round it off to the nearest five- 
- figure number, for our tables are not designed to give greater ac- 
curacy than this. 
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Exampte 1. Find log 37.826. On page 7 of the tables we find 


log 37.82 = 1.57772 : 
log 37.83 = 1.57784 
Tabular difference = 42. 


Therefore, in the last place we add .6 X 12 or 7 to log 37.82, getting log 37.826 
= er feAgy 


The work of interpolation is made easier, however, by the tables 
of proportional parts which are at the right of each page. The 
numbers above the short columns are the tabular differences for the 
page. The nine numbers in a column are, in order, .1, .2, .3, ete. 
of the number above the column. Thus, on page 5, we see that .7 
of the tabular difference 17 is 11.9. 


ExampLe 2. Find log 152.47. On page 3 we find log 152.4 = 2.18298 and 
log 152.5 = 2.18327, with tabular difference 29. In the proportional parts column 
for 29, we find .7 X 29 = 20.8. Therefore log 152.47 = 2.18318. 


EXAMPLE 8. Find log .010535. 
From page 2, tabular difference = 41. 
Proportional part = .5 X 41 = 20.5. 


If this is rounded off to 21 the result is even, and 
log .010535 = 8.02264 — 10. 


Exampte 4. Find 2, given log x = 1.384935. 
From page 4, tabular difference = 19. 


In the table of proportional parts for 19, we seek the nearest number to our 
difference, which is (35 — 28) or 7. We find 7.6, which corresponds to .4. There- 
fore x = 22.354. 


EXERCISES 

Find the logarithms of the following numbers. 

1. 33.587. Ans. 1.52614. 2. 114.34. 
3. 1.6307. Ans. 0.21237. 4. 4.8606. 
5. 26354. Ans. 4.42085. 6. 3.1667. 
7. 53.3899. ANS Asi2too. 8. 334.98. 
9. .038096. Ans. 8.58088 — 10. 10. .11295. 
dts 1197, Ans, 9,04910 — 10. 12. .025795. 
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Find the antilogarithms of the following numbers. 


13. 1.57708. Ans. 37.764. 14. 2.54089. 
15. 9.18314 — 10. Ans. .15246. 16. 7.09821 —10. 
17. 3.21733. Ans. 1649.4. 18. 1.11378. 
19. 8.13008 — 10. Ans. .013492. 20. 2.04347. 
21. 3.09216. Ans. 1236.4.: 22. 0.21103. 
23. 0.20131. Ans. 1.5897. 24. 1.15204. 


35. Computation by logarithms. — In any problem of computa- 
tion, before looking up logarithms one should make a blank outline 
for all of the work, indicating all of the operations. It is then 
possible to do the mechanical work without interruption, and thereby 
gain in speed and accuracy. Every part of the work, moreover, is 
labelled, which aids in later checking or examination. 


EXAMPLE 1. Find the value of 
t= ZiAS << B06.4 ><. 01206; 


By Theorem I, Article 25, 
log z = log 21.48 + log 306.4 + log .01206. 


The outline is as follows. 
log 21.48 
log 306.4 
log .01206 = (+) 
log z = 
i ee — 


We can fill this out from the tables, getting 
log 21.48 = 1.33203 
log 306.4 = 2.48629 
log .01206 = 8.08135 — 10(+) 
log x = 11.89967 — 10 
2 = 79.372 


Here x is found as the antilogarithm of 1.89967. 


Exampue 2. Find the value of 
38.614 X 1.8263 * 1.2345 
v= ~~~ 496.23 X 0.26944 
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log 38.614 = 1.58674 
log 1.8263 = 0.26157 
log 1.2345 = 0.09150 (+) log 496.23 = 2.69568 
log numerator = 11.93981 — 10 log 0.26944 = 9.438046 — 10 (+) 
log denominator = 2.12614 (—) — log denominator = 12.12614 — 10 
logz = 9.81367 — 10 
2 = 065113. 


It will be noticed that 10 was added to and subtracted from the logarithm of 
the numerator. ‘Phis was done to avoid subtracting 2.12614 from a smaller 
number. 


EXAMPLE 3. Find the value of 
28.693 X (2.3614)2 
89.325 < 11.283 ~ 


By Article 25, we have 
log x = 3 [log 28.693 + 2 log 2.3614 — log 89.3825 — log 11.283]. 


The outline is: 


log 2.3614 = 
xX2 
log (2.3614)? = 
log 28.693 = (+) log 89.325 = 
log numerator = log 11.283 = (+) 
log denominator = (—) <— log denominator = 
log radicand = (+3 
log 2 = — hia 
This becomes: 
log 2.8614 = 0.87317 
x 2 
log (2.38614)? = 0.74634 
log 28.693 = 1.45778 Ge) log 89.325 = 1.95098 
log numerator = 12.20412 — 10 log 11.283 = 1.05242 (+) 
log denominator = 3.00340 (—) —log denominator = 3.00340 


log radicand = 29.20072 — 30(+3 
log x 9.73357 — 10, — «x = 0.54146. 


Here, before dividing 9.20072 — 10 by 3, which would have given the awkward 
number (3.06691 — 3.33333), we added and subtracted 20, making the negative 
part 30. In general, before dividing a negative logarithm we make its negative part 
an exact multiple of the divisor by adding and subtracting a suitable number. 
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EXERCISES 


Find by logarithms the value of each of the following numbers, 
correct to five significant figures. 


1. 48.32 X 9876. Ans. 477210. 2. 506.3 X 8.503. 

3. 619.2 X .04598. Ans. 28.471. 4. 23.79 X .08395. 

5. 83.69 + 7.631. Ans. 10.967. 6. 453.3 + 6.029. 

7. .9582 + .03644. Ans. 26.295. 8. .6307 + .05824. 

9. 73.06 + 84.11. Ans. .86862. 10.-3.086 =°51.22: 

11. .01699 + .2525. Ans. .067287. 12. .04404 + .07329. 
24.68 4 54.23 & 864.2 

m5 O40 : a Br a eAG. a aS 1.001. 
2.821 & .06498 30.41 X 2.613 

15. Soar ne Ans. .0034409. 16. == Sa aren 

a4: the). Ans. 11.262. 18.2 (b.3210)8. 

19. (.3647)4, Ans. .017691. 20. (.06319)°. 

21. 47980. Ans. 219.04. 22. 689700. 

23. V12.34. Ans. 2.3108. 94. v702.3. 

25. V1.251. Ans. 1.0458. . 26. ~/119.6. 

27. 03579. Ans. .32955. 98. v.6745. 

29. Vv 4444. Ans. .87358. 30. V.006254. 

gi, 3-142 10.48)?x9.05 4, o4 gos, ga, 202x138 

72.93 X 75.146 V36.37 XV 4.021 
V2.049\° of a 
gs, (1011x208 Mien gies. © Bh: (VBexoo 


iz) 
oO 


E 2 7 1°8543 X 20.18 
40.32 X(.5114) . 
BY ayeaiscsens 2° 4802. 36. V/ 69.69 x56.01 
87. 24.638X11.483. Ans. 282.91. 38. .576939.0468. 


39. 48.623+ 1.4021. Ans. 34.678. 40. .38497 + 6.7604. 


57916 1102.1 (1.2616)? 11.982 
eee. Ans. 0054704, 42. a 
“1. fo7.23x (18.927 *"* (3.1313) 


43, ~/315.65. Ans. 6.8088. 44, 0/3156.5. 
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45. V.015995. Ans. .25196. . 0 .0022795. 
105.23 . 1 ¢/ ES ITNB .098623 X 11.003. 

A ese oe — 61.107 

49, (.026549)3. Ans. .0023627. — 50. (.18896)?. 


Find the values of the following expressions for the indicated values 
of the quantities involved. In Examples 51 to 54, k = 6.5579 107%. 


61. F = ae , when m = 5837, d = 24,378, m’ = 11,432. 


ee 
Ans. F = 736390< 10—- 
52. F = 28 when M = 1372.5, r = 15.82. 


53. F = ous when M = ASpin tayo s. 
Ans. F = 12133 21527 
2 
54. W = a , when a = 24.76, M = 3789. 
55. f= se , when M = 49.82, v = 5568, R = 17.94. 
Ans. f = 8.594 x 10’. 
56. T= 2r\/ iW when g = 980.6, J = 53,938, h=4.32, M =278.4. 
57. s = $gi, when g = 980.6, ¢ = 38. Ans. s'= 313.79. 
62?y7a2b?2x < é 2 . 
58. ‘3 = (@+a)F ; when a= 15.3, b=. (3, o—— 7.894, y = .0376. 
59. n= a , when 7=7, 1=200, M =5247, k=2.24, a=.762. 
Ans. n = 8010800. 
io Qrkt(V, — Vs) Byte = 
60. g= 53026 een oS ee)” when t= 5, k= .97, a = 6, 


b = 9, V, = 477, Vs = 382. 


Historical note: Logarithms were invented by the Scotchman, John Nase 
Baron of Merchiston (1550-1617). He published a partial account of his dis- 


LOGARITHMS 53 


coveries in 1614. Merchiston Castle, now within the town of Edinburgh, at 
present houses a school for boys, the ‘““dux” or head boy of which is said to be 
allowed the use of Napier’s room as a study. The use of 10 as a base was sug- 
gested by the Englishman Briggs, a disciple of Napier. Briggs also gave the 
first tables of logarithms to the base 10. 


¥*36. Cologarithms. — The cologarithm of a number is the log- 
arithm of the reciprocal of the number: 


colog x = log (‘) = —log x. 


= —log 4.6723 = —.66953. 


1 
EXAMPLE. colog 4.6723 = log (ass) 
“Ol Le 


In order to write this with a positive mantissa we add and subtract 10, getting 


colog 4.6723 = (10 — .66953) — 10 = 9.33047 — 10. 


By using the following rule we can make the necessary subtraction, 
and so write down the cologarithm, without first writing down the 
logarithm: To subtract a number (less than 10) from 10, begin at the 
left and subtract each figure from 9 except the last, and subtract the last 
figure from 10. 

In computing a fraction it is often convenient to add the colog- 
arithms of the factors of the denominator to the logarithms of the 
factors of the numerator, rather than to subtract the sum of their 
logarithms. In the later parts of this book solutions will be given 
without the use of cologarithms. It is suggested, however, that the 
student will frequently find it desirable to use cologarithms in the 
solutions of similar problems. 


Exampel. colog 274.61 = 7.56128 — 10. 


Examp.e 2. Find colog .076432. 
colog .076432 = —log (.076432) 
— (8.88327 — 10) = 10 — 8.88327 


1.11673. 


ne 


ea Nw PUSS X 59.742 
Examr.e 3. Find N = 33097 Xx 47.631" 
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(a) Solution without cologarithms. 


log 27.468 = 1.43883 
log 59.742 = 1.77628 (+) log 3.8941 = 0.59041 
3.21511 log 47.631 = 1.67789 (+) 
2.26830 (—) —_——__ 2.26830 
log N = 0.94681 
N = 8.8472. 


(b) Solution using cologarithms. 
log 27.468 = 1.43883 


log 59.742 = 1.77628 
colog 3.8941 = 9.40959 — 10 
colog 47.631 = 8.32211 — 10 (+) 
log N = 20.94681 — 20 
N = 8.8472. 


EXERCISES 


Write the cologarithms of the following numbers, without first 
writing the logarithms. 


1. $4.63. Ans. 8.07248 — 10. 2. 96.87. 
3. 581.3. Ans. 7.23560 — 10. 4. 443.1. 
5. 4.679. Ans. 9.32985 — 10. 6. 8.319. 
7. 0.04293. Ans. 1.36724. 8. 0.004427. 
9. 0.3634. Ans. 0.48962. 10. 0.5757. 
11. 21.683. Ans. 8.66388 — 10. 12. 704.57. 
13. 6.0278. Ans. 9.21984 — 10. 14. 7.2486. 
15. 356.97. Ans. 7.44737 — 10. 16. 22.796. 
17. 25.795. Ans. 8.58846 — 10. 18. 1179.5. 
19. 0.0046797. Ans. 2.32978. 20. 0.088888. 


Find the reciprocals of the following numbers, using cologarithms. 


21. 78.463. Ans. 0.012745 22. 532.67. 
23. 1.3627. Ans. 0.73383. 24, 2.4765. 
25. 0.026798. Ans. 37.316. 26. 0.0046193. 


27 


29 
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Find the values of the following numbers, using cologarithms. 


56.72 X 1.362 Ans. 2.8905. 28 397.4 X 0.04625 
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* 71.69 X 0.3728" 6.150 XC 1708. ° 


. 


Aol Gu RSERK Ga eee < 
6.0783 X .21667 : 028617 X 23.346 
146.02X.087119 478: + -46954 30. (5g 19a 


) 


CHAPTER IV 
THE RIGHT TRIANGLE 


37. Logarithms of trigonometric functions. — In a right triangle, 
ABC, let us suppose that a = 243.4, a = 38° 42’, and that we wish 
B to find the hypotenuse, c. By Article 10, 
we have 
: 8... a4 


c : : 
a sina sin 38° 42’’ 


and, using Table III to find sin 38° 42’, we 
A . C get P 
243.4 


Fig. 25 CS aa hi 
.62524 


We perform the division by logarithms: 


log 243.4 = 12.38632 — 10 
log .62524 9.79605 — 10 (—) 
log ¢ 2.59027 
c = 389.29 or 389.3 to four places. 


It is unnecessary, however, first to look up sin a and then its logarithm, 
if we use Table II, which gives the logarithms of the trigonometric 
functions directly. On page 60, we find log sin 38° 42’ = 9.79605 — 10. 

The sine or cosine of any angle is less than 1. So also is the tan- 
gent of any angle between 0° and 45° or the cotangent of any angle 
between 45° and 90°. Consequently the logarithms of such func- 
tions are negative. Therefore the nwmber —10 should be appended to 
any entry in the first, second or fourth principal column of Table IT. 
The cotangent of an angle less than 45° (or the tangent of an angle 
between 45° and 90°) is greater than 1; its logarithm is therefore 
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positive, and —10 should not be appended to any entry in the third 
principal column. 

Interpolation to the nearest tenth of a minute may be carried 
out by the methods already explained (Articles 17, 18, 19, 33). 
Greater accuracy should not be sought in a five-place table. In 
Table II, the tabular differences are printed in the columns marked d 
for Log Sin and Log Cos, and in the column marked cd (common 
difference) for Log Tan and Log Cot. 


Find log sin 8° 17.3’. On page 30, we find 
log sin 8° 17’= 9.15857 — 10, 


EXAMPLE 1. 


with tabular difference 87 in the d column. From the table of proportional 
parts for 87, we find .3. x 87 = 26.1. Therefore log sin 8° 17.3’ = 9.15883 — 10. 


EXAMPLE 2. 


Find log tan 84° 28.8’. 
= 1.01378 with tabular difference 132. 


= 1.01378 + .00106 = 1.01484. 


‘EXAMPLE 3. 
log cos 70° 45’ = 9.51811 — 10, with tabular difference 37. 
From the table of proportional parts for 37, we see that 14 
Therefore 9 = 70° 45.4’. 


811 — 797 = 14. 
corresponds most nearly to .4. 


EXERCISES 

Find 

1. log sin 9° 38’. Ans. 9.22361 —10. 2. log sin 47° 46’. 

3. log cos 48° 49’. Ans. 9.81854 —10. 4. log cos 23° 15’. 

5. log tan 26° 22’. Ans. 9.69520 — 10. 6. log tan 75° 43’. 

7. log cot 54° 28’. Ans. 9.85380 — 10. 8. log cot 31° 24’. 

9. log sin 18° 18.7’. Ans. 9.49719 — 10. 10. log sin 23° 44.8’. 
11. log sin 63° 52.4’. Ans. 9.95319 — 10. 12. log sin 72° 31.6’. 
13. log cos 41° 12.5’. Ans. 9.87640 — 10. 14. log cos 16° 52.5’. 
15. log cos 72° 19.4’. Ans. 9.48236 — 10. 16. log cos 66° 16.8’. 
17. log tan 21°39.8’. Ans. 9.59902 — 10. 18. log tan 8° 14.6’. 
19. log tan 52° 22.6’. Ans. 0.11309. 20. log tan 69° 43.5’. 
21. log cot 9° 28.7’. Ans. 0.77740. 22. log cot 23° 18.9”. 
23. lomeotoo o1.5’. Ans. 9.83130 — 10. 24. log cot 48° 32.4’. 


On page 27, we find log tan 84° 28’ 
Since .8 X 132 = 105.6, log tan 84° 28.8’ 


Find 6, given log cos 6 = 9.51797 — 10. On page 41, we find 
Our difference is 


58 


PLANE TRIGONOMETRY 


Find the value of 6, given: 


25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 


33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49, 


*50. 


log sin 6 = 9.94773 — 
log sin 6 = 9.52598 — 
log cos 6 = 9.99822 — 
log cos 8 = 9.82509 — 
log tan 6 = 0.20562. 

log tan 6 = 9.88707 — 
log cot 6 = 0.45610. 

log cot 6 = 8.67267 — 


log sin 6 = 9.10909 — 
log sin @ = 9.26301 — 
log sin 9 = 9.96227 — 
log sin 6 = 9.87318 — 
log cos @ = 9.86514 — 
log cos 86 = 9.96836 — 
log cos 0 = 9.33724 — 
log cos 6 = 8.97693 — 
log tan 6 = 8.99302 — 
log tan 6 = 9.23016 — 
log tan 0 = 0.32141. 

log tan @ = 0.50238. 

log cot 6 = 0.78560. 

log cot 6 = 0.33975. 


log cot 6 = 9.91833 — 10. 
log cot 6 = 9.57600 — 10. 


1G: 
10. 
10. 
10. 


10. 


10. 


tU. 
10. 
10. 
10. 
10. 
10. 
10. 
10. 
10. 
10. 


Ans. 


Ans. 


Ans. 


62° 27’. 


5°14 


58° 5’. 


19° 17’. 


7° 23.2’. 


66° 27.7’. 


42° 51.4’. 


77° 26.0’. 


ey pr 3 


64° 29.7’. 


9° 18.3’. 


50° 21.3’. 


Prove that the tabular difference for log tan @ must always be 
the same as for log cot 6, so that both may be entered in a table 


of ‘common differences.” 


Find the cologarithms of the functions in Examples 1 to 24. 


In each case obtain the value of x, by logarithms. 
x = 74.62 X sin 16° 24’. 


61. 
52. 


x 


05139 X tan 48° 16’. 


Ans. 21.07, 


* This exercise is to be done only by those who have studied cologarithms. 
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53. x = 524.1 + cos 58° 12’. Ans. 994.6. 
54. x = 63.24 + sin 67° 42’. 
55. x = 568.49 X cot 14° 11.7’. Ans. 2247.4. 
56. x = .0046926 X tan 81° 14.2’. 
57. « = 783.29 + cos 19° 23.7’. Ans. 830.42. 
58. x = 8.0036 + sin 20° 2.4’. 
59. x = V6.2309 X sin 29° 14.6’. Ans. 1.7447. 
60. « = V.53674 X cos 72° 11.7’. 

In each case find the value of 6 by logarithms, given: 
61. sin 9 = 14.763 + 20.482. Ans. 46° 7.2’. 
62. cos @ = 2.4862 + 5.3294. 
63. tan @ = 42.365 + 31.497. Ans. ~53° 22233 
64. tan @ = 8.6294 + 11.636. 
65. cot 6 = 16.422 + 13.115. AnRS., BS. BOi 


66. cot 6 = .94625 + 2.1441. 


38. The accuracy of a computed result. Errors due to inac- 
curacies in the data. — The results of most problems in applied 
mathematics which involve computation are liable to certain errors. 
Apart from sheer mistakes, which need not be tolerated, these errors 
are of two sorts: errors due to inaccuracies in the data and errors 
due to limitations of the tables used. In the very nature of things 
these errors cannot be eliminated, but one can see to it that the re- 
sults be sufficiently accurate for the purpose in view. 

The data of most problems are the result of observations or meas- 
urements. These measurements are made with greater or less 
accuracy, depending on the purposes for which they are made and 
the difficulties to be overcome. The number of significant figures 
in the data should correspond to the accuracy with which measure- 
ments have been made. 


To say that the distance by railroad from Milwaukee to Boston is 1183 miles 
means that the distance has been measured so accurately that it can safely be 
said to be nearer to 1183 miles than to 1182 miles or 1184 miles, or, in other words, 
that the distance is between 1182.5 miles and 1183.5 miles. If the bore of an 
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engine cylinder is given as 2.69 inches in diameter, then it is between 2.685 and 
2.695; if it is given as 2.690 inches, then it is between 2.6895 inches and 2.6905 
inches. In this connection we should notice that a zero placed at the end of a 
number sometimes indicates the degree of accuracy with which the number is 
given. There is, for example, a difference in implication in the numbers 27, 
27.0, and 27.00. The first number presumably is accurate to the nearest umit 
and is given with ‘“‘two-place” accuracy. The second is correct to the nearest 
tenth of a unit and has three-place accuracy. And the third has four-place 
accuracy. 


Since the data of a problem are in general only approximate, 
results obtained from them by any process of computation will be 
only approximately correct. And the accuracy of the result will not 
exceed that of the data. For this reason the number of significant 
digits in a result should be rounded off so as not to exceed that of 
the data. Otherwise one would claim for the result an accuracy 
exceeding that of the data. 

In applying this rule, one should keep in mind the geometrical 
or physical interpretation of a result. For example, if the two per- 
pendicular sides of a right triangle are given as 6.41 feet and 8.62 
feet, the hypotenuse may be computed to be 10.74 feet. It is proper 
to give the result in this form, though it contains one more significant 
figure than did the data, for the numbers all represent distances to 
the nearest hundredth of a foot. Only in rare cases, in such prob- 
lems, will the last figure be incorrect. 

Sometimes it is puzzling to know what degree of accuracy in one 
kind of unit corresponds to a certain accuracy in the other. In 
triangles it is proper to suppose that four-place accuracy in the sides 
corresponds to accuracy to the nearest minute in the angles; five-place 


accuracy in the sides corresponds to accuracy to the nearest tenth of a 
minute in the angles. 


39. Errors due to the limitations of the tables. — Many problems 
in applied mathematics contain no errors in the data. This is true, 
for example, in most problems of compound interest, where the prin- 
cipal, rate, time, etc. are known exactly. But even in such problems 
results are subject to certain errors due to the use of tables. A 
logarithm or a sine is usually a never-ending decimal which can be 
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given in a table only to a certain number of decimal places, that is, 
approximately but not exactly. 

Five-place accuracy in results can usually be had by using five- 
place tables; four-place accuracy with four-place tables, etc., although 
errors may enter into the last place of the results. At any rate, one 
must not expect five-place accuracy when using four-place tables. 
On the other hand, to use five-place tables when two or three places 
would suffice involves unnecessary labor. But the use of tables 
having one more place than will be retained obviates unnecessary 
errors and, by doing away with interpolation, probably saves as 
much time as it wastes. 


40. Logarithmic solution of the right triangle. — 


EXAMPLE. Solve the right triangle ABC, given B 
a = 417.63, b = 368.47. 


We use the formulas 


tana =, eee, B = 90° — a. 
b sin a 
log 417.63 = 2.62079 
log 368.47 = 2.56640 (—) x Z 
log tana =  .05439 b 
a = 48° 34.7’ 
62 00° — 2 = 41°°953’. Fic. 26 


log 417.63 = 12.62079 — 10 
logsina = 9.87498 —10 (-—) 
2.74581 

556.94. 


log ¢c 
c 


Check: The formula 
e=@24+2 


is not suitable, as it stands, for checking by logarithms. We:can write it 


a= e— Db, 


or 
@ = (c + b) (c — dD). 
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Therefore, as a check, we should find that 


2 log a = log (c + b) + log (c — B). 


This is the best check for the solution of a right triangle by logarithms. 
In the present example, 


And 


so that 


e+ b = 925.41, log (ec + b) = 2.96634 
c —b = 188.47, log (c — b) = 2.27524 (+) 


log [(c + b) (c — b)] = 5.24158. 
loga = 2.62079, 
log a2 = 2 loga = 5.24158, 


which, in this case, checks exactly. 


EXERCISES 


Using logarithms solve the right triangle for each of the following 
sets of data. Check the solution. 


« 
td 


= 
for) 


\ 
ee ee 
Se 8 ROD aNaaPe 


a = 27.46, ¢ = 38.82. Ans. a= 45° 1’, 6 = 44°59’, b = 27.44. 
a = 692.7, c = 1010.0. 
= 5046, c = 8423. Ans. a = 53°12’, B = 36° 48’,a = 6744. 

126.3, ¢ = 142.5. 
81.48, b = 72.19. Ans. a=48° 28’, B=41° 32’, c=108.86. 
1246, b = 1583. 
14.92, a = 65°3’. Ans. B = 24°57’,b = 6.94, c = 16.46. 
106.6, a = 17° 18". 
1.927, = 40°0’. Ans. B = 50°0’,a = 1.617, c = 2.516. 
b = 0.7078, a = 63°21’. 
a = 551.45, b = 490.13. 

Ans. a = 48° 22.2', B = 41° 37.8, ¢ = 737.78. 

a = 12.138, b = 18.634. 
¢ = 177.64, a = 161.48. 


Ans. a = 65° 22.3’, B = 24° 37.7’, b = 74.028. 


et | 
ll 


I 


spl tay (Sh ey Fey Sal Se 
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._ ¢ = 0.70385, b = 0.52664. 
_ ¢ = 9.0024, b = 3.6512. 


Ans. a = 66° 4.4’, 8B = 23° 55.6’, a = 8.2287. 


. ¢ = 0.064493, a = 0.036254. 
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17. a = 83.577, a = 71° 12.4’. 


Ans. B = 18° 47.6’, b = 28.441, c = 88.282. 
18. a = 5.9528, 8 = 24° 16.3’. 
19° 6 = 0.81325, a = 31° 31.7’. 

Ans. B = 58° 28.3’, a = 49891, c = .95410. 


20. b = 161.46, B = 38° 47.5’. 
21. c = 38.506, a = 49° 18.3’. 

Ans. B = 40° 41.7’, a = 29.195, b = 25.107. 
22. c = 798.05, a = 68° 16.1’. 
23. ¢ = 8345.6, B = 58° 47.6’. 

Ans. a = 31°12.4’, a = 4324.0, b = 7138.0. 
24. c = 5.2869, B = 25° 31.0’. 


Solve the following oblique triangles, by dividing them into right 
triangles. Draw the figures. 


25. b = 243.4, a = 31° 11’, B = 47° 24’. 


(Solution: We draw the figure, and 
draw CD perpendicular to AB. Denote 
CDbyh, ADby z, DB by y. We then use, 
in succession, the formulas: 
y=180°—(a+6), z=bcosa, h=bsina, 

y=h cot B, c=a+y, a=h/sin B. 
We find: 
y=101° 25’, x=208.23, log h=2.10046, 
y=115.89, c=324.1, a=171.2. 


The student should perform the computation.) 


26. b = 78.95, a = 24° 46’, 8B = 39° 57’. 


27. a = 10.89, « = 41° 17’, B = 46° 52’. 

Ans. y = 91° 51’, b = 12.04, c = 16.50. 
28. a = 479.4, a = 26° 48’, B = 50° 0’. 
29. b = 71.39, a = 42°11’, 8B = 116° 27’. 

Ans. y = 21° 22’, a = 53.54, ¢ = 29.05. 


108° 52’, 8 = 50° 16’. 


30. b = 59.46, a 


OT 
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31. b= 93.69, = 30. “¢ hs 31° a 
Ans. B = 50° W/,.y = 98° 29’, a = 15.98. 
32. a = 60.04, c= 102 = 47° 29° : 


B * 41. iene Candee 


are the feet of the perpendiculars 

drawn from#points A and B, respec- 

tively, to the line L, CD is called 

the projection of AB on L. From 
y the figure, 


CD = AE = Icos 8. 


ag EXERCISES 


In each of the following examples find the projections of AB on 
a line which makes the angle @ with AB and on a line perpendicular 
to‘such a line. 
\ 


‘1; AB =\367.24, 6 = 27° 18.7’. Ans. 326.30, 168.50. 
2. AB = 982.36, 0 = 81° 47.4’. 
_ AB = 4238. 7, 6 = 60° 58.1’. Ans. 2057.0, 3706.1. 
4, |AB = 1026.4, 6 = 48° 16.4’. 


In each of the following examples find the length of the line which 
makes the angle @ with a line L, and whose projection on L is AB. 


{5 AB = p86. @ = 41° 52.7’. Ans. 1324.7. 
6. AB = 1268.4, 6 = 68° 12.3’. i. 
7, AB = 823.7, 6 = 79° 34.6’. Ans. 4552.8. 


8. AB = 6.261, 6 = 32° 46.9’. 


42. Surveyors’ terms. — Inclination. This is the angle which 
a line run on sloping ground makes with the horizontal. It is posi- 
tive if the line rises in-its forward direction and negative if it falls. 
In Figure 28, if AZ is horizontal, 6 is the inclination of AB. 


4 
THE RIGHT TRIANGLE = 65 


Course of a line. This is the horizontal distancd betwest the ends 
of the line. 


4 é KY 
In Figure 28, the course of AB is AE = AB cos 8. The course is the distance 
that appears on qnaps , and descriptions of title to pieces of real estate. 


Bearing*of a line. This is 
the angle which the’ line 
makes with a north-south 
line. 


It is 0° if the line runs due 
north or south, 90° if it runs ex- 
actly east or west. In writing it, 
give first the letter N or S, then 
the angle of deviation from the 
north or south, then the letter H or 
W. In Figure 29 the bearing of 
AB is N 30° E; that of AC is 
S 63° W 


Latitude of a course. This Fic. 29 
is the distance to the north 
(and then is positive) or to the south (and then is negative) which 
one goes in passing over the course. F 


i) 


4 


In Figure 29, the latitude of AB is AJ. The latitude = length X cosine\of 
bearing. ; 
N Departure of a course.) This 
is the distance to the east (and 
then is positive) or to the west 
(negative) which one goes while 


passing over the course. 


i 


In Figure 29, AK is the departure 
of course AB. The departure = 
length sine of bearing. 


The closing course. To avoid 
an obstacle which separates two 


points A and E, a surveyor measures the length and bearing of each 


Hire, 30 
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part of a broken line, such as ABCDE. Then AE is the closing 
course of the broken line. Its latitude and departure are the alge- 
braic sums of the latitudes and departures, respectively, of the par- 
tial courses. 


Exampue 1. Find the course AF from the following data of lengths and 
inclinations. 


B D 
at eee 
Pre. 3 F 
Line Length (rods) Inclination (Solution) Course 
AB 95.27 +15° 24’ 91.85 
BC 109.32 — 5° 16’ 108 .86 
CD 46 .28 + 8° 13’ 45.80 
DE 62.84 —18° 43’ 59.52 
AEB 306.03 rods 


For the course AB we have 95.27 cos 15° 24’ = 91.85. 
The other items in the last column are found in a similar wav. 
Show that point # is 1.63 rods higher than A. 


ExampLe 2. Find the latitude, departure, length, and bearing of the closing 
course AH from the following data of lengths and bearings. (See Figure 30.) 
(Solution is in italics.) 


Length ; Latitude Departure 
Course (rods) Bearing Pak oe aa 
AB 147 .62 N 33° 12.3’ E 123 .62 80 .84 
BC 101.46 N 79° 28.4’ E 18 54 99.75 
CD 96 .24 S 72° 34.1’ F 28.83 | 91.82 
DE 81.56 S 8° 14.4’ # 80.72 | 11.69 
Total 142.06 | 109.55 | 284.10 


AE 285 .94 N 88° 28.3’ E 32 51 284.10 


. 
; 
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For the course AB, 147.62 X cos 33° 12.3’ = 123.52, 
and 147.62 X sin 38° 12.3’ = 80.84. 


The other latitudes and departures are found in a similar way. 
The latitude of AF = 142.06 — 109.55 = 32.51. 
The bearing, 6, of the closing course AZ is found by taking (from Figure 30) 


cot @ = latitude/departure = 32.51/284.10; 
from which 6 = 83° 28.3’. And the length of AE is 
1 = latitude/cos 6 = 32.51/cos 83° 28.3’ = 285.94. 


EXERCISES 


Some of these exercises are too long for work in the classroom, but 
are suitable for home work. 

From each of the following sets of data find the horizontal course 
of the line and its net rise or fall. Draw the figure. 


if 
Line AB BE CD DE EF 
Length (rods) | 76.39 28.24 ° 53.67 102.31 37.59 
Inclination +11° 12’ —12° 43’ +9° 38’ —6° 51’ —14° 21’ 
Ans. Course 293.40 rods; net fall 3.92 rods. 
2. 
Line AB BC CD DE 
Length (rods) 83.21 62.62 100.30 41.20 


Inclination —10° 16’ —7° 43’ +11° 54’ +5° 23’ 
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3. 
Line AB BC CD DE 
Length (ft.) 241.3 98.6 101.3 294.7 
Inclination —7° 12’ +6° 24’ —14° 14’ +18° 33’ 
Ans. Course 715.0 ft.; net rise 49.6 ft. 
4. 
Line AB BC CD DE 
Length (ft.) 143.7 91.3 114.5 83.7 
Inclination +6° 7’ +9° 24’ +5° 18’ —13° 39’ 


From each of the following sets of data find the latitude, departure, 
length, and bearing of the closing course. Draw the figure. 


5. 


Course AB BE CD DE EF 
Length (ft.) 68.6 95.1 207 .4 103.8 96.8 
Bearing N 7° 0’) WN 15° 51’ BLN 84° 41’ 8 S5°77 Er |S 40° 53am 


Ans. lat., +13.0; dep., +159.3; length, 159.8; N 85° 20’ E. 


6. 
Course AB BC CD DE 


Length (ft.) 123.4 179.6 153.9 215.2 


Bearing N 73° 6’ E N 22° 47’ B N 84° 1l’ HE | § 54° 26’ # 


_ Ss i SSSSSSSSSSSSSsSsses 


| 
; 
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F rom the following data find the latitude, departure, course, 
bearing, and net rise or fall of the closing course. 


7. 
Line AB BG CD DE EF 
Length 
(rods) 35.26 41.57 25 .62 31.51 19.62 
Inclination +10° 14’ +6° 27’ —5°10’ —8° 49’ —11° 37’ 
Bearing S 61° 10’ £ | N 81° 41’ £ | N 28° 18’ F | N 32°30’ W | N 10° 18’ F 


Ans. Lat.,57.00; dep., 70.00; course, 90.27; bearing, N 50° 51’ E; 
net fall, 0.15 rods. 


¥%43. Forces and vectors. — In studying the forces that act on a 
body, it is convenient to think of them as vectors. A vector is a 
directed magnitude. Forces and 
velocities, for example, are vec- 
tors, since they have both mag- 
nitude and direction. A vector 
can be represented by a line 
segment whose length is propor- 
tional to the magnitude and 
whose direction is the direction 
of the vector. In Figure 32 the 
lines OP;, OP2, and OP; represent 
forces of three pounds, two 
pounds, and two and one-half 
pounds acting in the directions, Fic. 32 
N 55° E, N 25° W, and S 20° £. 

If two or more forces act on a body at the same time, their combined 
effect is the same as would be that of a single force having a certain 
magnitude and direction. This single force is called the swm or 
resultant of the separate forces. 
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In a similar way, the velocity of a body may result from two or more elementary 
or component velocities. For example, if a man walks across the deck of a 
moving ship, his velocity relative to the ship combines with the velocity of the 
ship to give his velocity relative to the earth. 


If OA and OB represent two vectors, 
B c. the sum or resultant of these vectors is 
represented both in direction and in mag- 
nitude by OC, the diagonal of the paral- 
lelogram of which OA and OB are 
adjacent sides. 
| It is a law of physics, proved both by 
| experiment and theory, that if two forces 
Fra. 3s ~*~ act on a body, they have the same effect 
as would their resultant acting alone. 
444. Components of a force. — If OC is the resultant of two 
forces, OA and OB, OA and OB are called the components of OC in 
the directions OA and OB. In particular, if the directions OA and 
OB are perpendicular to each other, and if OC makes the angle @ 
with OA, 
OA = OC : cos 8 and OB = OC - sin @. 
ra ExampLe. Find the force necessary to push a ball 


which weighs 10 pounds up a plane inclined 20° to the 
horizontal. 


The weight or force, 

OC, of ten pounds acts 

vertically | downward. 

/* The component of this 

O ‘A _ foree OA, which is paral- 

lel to the inclined plane, 

Fig. 34 and which the desired Fie. 35 
force must overcome, is 


OA = 10cos Z AOC = 10 cos 70° = 3.4 pounds. 


In order to roll the ball up hill it is therefore necessary to exert a force of 3.4 
pounds in addition to the small force necessary to roll the ball on a level plane. 
The pressure of the ball against the plane is 


OB = 10 cos Z BOC = 10 cos 20° = 9.4 pounds. 
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EXERCISES 
1. A vertical force of 38.4 Ibs. and a horizontal force of 17.6 Ibs. 
act on a body. Find the magnitude and direction of their resultant. 
Ans. 42.2 lbs., 65° 23’ from horizontal. 
2. A body is acted on by a horizontal force of 98.3 Ibs. and by a 
downward force of 173.6 Ibs. Find the direction and magnitude of 
their resultant. 
3. Find the horizontal and vertical components of a force of 
987.6 lbs. inclined at 73° 25’ to the horizontal. 
Ans. Horizontal, 281.9; vertical, 946.5. 
4. Find the horizontal and vertical components of a force of 
624.9 Ibs. inclined at 21° 16’ to the horizontal. 
5. A body is acted upon by a force of 706.3 Ibs. in the direction 
N 53° 16’ FE, and also by a force of 528.6 lbs. in the direction S 28°39’ EB. 
Find the east-west and north-south components, the direction and 
the magnitude of their resultant. 
Ans. East, 819.5 lbs.; south 41.4; S 87°6’ E; 820.5 Ibs. 
6. A body is acted upon by a force of 1263 lbs. in the direction 
N 42° 51’ # and by a force of 946 Ibs. in the direction N 10° 18’ W. 
Find the east-west and north-south components, the direction, and 
the magnitude of the resultant. 
7. A body is acted upon by a force of 1384 lbs. in the direction 
N 57° 12’ W, by a force of 1682 Ibs., in the direction N 74° 46’ E, 
and by a force of 1964 Ibs. in the direction S 6°57’ W. Find the 
east-west and north-south components, the direction, and the mag- 
nitudes of their resultant. 
Ans. East, 222 Ibs.; south, 758 Ibs.; S 16° 19’ #; 790 lbs. 
8. A body is acted on by three forces having the following di- 
rections and magnitudes: 1006 lbs., N 17° 5’ L; 984 lbs., due east; 
1382 Ibs., S 31° 31’ W. Find the east-west and north-south com- 
ponents, the direction, and the magnitude of the resultant. 
9. A body is acted on by a force of 18.63 Ibs. in the direction 
N 28° 46’ E and by a force of 15.79 Ibs. in the direction S 41° 28’ H. 
Find the magnitude and direction of a force which just counteracts 
them. Ans. 19.93 Ibs., S 76° 57’ E. 
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10. A certain force just counteracts the combined effect of a force 
of 213.6 Ibs. in the direction S 26° 29’ # and a force of 187.7 lbs. 
in the direction N 31°11’ W. Find its magnitude and direction. 

11. A ship travels due east making 20 miles per hour. A man 
walks directly across the deck at 4 miles per hour. Find his direction 
and velocity relative to the earth. Ans. N 78°41’ E; 20.4 mi./hr. 

12. A duck which swims 5 miles per hour in still water swims 
directly across a current of 8 miles per hour. Find its actual ve- 
locity and direction. 

13. An automobile is pulled by a cable up an inclined plane to the 
second floor of a repair shop. If the car weighs 2096 lbs. and the 
slope is 37° 45’ from the horizontal, what is the tension in the cable? 

Ans. 1283 lbs. 
‘ 14. The approach to a bridge is inclined at 14° 25’. What is the 
pressure against it due to the weight of a car which weighs 1895 lbs.? 

15. How much more force is necessary to move a car weighing 
2985 lbs. up a grade of 5° than to move one weighing 1985 lIbs.? 

Ans. 87.2 lbs. At a speed of 15 miles per hour this requires a 
difference in power of about 3.5 horse-power. 

16. A mass of 387.46 lbs. rests on an inclined plane. <A force of 
238.18 Ibs. is required to keep it from sliding down. What is the 
angle of inclination of the plane? Neglect friction. 

17. A beam when horizontal can support 3847 Ibs. What weight 
can it support if inclined at 28° 36’? Ans. 4882 lbs. 

18. A steel rafter which is inclined at 47°16’ supports a total 
weight of 4676 lbs. What is the end thrust or pressure of the rafter 
against the supporting girder? 

19. A guy wire runs from the top of a telephone pole 38 ft. high to a 
point on the ground 23 ft. from the pole. The tension in the guy wire 
is 164 lbs. Find the horizontal component of this used in supporting 
the pole, and also the vertical component which adds to the down- 
ward thrust of the pole. 

Ans. Horizontal, 84.9 lbs.; vertical, 140.3 lbs. 

20. A cable is stretched from the top of a tower. At its point of 
attachment it makes an angle of 4° 2’ with the horizontal. Its 
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tension is 7846 lbs. Find its horizontal and vertical compon- 
ents. 

21. A horizontal wire pulls with a force of 468 Ibs. on the top of 
a pole 96 ft. high. Its pull is opposed by that of a guy wire attached 
to the ground at a point 44 ft. from the pole in the opposite direction. 
Find the tension in the guy wire if its pull just counteracts that 
of the horizontal wire. Ars i235 bs 

22. A cable is supported by two steel towers. Its sag is such that 
at its point of support on one of the towers it makes an angle of 
18° 19’ with the horizontal and its tension is 4980 lbs. Find its 
lateral pull and downward pressure on the tower. 

23. A concrete pouring tower is 124 ft. high. Two guy wires run 
from its top to points on the ground which are on opposite sides of 
the tower, and are, respectively, 163 ft. and 71 ft. from the tower. 
The tension in the longer wire is 412 lbs. What is the tension in 
the shorter wire if it just overcomes the lateral pull of the longer one? 
What is the combined downward pull of the two wires on the tower? 

Ans. Tension, 660 lbs.; downward pull, 822 lbs. 

24. A boat is fast on a bar. The crew run out an anchor 64 ft. 
from the boat. It sinks to a depth of 18 ft. below the level of the 
deck. By winding the anchor cable on a capstan on the deck the 
crew hope to free the boat. If a horizontal pull of 1874 lbs. is re- 
quired, what tension will be necessary in the cable? 


CHAPTER V 
RADIAN MEASURE 


45. Definition of a radian.— In most problems involving the 
numerical values of the angles of a triangle, it is customary to express 
angles in terms of degrees and minutes. This is not the only system 
of units for measuring angles, however, and 
for many purposes, notably in almost all prob- 
lems involving the methods of calculus, it is 
best to express angles in terms of a different 
unit of angular measure called the radian. 

Definition. A radian is an angle which, wf its 
vertex is placed at the center of a circle, sub- 
Fig. 36 tends on the circumference an arc equal to the 

radius of the circle. 


In the figure, @ is equal to one radian, since the arc AB and the radius OA are 
equal. It is to be noticed that a radian is an angle of fixed magnitude and does not 
depend on the size of the circle at whose center it may happen to be placed, for 
the subtended arc is proportional to the radius. 


46. Degrees and radians. — The circumference of any circle is 
equal to 27 times its radius. That is, the circumference contains 
27 ares each equal to the radius. Each such are subtends at the 
center an angle of one radian, and the entire circumference sub- 
tends 27 radians. Therefore 360° equals 27 radians, or 


(1) aw radians = 180°. 
Consequently 

: 180 180 
(2) 1 radian = — = 31416 degrees, 
or 
(3) 1 radian = 57.2958° = 57° 17.75’. 
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On the other hand 


(4) = ih radians = .017453 radians. 


When no other unit of angular measure is indicated it is assumed 
that an angle is expressed in radian measure. For example, in 
writing 6 = 7/2 we mean that @ is 7/2 radians or 90°. 


EXERCISES 


The following angles are given in radian measure. Express them 
in degrees. 


1. «7/3. Ans. 60°. 2. 2r. 

3. 7/4. Ans. 45°. 4. 7/6. 

5. 37/2. Ans. 270°. 6. 27/3. 
%. 25/5. Ans 72°. 8. 77/6. 
9. 37/4. Ans 4135": 10. 117/6. 
11. 47/3. Ans. 240°. 12.) Sirjo: 
13. —57/4. Ans, —225°. 14, —7x/10. 
15. —7/2. Ans. —90°. 16. —2r. 
Express in radian measure. 

i. oO. Ans. 1/5. 18. 90°. 

19. 60°. Ans. 1/2. 20, 465°. 

mie Sa. Ans. 1172/6. 22. —210°. 
Zo. 120°. Ans. 27/3. 24. 240°. 
25. —135°. Ans. —37/A4. 26.150" 
27. 300°. Ans. 57/3. 28, 200 

74 aa Wage Ans. .2967. 30. 46°. 

31. —86° 30’. Ans. —1.5097. Be ise 5 
oo. 24°10’. Ans.  .42353. 34. 100° 38’. 
35. 49° 48.7’. Ans. .86937. 36. 62° 29.4’. 
Give the values of the following functions. 

37. sin 7/6. Ans. 1/2: 38. cos 7/3. 
39. tan 7/4. Ans. 1. 40. cot 7/6. 


41. cos 37/4. Ans. —4 V2. 42. tan 57/4. 
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Give in radian measure a value of 6 less than 27 for each case: 


43. snd =3-—V/3. Ans. 7/3. 44. tan@d = 4 V3. 
45. tan@d = —1. Ans. 37/4. 46. sin@ = 0. 
47. sec @ = 2. Ans. 1/3. 48. cot é@ = 1. 


47. Central angles and their subtended 
arcs. —If an angle equal to one radian is 
placed at the center of a circle of radius 7, it 
subtends on the circumference an arc equal 
to r. Therefore a central angle equal to @ 
radians subtends on the circumference an arc 
whose length is equal to ér. If a denotes the 
length of the arc, 


Higwos 


a= 67. 


In this formula, we must remember, @ is the number of radians in 
the central angle. When we are given any two of the three numbers 
a, r, and 6, the formula may be used to find the third number. 


Examp_e 1. Ona circle of radius 9 inches, what are will be subtended by a 
central angle of 36°? Here r = 9; the central angle is 36° = 7/5 radians, so 
that 6 = 7/5. Therefore 


3.142 <9 
= : oS ee 5.66 inches. 


Exameie 2. On a circle 1 foot in diameter, what central angle will subtend 


an arc equal to 10 inches? If we use an inch as the unit of length, r = 6, a = 10, 
and 
Qo LORS ay os 


0= = @ = 9 Tadie aX 


= 95° 30’. 


EXamP.E 3. What must be the radius of a wheel, on the rim of which an are 


16.1 inches long is subtended by a central angle of 25°? Here @ = 257/180, 
so that 


a@ 16.1 X 180 


ae ago 36.9 inches. 


¥*48. Linear and angular velocity. —If an object is moving 
uniformly, its linear velocity is its rate of motion; it is equal to the 
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distance passed over in a certain time divided by the time, or to the 
number of units of distance passed over in one unit of time. 


Exampie. An object which travels steadily 20 yards in 5 seconds has a linear 
velocity equal to 20/5 = 4 yards per second. 


If an object turns uniformly, its angular velocity is its rate of turn- 
ing; it is equal to the angle through which it turns in a certain time 
divided by the time, or to the number of units of angle through which 
the object turns in one unit of time. 

Examp.es. An object which turns uniformly through 150° in 10 seconds has 
an angular velocity equal to 150/10 = 15 degrees per second. An object which 
turns through 12 radians in 3 minutes has an angular velocity equal to 4 radians 
per minute. 


If, in ¢ units of time, an object turns through the angle 6, its angular 
velocity is 


8 
(1) a i 
Suppose that an object revolve uniformly 
about the point O with the angular velocity 
a radians per second. Let us find the 
linear velocity of a point P which is on the 
object at the distance r from O. In one 
second the line OP turns through a radians, 
and the point P moves through an arc 


whose length is r-a@. The linear velocity, Fie, 38 
v, of the point P is therefore 
(2) v=r-a 


units of length per second. From this and equation (1), we see that 
if OP turns uniformly through @ radians in ¢ units of time, its linear 


velocity is 


(3) Te 


Exampte 1. A pulley 1 foot in diameter makes 500 revolutions per minute. 
Find its angular velocity in radians per second and the speed of the belt which 


3 


r \~ 


y 
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drives the pulley. Solution: In each revolution the pulley turns through 27 

radians, so that in one minute it turns through 500 X 27 radians. By equation 

(1) its angular velocity is therefore 

1000 x 
60 


= 52.36 radians per second. 


a= 


The speed of the belt is equal to the linear velocity of a point on the rim of the 
pulley. The radius of the pulley is 4 foot, so that, by (2), the speed of the belt 
or pulley is 

= 3 X 52.36 = 26.18 feet per second. 


EXERCISES 


In the following exercises, r represents the radius of a circle, 
6 a central angle, and a the length of the subtended are. In each © 
case find the required number. 


Vi 0 a Answer 
ee |e Onin: 2 radians required 20 in. 
2. | 3 ft. 8 radians required 
3. | 564.73 in. a/6 radians required 295 .69 in. 
4. | 7046.9 ft. 27/3 radians required 
5. | 40 ft. required in radians 30 ft. .75 radians 
6. | 21 ft. required in radians Oe figs 
7. | 209.78 rods | required in radians 318.69 rods 1.5191 radians 
8. | 1243.6 ft. required in radians 697 .32 ft. 
9. | required w/2 radians. 600 ft. 382 ft. 
» 10. | required 3-radians 627 ft. 
Dee elodo se ite alge required - 490.7 ft. 
12. | 407.35 rods | 46° required 
13. | 637.18 rods | required in degrees 214.79 rods 19° 18.8’ 
14. | 427.6 ft. required in degrees 516.5 ft. 
15. | required 38° 18.4’ 776.4 ft. 1161.3 ft. 
16. | required 29° 48’ 1024.3 ft. 


17. Arailroad curve is laid out on a circle of radius 723 feet. What 
is its length, if it subtends an angle of 23° 17’ at the center? 


Ans. 293.8 ft. 
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18. A pendulum 37.46 inches long swings through an are of 3.63 
inches. Find the angle through which it swings, in degrees. 

19. An automobile has tires 30.5 inches in diameter. (a) How 
many revolutions will a wheel make in one mile? (b) Through how 
many radians will the wheel turn in one mile? 

Ans. (a) 661.2 revs. (6) 4154.7 rads. 

20. A pulley 18.7 inches in diameter is driven by a belt. (a) How 
far will the belt travel while the pulley makes 100 revolutions? 
(6) How far will it travel while the pulley turns through 6 radians? 

21. What is the angular velocity of a wheel which makes 20 revo- 
lutions per second? Ans. 407 rads. per sec., or 7200 deg. per sec. 

22. How many revolutions per minute are made by a wheel which 
turns with an angular velocity of 12 radians per second? 

23. What is the linear velocity of a pulley 20 inches in diameter 
making 500 revolutions per minute? Ans. 43.63 ft. per sec. 

24. What is the radius of a pulley if a belt traveling at the rate of 
56 feet per second drives it at the rate of 360 revolutions per minute? 

25. A wheel 29 inches in diameter is turning with an angular 
velocity of 6.4 radians per second. What is the linear velocity of a 
point on the rim? Ans. ‘7.7 ft. per sec. 

26. The rim of a wheel 42 inches in diameter has a linear velocity 
of 18 feet per second. What is the angular velocity in radians per 
second? In degrees per second? 

27. What is the radius of a wheel which has an angular velocity 
of 264 degrees per second when driven by a chain on the wheel which 
travels 140 feet per minute? 3 Ans. 6.08 ins. 

28. The minute hand of a clock is 6 inches long. How far does 
its end travel in 25 minutes? 

29. An automobile has tires 32 inches in diameter. When the 
car travels 20 miles an hour how fast does a wheel turn on its axle 
in revolutions per second? What is its angular velocity in radians 
per second? Take 7 = 22/7. Ans. 33 Y.p.s.; 22 radians per sec. 

30. An airplane propellor makes 1975 revolutions per minute, and 
is 7 feet 9 inches from tip to tip. What is the linear velocity of its 


tip? 


CHAPTER VI 


PROPERTIES OF THE TRIGONOMETRIC FUNCTIONS 


49. Related angles. — Our tables of trigonometric functions are 
formed only for positive acute angles. If we are to use them to 


Fig. 39 


find the functions of other angles, we 
must therefore be able to express the 
functions of any angle in terms of the 
functions of an acute angle. This we 
may do by the use of a related angle. 
If @ is any angle, we shall call the re- 
lated angle of @ the positive acute 
angle which, when added to or sub- 
tracted from 6, gives an angle coter- 
minal with either 180° or 360°. 


Exameues. In the figure, 6’ is the related angle of 6. The related angle of 
216° is 36°, since 216° — 36° = 180°. The related angle of 336° is 24°, since 


336° + 24° = 360°. 


EXERCISES 
For each of the following angles find the related angle. 
1. 98° Ans.” 82°. 2. 164°. 
3. 200°. Ans: 520°. 4. 252°. 
6. 295". Ans. 65°. 6. 340°. 
7. —476°. Ans. 64°. 8. 848°. 
9. —112°. Ans. 68°. 10.17 


50. A standard construction. — In the following paragraphs, when 
any two angles 6 and 6’ are considered we shall suppose that (1) 6 and 
0’ are in standard position on a set of codrdinate axes; (2) P is some 


80 
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conveniently chosen point on the ¥ 
terminal side of 6; (3) (x, y) and 
r are the coordinates and radius 
vector of P; (4) P’ is the point on 
the terminal side of @& which is at 
the same distance, r’ = r, from the 
origin as is P; (5) (zx’, y’) are the 
coérdinates of P’; (6) M and M’, 
respectively, are the feet of the per- 
pendiculars drawn from P and P’ 
to the z-axis. 


Fie. 40 


EXERCISES 


Draw the figure for this standard construction for each of the 
following cases: 


1. @= 60°, 6’ = 150°. 2-8 = 30" 6 = —30% 
3. 0 = 210°, 6’ = —210°. 4. 0= 150°, 6 =9+ 90°. 
5. 6 = 240°, & =9—180°. 6. 6 = 240°, 6 = 6 — 270°. 


In each of the following cases show that the triangles OMP and 
OM’P’ are equal, when 6 is an acute angle. 

1. O = —96, 8. 6’ = 180° — 80. 

9. # = 6+ 180°. 10. @’ = 360° — 8. 


In the following cases show that triangles OMP and OM’P’ are 
equal for all values of 6. Draw the figure for at least two values of 
6 taken in different quadrants. 

it. 6 =,—86. 12, # = 0+ 90°. 13. 6° = 6-- 180": 

140° ¢'= 6+ 270°. 15. 6’ = the related angle of 0. 


51. Functions of related angles. — Theorem: Any trigonometric 
function of an angle is numerically equal to the same function of the 
related angle. To prove this, let 6 be any angle (shown in second, 
third and fourth quadrants in Figure 41). Denote by 6” its related 
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angle, and make the standard construction of Article 50. The right 
triangles OMP and OM'P’ are then equal (Example 15, Article 50), 
and their parts correspond so that r and 7’, a and z’, y and y’ are 


Fie. 41 


numerically equal (that is, equal except perhaps for sign). Conse- 
quently 


, 


y 
ere -—,% 
“ands, —and—=, Yond y | 
r : r r z x 
7 ; / / 
x x r r r r 
—~and—, and =; and | 
yy ae yas 
are numerically equal. Therefore 
14 ; , =] 
sin # and sin 6’, cos # and cos @’, tan @ and tan 6’, 
cot 6 and cot 6’, sec 6 and sec 6’, esc 6 and esc 6’ 


are numerically equal. Any trigonometric function of an angle is 
numerically equal to the same function of the related angle. The 
sign of a given function of @ can be determined by the -quadrant in 
which 6 terminates. 

If @ is an angle between 90° and 180°, we can write it as (180° — a) 
where a is the related angle of @. If @ is between 180° and 270°, 
@ = 180° + a; and if @ is between 270° and 360°, 6 = 360° — fe 
where, in each case, a is the related angle of 6. We can iheremine 
say that 7f a 7s any acute angle, any function of the angle (180° — a) 
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or of the angle (180° + a) or of the angle (360° — a) is numerrcally 
equal to the same function of a. Later on in this chapter it will be 
shown that this statement is true when a is any angle. 


Exampe 1. Express the sine and cotangent of 147° 35’ as functions of an 
acute angle. The related angle is 32° 25’. Since 147° 35’ is in the second quad- 
rant, its sine is positive and its cotangent is negative. Therefore 


Sms. 35 — sina yep 
cot 147° 35’ = —cot 32° 25’. 


EXampLe 2. Find the sine and cosine of 163° 12’. The related angle is 
16° 48’. The desired numbers are numerically equal to sin 16° 48’ = .28903 
and cos 16° 48’ = .95732. Since 163° 12’ is in the second quadrant, its sine 
is positive and its cosine is negative. Therefore sin 163° 12’ = .28903, and 
cos 163° 12’ = —.95732. 


Exampie 3. Find the sine and tangent of 258° 23’. The related angle is 
78° 23’. Since 258° 23’ is in the third quadrant, its sine is negative and its 
tangent is positive. Therefore 


sin 258° 23’ = —sin 78° 23’ = —.97952, 
tan 258° 23’ = tan 78° 23’ = 4.8644. 
Examp.e 4. By logarithms find the value of 
x = 47.61 X cos 212° 16’. 


We have 
x = 47.61 X (—cos 32° 16’) = —47.61 X cos 32° 16’. 


Negative numbers have no real logarithms. We shall therefore first compute 
the value of 


47.61 X cos 32° 16’, 


and then prefix the negative sign. 


log 47.61 = 1.67770 
log cos 32° 16’ = 9.92715 — 10 


1.60485 
—f = 40.26, i — 40,26. 
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EXERCISES 


Without using tables, find the values of the trigonometric functions 
of the following angles. 


E 
4, 
1: 
10. 
13. 
16. 


120°. 2 
—45°, 5. 
— 150°. 8. 
315°. 11. 
480°. 14. 
780°. 17. 


SMBo: 


210°. 
— 120°. 
300°. 
660°. 
—405°. 


3. 
6. 
9. 
12. 


15. 
18. 


—30°. 
240°. 
225°. 

— 180°. 
570°. 
—495°. 


Using the five-place tables, find the values of the following functions. 


19. 
21. 
23. 
25. 
27. 
29. 
31. 


33. 


sin 114° 26’. Ans. 
tan 197° 14’. Ans. 
cos 538° 46’. Ans. 
cot 462° 12’. Ans. 
sieht 5a Ans. 
cos (—100° 12’). Ans. 


cot 181° 16.9’. Ans. 
tan 169° 13.7’. Ans. 


.91044, 

31019. 

uae is 
— .21621. 
— .52819. 
— 17708. 
—.01 (00. 
— .19025. 


r 20. 
rsd 
24. 
26. 

v 28. 
30. 
32. 
34. 


cos 172° 51’. 
cot 256° 18’. 
sin 324° 19’, 
tan 283° 117 
tan 654° 17’. 


cot (— 
sin (— 


267° 54’). 
124° 28.3’). 


cos 101° 15.6’. 


Find the values of the following numbers by logarithms. 


35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 
45. 
46. 


28.36 X sin 124° 42’. 
Lie <cos S012: 
a04.7 < tan 227° 33". 
294.6 X cot 254° 48’. 
103.6 X cos 147° 16’. 
7203 X<- tan: 129° 20". 
6.048 X cot 298° 24’. 
.05679 X sin 342° 24’. 
17.632. cos 212° 13:4". 
399.536 + cos 186° 42.3’. 
41.763 X esc 304° 17’. 
501.43 X sec 501° 43’. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


23.32. 


3393.1, 


— 81 1G. 


— 3.270. 


— 14.916. 


— 50.544. 


PROPERTIES OF THE TRIGONOMETRIC FUNCTIONS 85 


52. Functions of (—@). — Let 
6 be any angle, and let 6’ = —8. 
Make the standard construction 
of Article 50. The triangles 
OMP and OM'P’ are equal (Ex- 
ample 11, Article 50). There- 
fore points P and P’ are sym- 
metrically placed on opposite 
sides of the z-axis, and z’ =z 


and y’ = —y. Consequently 
; yy , eee: 
Se — sin 6, cos (—6) = “7 = — = cos8, 
{eS a £ 
pn OS y= > = ian, cot ( oe fey 
ee 7s r 
e —f =>-— => - = § SC (— =>— = — = —- EI 
sec (—@) ot pee 6, ese (—@) Air esc 6. 


These results can be expressed as follows: Changing the sign of an 
angle without changing its numerical value, leaves the cosine and secant 
of the angle unchanged, but reverses the signs of all the other functions 
without changing their numerical values. 


We sometimes say that an expression which is not changed in any way when 
the sign of the variable is reversed is an even function of the variable. Thus any 
even power of x is an even function of z, since a’, x‘, x°, etc., are unchanged if « 
is replaced by (—x). Hence the name even function. Likewise, a function such 
as z, x3, x° or any odd power of x, which reverses its sign but is unchanged in 
numerical value when the sign of the variable is changed, is called an odd function 
of the variable. We can say, then, that cos @ and sec @ are even functions of 8, 
and all the other trigonometric functions are odd functions of 0. 


If # is any angle, 360° — @ is coterminal with (—6). The functions 
of (360° — 6) are therefore numerically equal to the same functions 
of 6. 


% 53. Functions of (6 + 90°). — Let @ be any angle, and let 
6’ = 6-+ 90°. Make the standard construction of Article 650. 
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The angle @ may be in any quadrant and the figure is drawn for each 
quadrant. The right triangles OMP and OM’P’ are equal (Example 


Fig. 43 


12, Article 50), the horizontal side of one being equal to the vertical 
side of the other. Taking account of the signs, we have, for all four 
figures: 


t= —4Y, y =, r=fT. 


, — 
sin o == =~ = wos, cos’ = 5 =—¥ = —sin 6, 
ou Thane ae et 
ns ae —cot 0, Oy 0 =) aaa ae —tan 6, 
f x; 
sec ’ = 4 = — = — csc, esc 6’ = =" = seca, 
or 
sin (8 + 90°) = cos 8, cos (8 + 90°) = —sin 6, 


tan (8 + 90°) = —cot®@, cot (6 + 90°) = —tan 6, 
sec (8 + 90°) = —csc 8, csc (8 + 90°) = sec 0. 


These and similar formulas should always be translated by the student 
into words, as, for example: 


PROPERTIES OF THE TRIGONOMETRIC FUNCTIONS 87 


If two angles differ by 90°, the sine of the larger angle is equal to 
the cosine of the smaller angle; the cosine of the larger is equal to the 
negative of the sine of the smaller, etc. 


* 54. Functions of (6 — 90°). — If, in the results of the preceding 
paragraph, we indicate the larger angle by 6, the smaller one will be 
(@ — 90°), and we have 


sin (6 — 90°) = —cos8@, cos (6 — 90°) = sin@, 
tan (9 — 90°) = —cot8, cot (9 — 90°) = —tané@, 
sec (@ — 90°) = esc 8, esc (0 — 90°) = — sec. 


Combining these results with those for the functions of (—6), 
since (90° — 6) is the negative of (@ — 90°), we have 


sin (90° — 6) = cos@, cos (90° — 6) = sin@, 
tan (90° — 6) = cot, cot (90° — 6) = tané@, 
sec (90° — @) = esc, ese (90° — 6) = secé. 


% 55. Functions of (@ + 180°).— The functions of (@ + 180°) can 
be expressed in terms of the functions of 6 by adding 90° to (6 + 90°) 
and applying the results of Article 53 twice. Thus, we may write 


sin (6 + 180°) = sin [(@ + 90°) + 90°] = cos (@ + 90°) = —sin 8. 


We obtain the formulas 


sin (9 + 180°) = —sin@, cos (0 + 180°) = —cos8, 
tan (6 + 180°) = tan@, cot (9 + 180°) = coté, 
sec (@-+ 180°) = —sec 6, esc (0+ 180°) = —csc 0. 


The functions of (@ — 180°) are the same as those of (@ + 180°) since 
these two angles have the same terminal sides. Since (180° — 6) 
is the negative of (@ — 180°), its functions are numerically the same 
as the same functions of 0. 


Exercise: Write out formulas for sin (180° — 6), cos (180° — 4), 
etc., in terms of the functions of 0. 
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*56. Functions of (@ + 270°). — The functions of (9 + 270°) may 
be expressed in terms of the functions of @ by combining the results 
of Articles 53 and 55. Thus, 


sin (9 + 270°) = sin [(9 + 180°) + 90°] = cos (@ + 180°) = —cos 6. 


We can thus obtain definite formulas which hold for all values of 8. 
It is best to remember, however, merely the fact that any function 
of (9 + 270°) is numerically the same as the cofunction of 0, the 
algebraic sign being determined by the quadrant in which the angle 
terminates. 


Exercise: Write formulas for the functions of (@-+ 270°), 
(9 — 270°) and (270° — @) in terms of the functions of @. 


%* 57. Summary. — Any function of (—4), (@ + 180°), (@ — 180°), 
(180° — 6), or of (360° — @) is numerically equal to the same function 
of 6. Any function of (6 + 90°), (@ + 270°), (90° — @), (@ — 270°), 
or (270° — @) is numerically equal to the cofunction of 6. The 
algebraic sign to be used in the formula connecting a function of any 
one of these angles with the same function or cofunction of @ will 
be the same whether @ is in the first or in some other quadrant. To 
determine the algebraic sign, then, assume that 6 is in the first quad- 
rant, and construct the given angle. From the figure determine 
whether the required function is plus or minus the function or co- 
function of 6. 


We need not consider especially such angles as @ + 630°, since the functions of 
this angle are the same as the functions of the coterminal angle (6 + 630°) — 360° 
= 6 + 270°, which has been considered above. 


Exampte 1. Express cos (540° +6) as a function of 6. We write 
cos (540° + @) = cos (180° + 4). This is numerically equal to cos @. To deter- 
mine whether it has the same sign as cos @ or the opposite sign, we see that if 6 
is in the first quadrant (so that cos @ is positive), (@ + 180°) is in the third quad- 
rant, so that its cosine is negative. Therefore 


cos (@ + 540°) = —cos 8, 
for all values of 6. 
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EXAMPLE 2. Express tan (77/2 — 6) as a function of 6. We have 


Tr 7 Y 
tan(@ = s) = tanh (= - s) - 2 | = tan (32 ). 


Numerically this is equal to cot 6, since 32/2 radians Ix 
equals 270°. If @ is in the first quadrant, (37/2 — 0) (7-9) 
is in the third quadrant. Therefore its tangent is 
positive, and 


tan (77/2 — 6) = coté@ 


for all values of 6. 


EXERCISES 
Express each of the following functions as a function of 0. 
1. sin (270° + 6). Ans. —cos@. 2. cos (@ — 270°). 
3. cos (540° + @). Ans. —cos@. 4. tan (6+ 180°). 
5. tan (810° + @). Ans. —coté. 6. cot (450° + 6). 
7. cot (@ — 630°). Ans. —tan 6. 8. sin (1080° + 6). 
9. tan (540°+ 6). Ans. tané. 10. cos (720° — @). 
11. sin (810° — 6). Ans. cos. 12. tan (900° — 6). 
13. esc (900° — 4). Ans. esc é. ~14. sin (630° — @). 
15. cos(r+ @). Ans. —cos@. 16. tan (37/2 + 6). 
17. cot (47 — 6). Ans. —cot@. #18. sec (57/2+4+ 6). 


19. csc (97/2+ 6). Ans. secé. - 20. tan (77/2 — 6). 


58. Periodic functions. —— We have seen that if an angle is in- 
creased by 360° or 27 radians, the value of the sine of the angle is 
unchanged. That is, if @ is any angle, 


sin (6 + 27) = sin 6. 


The values of the sine of an angle thus recur periodically, the period 
of recurrence being 27. 

An expression in @ which, for every value of 9, is unchanged when 
6 is increased by 7, is said to be a periodic function of 0 with period p. 
The values assumed by the function in any interval of length p will 
be taken on in any other interval of the same length. 
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The trigonometric functions are all periodic functions of period 
2r radians or 360°. This is the smallest or fundamental period for 
the sine, cosine, secant and cosecant. But the tangent and cotangent 
have also a smaller period equal to z-radians or 180°. For, by 
Article 55, tan (9 + 180°) = tan 6, for all values of 9. 


59. The functions of a variable angle. — We shall now study the 
changes that are brought about in the values of the trigonometric 
functions of an angle by changes in the value of the angle itself. 
Beginning with the angle zero, we shall let the angle increase gradu- 
ally. Its functions will then vary in value, each function in its own 
way. We need to let the angle vary only from 0° to 360°, for other 
angles lead to no new positions of the terminal side (the angle being 
taken in standard position) and therefore to no new values of the 
trigonometric functions. 


60. The variation of the sine and cosine. — Let @ be any angle; in 
standard position. Then sin 6 = y/r and cos @ = x/r, where a, y, 
and r are the coérdinates and radius vector of any point P on the 
terminal side of #6. For convenience 
take P so that r is always equal 
to 1. Then, as @ varies, the point 
P moves along the circle drawn 
about the origin as center with one 
unit as radius. 

Since r=" ¥, 


and 


ae 
COM = SS S SS ap, 
i 


That is, sin @ is a number equal to the number of units in the length of y, due 
regard being had to sign. For example, when @ has a certain value equal to about 
37°, point P on the circle has coédrdinates (4/5, 3/5). Since the length of y is 3/5 
of a unit, sin@ = 3/5. Similarly, since zx = 4/5, cos@ = 4/5. 
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If @ starts at 0° and increases to 90°, P starts at A, and moves 
along the circle to B, so that sin @ (or y) starts at 0 and increases 
to 1. And cos @ (or z) starts at 1, and decreases to 0. In fact: 


When 6 increases P moves sin @ (or y) cos 0 (or x) 

irom 0° to 90° from A to B increases from 0 to 1, decreases from 1 to 0; 
from 90° to 180° from B to C decreases from 1 to 0, | decreases from 0 to —1; 
from 180° to 270° from C to D decreases from 0 to —1, | increases from —1 to 0; 
from 270° to 360° from D to A increases from —1 to 0, | increases from 0 to 1. 


61. The variation of the tangent and cotangent. — In studying 
the function tan 6 = y/x, we keep x numerically equal to 1. For 
angles in the first and fourth quad- 
rants, P then lies on the line AP 
(the tangent at A to the unit 
circle, whence the name “tan- 
gent’’). Therefore 


ete, 


tan@=—=— 
x 


If @ is in the second or third quad- 
rant, P lies on BP’, and 


ee bee 
ea pe Fia. 46 


When 6 = 0°, P is at A, y = 0, and therefore tan 0° = 0. As 0 
increases, P moves up the line AP, and y increases. Therefore tan @ 
increases, and continues to increase so long as @ is increasing while 
still less than 90°. As @ draws near to 90°, P moves very far up on 
the line AP, and y or tan z increases without limit. If @ is exactly 90°, 
the point P will be somewhere on the y-axis, and, whatever the value 
of y may be, the value of x is zero. Therefore, since y/« or y/0 
has no meaning because division by zero is impossible, the angle 90° 
has no tangent. Or, as we say, the tangent of 90° is not defined. 
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However, when @ is nearly 90°, the point P is very far up on the line 
AP, and y = tan @ is very large. In fact, by taking @ less than 90° 
but’near enough to 90°, we can evidently take P as high as we wish, 
that is, make tan 0 as great as we desire. We may write tan 90° = 0, 
which may be read ‘‘the tangent of 90° is infinite,” but it must be 
remembered that this is merely an abbreviation for the statement: 
‘90° has no tangent; by taking @ less than 90° but sufficiently close 
to 90° we can make tan 6 as large as we wish.” This is a statement 
that the student should remember verbatim. 

For angles in the second quadrant, = —1, and tan @= —y. 
As @ increases from 90° to 180°, y decreases to 0 after passing through 
all positive values, and therefore tan @ is negative and increases 
through all negative values to 0. 

The student should study for himself the variation in tan @ as 0 
increases from 180° to 360° and compare the results with the table of 
Article 62. 

Cot 6. The variation of cot 6 should be traced from the fact that 
cot 6 = 1/tan 6. Since tan @ increases continuously, cot @ decreases. 
When tan @ becomes infinite, cot 6 becomes zero, and when tan 6 
approaches zero, cot 6 becomes infinite. 


62. The variation of the secant and cosecant. — Sec @. We think 
of sec 6 as the reciprocal of cos 8; sec @ = 1/cos 6. When either of 
these functions increases the other decreases. 

If 6 increases from 0° to 90°, cos @ starts at 1 and decreases. There- 
fore sec @ starts at 1 and increases. Now cos 90° = 0, and therefore 
sec 90° is not defined. By taking @ sufficiently close to 90° we can 
make sec 6 as large as we wish. Using the notation in the same sense 
as for the tangent, we can write sec 90° = 0. The student should 
repeat the entire phrase of which this is an abbreviation. : 

When @ varies from 90° to 180°, cos @ decreases from 0 to —1, and 
sec @ increases up to —1 after passing through values which are 
negative but numerically very large. The student should trace the 
variation of sec @ as 6 increases from 180° to 360° and compare the 
results with the table on page 93. 
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Cse 6. It is left to the student to trace the variation of ese 6, 
recalling that ese 6 = 1/sin @. 


The foregoing results may be summarized as follows: 


Quadrant I 1 168 IV 
Variation From To From To From To From To 
6 0 90° 90° 180° 180° DIO 20a OOe 

sin 0 0) 1 if 0 0 —1 —1 (0) 
cos 6 1 0 0 —1 —1 0 0 1 
tan @ 8) 00 —n 0 0 2) —o 0 
cot 6 oO 0 0 —a io) 0 0 — 0 
sec 0 1 we) —o —1 —1 —o ie) 1 
ese 6 oa) 1 1 oe) —o —1 —1 — oo 


We should notice particularly that the sine and cosine never 
exceed 1 in numerical value; the tangent and cotangent may assume 
any value; the secant and cosecant take on no values numerically 
lessthan1. In the first quadrant the sine, tangent, and secant increase 
when the angle increases, but their cofunctions, the cosine, cotangent, 
and cosecant decrease. 


EXERCISES 


Using Figure 3, make a table of the values of the sine, cosine, 
tangent, and cotangent for multiples of 20° from 0° to 360°. 


63. The graph of y = sin x. — In the following discussion, x will 
be used to denote the value of an angle and y to denote the value of 
the sine of that angle. They are no longer the coérdinates of a point 
on the terminal side of some angle. Let us draw a set of codrdinate 
axes. Distances on the z-scale now measure angles, and distances 
on the y-scale will represent values of the sine. Corresponding to 
any value of the angle x we can determine (from a table or otherwise) 
the value of y = sin 2, and plot the point whose coérdinates are these 
values of z and y. The whole set of points that can be obtained in 


» 
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this way form a smooth curve which is the graph of the function 
= gilt ¥. 

The choice of scale, to a certain extent, is arbitrary. But im 
graphing the trigonometric functions we shall always assume that x 1s 
expressed in radian measure, so that the same distance which repre- 
sents the number 1 on the vertical scale represents one radian on the 
horizontal scale. 

In applications of the graphs, particularly in the calculus, the use of any other 
scale leads to very awkward forms and complicated formulas. Since z is approxi- 


mately equal to 3.14, the vertical distance representing the number 1 is slightly 
less than one-third of the horizontal distance representing a radians. 


We can predict the general appearance of the curve from the results 
summarized in Article 62. From any table of sines we can obtain 
as many points as we wish for values of x from x = 0 to x = 2r. 
Since y = sinz is periodic with period 27, the curve obtained for 
the interval from 0 to 27 will be reproduced in the intervals 27 to 47, 
—2r to 0, 47 to 67, etc., and may be continued as far as we like to 
the right or left. Figure 47 is obtained by plotting the points from 
the following table. 


ce @ || 20 | Ox ix | 4 | 8m | Se | 11r 
7 0 = = = te 2a 
6 213 6 6 3 2 3 6 
y= sin'z | 0} <50 |. .87 | 1 | 87>] .50:| 0 |—.50|— S71 | = 27/5 0lko 


Fic. 47 — y = sinz. 
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The student should learn to draw a hasty sketch of this graph from 
memory. 


* 64. Another construction. — The graph of y = sinz may be 
drawn in the following way without using a table. Take any con- 
venient point, C, on the z-axis. With C as center, draw a circle with 
radius one unit. Let x be any number, and with its vertex at C lay 
off from the z-axis the angle ACP equal to x radians. The arc AP 
which it subtends is in length equal to x units (Article 47), and sin x 
is equal to the number of units in the height MP (Article 60). Lay 


Fie. 48 — y = sing. 


off the distance OQ equal to the length of the are AP (which is equal 
to x). Vertically through Q draw QF equal to MP (which is equal 
to sin x). The point # is therefore in the graph of y = sin a, since 
its abscissa is x and its ordinate is y. We can find as many such 
points as we wish. In order to find points P and Q that correspond, 
so that OQ equals are AP we can lay off the distance OB equal to 27 
(which equals the circumference of our circle), and then divide the 
circumference and OB into some convenient number of equal parts. 
P and Q will then be corresponding points of division. 


EXERCISES 
1. Draw the graph of y = cos x by one of the above methods, 
and also by using the graph of y = sin x and the fact that cos x 
= gin (x + 1/2). 
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*2. An engine piston is connected by a rod to a flywheel which © 
turns with uniform speed. Show how the position of the piston can 
be represented by means of a trigonometric function. 


65. The graph of y = tan x. — The most characteristic features 
of the graph are: (1) the curve always slopes upward toward the 
right; (2) the function becomes positively infinite as x tends toward 
any odd multiple of +/2 from the left, and negatively infinite as x 
tends toward such a value from the right; (3) the graph crosses the 
x-axis when x is any multiple of 7; (4) the function has the period 7, 
so that there are two complete patterns of the function in any in- 
terval of length 27. A very few plotted points will now suffice to 
determine the figure. The student should learn to sketch the figure 
quickly from memory. 


Fie. 49 — y = tana. 
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EXERCISE 


Graph the function y = cot x. Use the fact that this function is 
the reciprocal of tan x, so that when one function becomes infinite 
the other becomes zero, and the graph of y = cot x slopes downward 
to the right. 


* 66. The graph of y = csc x. — The graph of this function can 
be obtained from that of y = sin x of which itis the reciprocal. When 
sing = +1, esez has the same value. When « is equal to any 
multiple of 7, sin x = 0, and ese x becomes infinite. 


Vf 


Fic. 50 — y = ese. 


EXERCISE 
Graph the function y = sec z. 
*% 67. The graphs of certain related functions. — 


Exampie 1. Graph the function y = 3 sin 22. This graph can be drawn very 
easily by considering the graph of y = sin z. While xz varies from 0 to m, 2x 
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varies from 0 to 2x. Therefore in the interval from z = 0 to x = 7, sin 2x goes 
through the same set of values that sin z takes on in the entire interval from 
2 =Otoxr =2nr. And, y = 3sin 2z varies between the limits 3 and —3. The 
graphs of y = sin z and y = 3 sin 2x are shown together in Figure 51. 


Bre, 51 


ExampLe 2. Graph the function y = sinz +sin2z. This graph can be 
made most easily by the method known as composition of ordinates. We first 
draw, on the same axes, the graphs of the two separate terms y = sinz and 
y = sin 2x. Then, the height of the graph of y = sinz + sin 2x can be found 


cy=sinz+sin2x 


Fie. 52 


for any value of x by adding the heights of the other two curves. Of course we 
must take the sign into account. Thus, to get the point P of Figure 52 we must 
measure the distance MB downward from the point A, since MB, which repre- 
sents the value of sin 22, is negative at this point. 
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EXAMPLE 3. Graph the function y = x + sinz. Graph the two functions 
y= 2, which is represented by a straight line, and y = sinz. The desired graph is 
then obtained as in the preceding example, by the composition of ordinates. 


VG yaa 


Fia. 53 


Note: It may be objected here that xz stands for a number in the first term of 
the function, and for an angle in the second term. As a matter of fact, however, 
x represents a number in each term. When we graph y = sin a, we really assume 
that y is a function of the number x. By the sine of the number x, we mean the sine 
of the angle the number of radians in which is equal to x. Similar definitions hold 
for the other trigonometric functions of a number. 


EXERCISES 
Graph the following functions in the interval from « = —2z to 
x = 2r. 
ty. sin 3 x. 2. y = 2 sin 42. 
3. y = cos 27. 4. y = —cos 32. 
5. y = ese 22. 6. y = sec 22. 
7. y = sin x — sin 22. 8. y = sin ¢ + cos 2. 
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9. y = sine+isin3¢+1tsinde. 10. y = 2sinz—sin2z+jsin3z. 
Il. y = cos & + os 27. 12. 47 = cos x + 4 cos dz. 

13. y = tan « + cots. 14. y= <2 — siz. 

15. y = 2x + sin 22. 16. y = tanz+ sin z. 


x 


CHAPTER VII 
THE FUNDAMENTAL RELATIONS 


68. The fundamental relations. — Using the notation of Article 8, 
if 6 is any angle, 


(a) sin 6 =2, (b) cos 8 =<, (c) tang =", 
d) cota =~, e) seco =~ f Mee. 
(d) y (e) Ph (f) ese 7 


Moreover, since z, y, and r are numerically equal to the sides of a 
right triangle, we have 


CR a a a 


From these seven equations we obtain eight fundamental relations 
or fundamental identities that always connect the functions of an 
angle. Three of these, which we may call the reciprocal relations, 
we have already proved and used repeatedly. They are: 


1 
(1) cso GO = unt! 

1 
@) Se ea 8! 

1 
(3) cot § = faa 0 


To prove the first of these, for example, by equations (a) and (b) we have 
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if 


Two others, the ratio relations, are obtained with almost equal 


ease: 

sin 6 
(4) cos tan 0, 
(5) = : = cot 0. 


To get (4), we use equations (a), (b), (c), writing 


The remaining three fundamental relations, or squares relations, are: 


(6) sin? @ + cos? 6 = 1, 
(7) tan? @ + 1 = sec? 8, 
(8) cot? 6 + 1 = csc? 6. 


They are obtained by dividing equation (g) by r® to get (6), by x? to get (7), 
and by y? to get (8). Thus, on dividing equation (g) by r? we have 


2 yf? 


which, by (a) and (b), is 
cos? @ + sin? @ = 1. 


The student should memorize the fundamental identities at once, 
and learn, also, to recognize them in modified forms. The relation 
(6), for example, is often useful in one of the forms 


sin@ = + V1 — cos? 6 or cos #é = + V1 — sin’@, 


for, in such a form, it gives us the value of the sine or the cosine when 
the other is known. 


Examp.e 1. Given that z is an angle in the second quadrant, and that sin x 
= 5/18, find the other functions of x. From (6) we have 


cosz = + V1 —sit c= + V1—- 2 = 412 
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However, since zx is in the second quadrant, the cosine is negative, and cos x 
= —12/13. From (4), 


sin x — “ 
tan xz = =—p = —- ZT: 
cOSE  —7F 


| 
a 


The relations (1), (2), and (3) then give 
esc x = 13/5, sec x = —13/12, cat 2 = —12/5. 


This is an algebraic method of finding the values of the other functions when one 
of themis known. Inman earlier chapter (Article 9) we solved the same prob- 
lem geometrically. 


EXampie 2. Given that ¢ is an angle in the fourth quadrant and that tan ¢ 
= —3, find tne other functions of ¢. By relation (7) we have 


sec @ = V1 + tan? ¢ = V1 49 = V10. 


1 a 
Then, by (2), cos ¢ = vw 75 ¥10; and by (3), cot ¢ = —4. 


To find sin ¢, we use (4), taking it in the form 


sin ¢ = tang-cos¢ = —3- 3, V10 = — & V/10, 
and 
ese @ = : at ata! THI, 
ae sin } ‘ 
EXERCISES 


1. Prove the relations (5), (7), and (8). 
2. State each of the fundamental relations in words. 


From equations (1) to (8), obtain the following relations. 


Se Sinica’ —" ll. Ay tan cotiw = I: 
5. sinz = + V1 — cos’z. 6. escx = + Veot?z + 1. 


Sec x 
CSC X@ 


7. cotz = + Vese? a — 1. 8. tanz = 
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9. oa ee ee 10. cosz = sinz cot z. 
tan x 

alle Sh eee 12) tod pre ae 
+ V1 + tan? x + V1-+ cot?z 


In the following examples use the fundamental relations to obtain 
all the functions not given. 


13. sina = —3/5, a in third quadrant. 

Ans. cosa = —4/5, tana = 3/4, cot a = 4/3, seca = —5/4, 
csca = —5/3. 

14. cosa = 5/6, a in fourth quadrant. 

15. tanz = —5/7, x in fourth quadrant. 

Ans. sinz= —?,; V74, cos z=, V74, cot r= —i,secr=1V74 
esc 7 = —F V74. 

16. sec z = 3, z in first quadrant. 

17. cot ¢ = —}, ¢ in second quadrant. 

Ans. sin¢@ = + V17, cos ¢ = —), V17, tan ¢ = —4,sec¢ = 
a 17, cst @ = 1/17, 

18. csc x = 8/5, x in first quadrant. 


) 


In the following examples assume that z is an angle in the first 
quadrant. 


19. Find algebraically the value of (sec? « — 1) cot x, given 
tan ¢ = 3. Anse ea 

20. Find algebraically the value of (sin? x — cos? x) ese 2x, given 
sine = 1/2. 

21. Find the value of (tan? 2 + cot?x) (sec? a + ese? x), given 
tah z = 2. Ans. 425/16. 

22. Find the value of (1 — esc? x) tan 2, given sin x = 1/3. 

23. Find the value of cot*x — sin? + tan? x — cos?z, given 
cos x = 1/8. Ans. 51/8. 


24. Find the value of Le ale pia SS 
1+ sinzcosz 


, given tan « = 2. 
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25. Express each of the other functions of x in terms of sin x. 


———— sin x V1 — sin? x 
Ans. Vi = sin?z, [———— } - ) : ; ie 
1 — sin? ez sin wv V1 — sin? x’ sin x 


26. Express each of the other functions of x in terms of (1) the 
cosine, (2) the tangent, (3) the secant of z. 


Reduce the following expressions to equivalent expressions in- 
volving only sin z. 


27. sin z tan z. 28. stata 
csc x 
& 29. sec? x + ese? x. 30. tan? z + cot? z. 
31. sec xz (1 — tanz). 32. ni Sells 
ese? x 
- 33. cosx tan z. 34. ci Te 


esc x — cot x 
cos x — cotz 


35. - . & 36. sin x cot z. 
tan x — ese x 
37. tan xz + cotz. 38. (tan xz — 1) (cot z — 1). 
39. sec z CSC Z. 40. (tan x — sec x) (tan x + sec 2). 


Reduce the following expressions to expressions containing only 
tan z. 


41. esc? x — sec? x. — 42. cos?a + 1. 
43. cot x sec? zx. 44. cotzsinz + cosztanz. 


Find the value of each of the following expressions. 


45. cos @ csc? 6, when sin 6 = %. Ans: ae 
in2 

47. ae Gon” when cos y= 2. Ans. ii. 

pe Fen cos y= 4 


sec y Vtan? y + 2 
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69. Identities and equations. — An identity is a statement of 
equality which is true for all values of the quantities involved. 
Thus the algebraic statement 


Ply ty =e 


is an identity, because it is true for all values of x and y. The state- 
ment 
sin? x + cos? a = 1 


is a trigonometric identity, because it is true for any value of the 
angle x. 

A conditional equation (or, for simplicity, an equation) is a state- 
ment of equality which is true only for certain particular values or 
sets of values of the quantities involved. Thus, 


w—52r+6=0 


is a conditional equation, because it is untrue for most values of 2, 
but is true only for « = 2 and x = 3. The trigonometric equation 


is conditional, because it is true only for x = 7/4, x = 57/4, and for 
values of « coterminal with these. 

The implication of an identity is merely that of a simple declarative 
sentence. It states that the quantity on the left-hand side is, for 
all values of the letters, equal to the quantity on the right-hand side, 
and the one quantity can always be reduced to or replace the other. 

The implication of an equation, on the other hand, is that of a 
question. When we write x? — 5x + 6 = 0, we imply the question: 
For what values of x is this statement true? The solution of an 
equation, whether it be trigonometric or of some other form, con- 


sists in finding all of the values of the letters for which the equation 
is satisfied. 


70. Trigonometric identities. —It is frequently necessary to be 
able to change a trigonometric expression from one form into another 
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form which is identically equal to it, but which is more convenient 
or suitable for the purpose in view. Sometimes these reductions are 
difficult to make. The most practicable method of learning how to 
make them is to practice in verifying or proving the truth of given 
trigonometric identities. 

With this end in view, when a student is asked to prove an identity 
he should strive by one or more changes to transform one side of the 
identity into the form of the other side which should be left unchanged. 
If no other way can be found for proving the identity, the method 
may be suggested by expressing all of the functions in terms of sines 
and cosines, which may be done by means of the fundamental re- 
lations. 

No general rule can be given for proving identities. Practice is 
the best teacher, and thorough familiarity with the fundamental 
relations the best tool. We must always keep in mind not only the 
expression which we are trying to modify but also the form to which 
we wish to reduce it so as to select the useful transformation and 
avoid mere futile fumbling. In general it is better to work upon the 
more complicated side of the identity and to try to simplify it to the 
form of the other side. 


Examp.e 1. Prove the identity 


tan x 


ne. = 
sec x 


The right-hand side is the more complicated, and we will therefore work with it, 
expressing it in terms of sin z and cos xz. We have 


sin © 
tan x cos © sin 2% cosz : 
= = . == sin a, 
sec x 1 COS & 1 
cos & 


which proves the identity. 


EXamp_e 2. Prove the identity 


tan? x — sin? z = sin? x - tan’ z. 
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We shall modify the left-hand side, and write 


: sin? x ; 
tan? — sin? = —__ — sia, 
Ny cos? x& 
nr »* ; : 1 
= sin? z — — Lh, 
cos? £ 


sin? x (sec? x — 1), 
= sin? x - tan? z, 


as we wished to show. Another method is to transform the right-hand side, as 
follows 
sin? x - tan? xz = (1 — cos? x) tan? x 
= tan? x — tan’? x - cos? x 

sin? x 
ta 2 ———,_.- 0s- 

cos? x 
= tan? x — sin? x. 


EXERCISES 
Prove the following identities. 


V1 — cos? x 


COS 


1. tan x 


sec? x 
sin? x 
(sin x + cos x) (sec x — esc x) = tan x — cotz. 
sin x 1+ cos 
1+ cosz sin x 
esc? x (1 — cos? a) = 1. 
2+ sec x 
eset 
tanz-+cotzx tan?z+ 1 
tanx —cotx tan?z—1- 
8 sec r — cosa _ sec? x — 1 
" secx-+cosx se?’at1 
9. sina tan x = sec x — cos2. 
10. sin’ + cos* x = (sinz + cos2) (1 — sina cos2). 
11. tan x + cot x = sec x cse 2. 


I 


ese?x + sec? x. 


= COCEEe 


oh i a ad 


2sinz+ tanz = 


12. 
13. 


14. 
15. 
16. 


ac Ay. 


18. 


19. 


20. 
21. 
22. 


23. 


24. 
25. 


26. 
27. 
28. 
29. 
30. 


31. 
32. 
33. 
34. 
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sin? x sec?x = sec? x — 1. 
cos? x esc? x = esc? x — 1. 


sin? 6 
= pe ail 
ae 1 + cos 6 
(1 + cos x) (ese x — cot x) = sing. 
1 amet sin 6 + cos @. 


sec 6 
1—cot@ tan@—1 
1+cot@ tand+1 
seo? — 1  I1-— cos’ 
secO+1 1+ cos@ 
1+tan’a_ sina 
1+ cota cosa 


1 — cosa 
————— = csca — cota. 
1+ cosa 


esc? x + cot? 2 = esctx — cot! x. 
sin 2 1 

secr tana + cot xz 

gag 1 


tany  secy 

(1 — cos y) (1+ cosy) = sin? y. 

(ese x — cot x) (ese x + cot x) = 1. 

tan?x sin? x 

sintz cos? x 

sin? y cot? y + cos? y tan? y = 1. 

cot? y 

1 + cot? y 

esc y — sin y = sin y cot? y. 
sin? 6 _ (t=Picos 8)? 


cos? y = 


(1—cos@)? _ sin’6 
cot x + cot y = cot x cot y (tanz + tan y). 
(seca — tan x) (secx + tanaz) = 1. 
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(sin a cos 6 + cos asin 8)? + (cos a cos B — sina sin 6)? = 


(sin z cosy — cosxsin y)? + (cosxcosy + sinzsin y)? = 1. 
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35. (cos?x — sin?) + 4 sin’ cos*z = 1. 
36 tanz-+tany cotrcoty—1 _ 
" 1—tanzxtany cotz+coty 


71. Trigonometric equations.— A solution of a trigonometric 
equation consists in finding all the angles which satisfy the equation. 
It is enough to give the values which satisfy the equation and lie 
between 0 and 27 (0° and 360°). 

Usually we solve the equation for one or more trigonometric 
functions of the angle, and then find the corresponding values of the 
angle. A solution is partly a matter of algebra and partly a matter 
of trigonometry. The following suggestions apply to the algebraic 
part: Sometimes after arranging the equation so that we have a 
certain expression set equal to zero, we find that the expression can 
be factored. Then set each factor equal to zero and solve the simpler 
equations that result. 


EXAMPLE 1. Solve the following equation for values of x from 0° to 360°. 
sin? x = sin 2. 
Transposing and factoring, we get 
siz —sinzx=0, or sinz(sinz — 1) =0. 


We must now set each of the factors equal to zero. For if either factor is equal 
to zero the equation holds true. We get 


snz=0O and smz—1=0 or smz =1. 
The values of x from 0° to 360° for which sin x = 0 are 0°, 180°, 360°. The only 


value of x in this range for which sin = 1is 90°. The roots of the equation are 
therefore 0°, 90°, 180°, 360°. 


In the course of the algebraic work if we have occasion to take the 
square root of both sides of the equation or to divide by a factor, we 
must take care not to throw away any roots. 

Examp.e 2. In solving the equation 


sin? ¢ = 1, 
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we must not only take sinz = 1, giving x = 90°, but also sinz = —1, giving 
x = 270°. 
And in the equation 


sin? x = sinxzcos2 


if we divide by sin z, getting 


sin x = cos 2, 
we raust also write sin z = 0, since the given equation is satisfied if sinz = 0. 


On the other hand, if we square both sides of an equation (to get 
rid of radicals perhaps) or if we multiply it by a factor (in order to 
clear the equation of fractions), we must remember that we may have 
introduced factors that will lead to extraneous roots, that is, to 
values of the unknown that satisfy the derived equation but not the 
original given equation. The best test is to substitute the supposed 
roots in the given equation and reject any of them that fail to 
satisfy it. 

On the side of trigonometry, if several functions of an angle are 
involved in the equation, it is suggested that all of the functions be 
expressed in terms of a single function by algebraic or geometric 
methods, and that while this is being done the use of radicals be 
avoided when possible. The methods are illustrated in the following 
examples. 


ExamMPLe 3. Solve the equation 
cos? xz + sinz = 1 


for values of x from 0° to 360°. 
Transposing the first term, we get 
sin xt = 1 — cos? 7z, 
or 
sin xz = sin’ z, 


which is the equation of Example 1. 


Exampie 4. Solve the equation 


cos xz = —sin x& 


for values of xz from 0° to 360°. 
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Divide both sides by cos 2, getting 


sin £ 
——, or tanz= —1. 
cos £ 


The values of x between 0° and 360° which satisfy this equation are x = 135° and 
x = 315°. These results satisfy the given equation since 


cos 135° = —} V2 = —sin 135°, 
and 
cos 315° = 3 V2 = —sin 315°. 


Another method is to change the functions to sines, writing 
V1 — sin? z = —sinz. 
Squaring, we get 
1 — sin? x = sin*®z, 
or 
2sin?x =1 and sin?z = 3, 
or 
sing = +3 V2. 


The angles for which this is satisfied are x = 45°, 185°, 225°, 315°. But on sub- 
stituting in the original equation, we see that 45° and 225° do not satisfy, since 
sin 45° = cos 45° and sin 225° = cos 225°. When we squared both sides of the 
equation we lost track of the signs, and introduced extraneous roots. 


Examp.e 5. Solve the equation 


V3 tanxsecxr —2 =secr —2 V3tanz 


for values of x from 0° to 360°. 
We can write this in the form 


V3 tan x (sec x + 2) = secxr + 2, 
or 
(/3 tan x — 1) (seex + 2) = 0. 


Setting each factor equal to zero, we get 


v3tanzg—1=0, sothat tanz =1/V3, and zx = 30° or 210°, 
and 


secz-+2=0, sothat secz = —2, and z = 120° or 240°. 


The student should substitute these results, and see that they satisfy the given 
equation, 
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Exampte 6. Solve the equation 
sec? x (1 + cosx tan zx) = 2. 


Expressing all of the functions in terms of sines and cosines, we get 
1 sin x 
1 + cosz = 2 

cos? x cos x 


1+ sinz = 2 cos? xz. 


or 


Using only sines, we get 
1+sinz = 2 (1 — sin? z) 
or 
2 sin? z + sinz — 1 = 0. 
We factor this, writing 
(2sinz — 1) (sinz +1) =0. 
This gives 
2sinz—1=0, or sintr=4, sothat x = 30° or 150°, 
and 
snz+1=0, or smnz=-—t1, sothat x = 270°. 


The results x = 30° and x = 150° satisfy the equation, but we must reject 
270°, for the original equation involves tan x and sec x, and tan 270° and sec 270° 
do not exist. We introduced the extraneous result when we multiplied both 
sides of the equation by cos? x, which is zero when x = 270°. 


EXERCISES 


Solve the following equations for positive (or zero) angles less than 
360°. 


1. sin? @ = 7. Ans. 30°, 150°, 210°, 330°. 

2. cos? 6 = #. 

3. tan?6 = 1. Ans. 45°, 135°, 225°, 315°. 

4, sec? 6 = 1. 

5. (siné@ + 1) (2cosé — 1) = 0. Ans, 60°, 2707; 300° 
«6. (2cosé+ V3) (V2siné — 1) = 0. 

7. (tan?x — 3) (esex — 2) = 0. 


Ans. 30°, 60°, 120°, 150°, 240°, 300°. 


ce 24, 
25. 
26. 
PH ie 
28. 
29. 
30. 
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(cot x + 1) Gsec?x — 4) = 0. 


/2 tan @ sin @ — tan 6 = 0. Ans. 0°, 45°,135°, te". 
2 sec sin 86 — sec 6 = 0. 
2 tan? 6 — sec? 6 = 0. Ans. 45°, 185°, 225, alg 


. (4cos? 6 — 3) ese? = 0. 


1 — sine = v/3 Cos 2. Ans. 90°, 330°. 


. 1+ cosz+ Vosinz = 0. 


esc x — 1 = cotz. Ans. 90°. 
cosx — sinx = l. 


. 2sint?a+sinz—1=0. Ans. 30°, 150°, 2707 


2sin?2 = cosx+ 1. 


. esea — cota = 1. Ans. 45°; 90°, 225°; 270; 


see? a = 1 — V3tanz. 


. tan? « — 3 ese? & = 7. 


Ans. 45°, 60°, 120°, 135°, 225°, 240°, 300°, 315°. 


. 8cot? x2 + sec? a = 5. 


2 cot x + cosz cot x = 2cotz sin’ x. 
Ans. 90°, 120°, 240°, 270°. 
2sin 6 tan @ = 2cos@. 


bs cinte tin Bee Ans. 45°, 135°, 225°, 315°. 
(\/2 cos x — 2) (cos?a — 4) = 0. 

/3tanz — 1 = seca. Ans. 60°, 180°. 
5 (esc x — 1) = 2cosz cote. 

tana + V3cot2 = V3 +1. Ans. 45°, 225°, 60°, 240°; 


4 esc? x — 7 cot? « = 3. 


Prove the following identities. 


31. 
32. 
33. 
34. 


35. 


tan x sec x = sin* a sec? a + sing. 
1 
sec & — COSt. 
tan? « — sin? a = sin‘ 2 sec? a. 
ft Picosa 1 4 2 cos ¢ (1 ++ cos x) ~ 


cot x csc & = 


l— cosx © sin? x a 
COS & 1+ sin x 
: — 7 SCC: 
1+sinz COS x 


a 


E 


. 
4 
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. sintx — costz = 1 — 2 cos? x. 


sint x + cos‘x = 1 — 2sin? x cos? z. 

(1 — sin 2) (secx + tan 2) = cose. 

(tan 6 + cot 6)? = sec? @ + esc? 6. 

(1 — tan 6) (1 — cot 6) = 2 — sec 6 esc 0. 


. cosa csc? a tana — sina = covacscta. 


tana —sina seca 
; sin? a ~ 1+ cosa 
cota —tana  cosa+sina 
cosa —sina  cosasina — 
ees 
Vigsna ~ 0% — tana. 
Reet y= an bend dh. (see hese PY: 
cot@é tang 


tanz—tany secx — secy 


“seca +secy tanzx-+ tany 


47. 


cotz + coty  cscr + ecscy. 
escy — csc y cotr®— coLy 


In the following examples reduce the left-hand side to the form 
of the right-hand side. 


48. 
49. 
50. 
51. 


52. 


53. 


54. 
55. 


tan x + x sec? x — sinxsecxr — x = x tan’ Z. 
asinxcosx —bsinz cosx _ (a — b) tana. 


asin? « + b cos? x atan?x +6 
sec” 1 — sec”? x = sec”? x tan? x. 
6 tan? x sec? x + 2tan‘z sec x + sec? x + tan’? x sec x — sec x 
= § tan? x sec® x. 
sec? x (tan « — 3 cot x) + tan x (sec? x + 3 csc? z) 
——2 SeC- 1 tan @. 


a(acosx — bsinz) im Ug a 
asinz + bcosz atanz+6 


sec’ x = (tan? x + 1)? sec? z. 
cse*x = (cot? x +- 1) esc? x. 


CHAPTER VIII 
FUNCTIONS OF TWO ANGLES 


72. Sin (a + B) and cos (a + B). — The sine of an angle which is 
the sum of two angles is not, in general, equal to the sum of the sines 
of the two angles. 


A single example is enough to show this. Let a = 30° and 8 = 60°. Then 
sina + sing = sin 30° + sin 60° = } +33 = 4(1+4+ v3). 
But this is not equal to 
sin (2 + 8) = sin (30° + 60°) = sin 90° = 1. 


We proceed now to obtain formulas for the sine and the cosine of 
the sum of two angles in terms of the functions of the separate angles; 
that is, for sin (a + 8) and cos (a + 8) in terms of the functions of 
a and g. For the present we shall prove the formulas only for the 
case in which a and 86 are positive, acute angles, and in Article 73 
will prove that the same formulas are true for all values of a and 8 
whatsoever. 

Suppose, then, that a and 6 are any two positive, acute angles. 
Then (a + 8) is less than 180°. Place the angle a in standard 
position with reference to a system of coérdinate axes. Place the 
angle 6 with its vertex at the origin and its initial side, OQ, on the 
terminal side of a. The angle (a + 8) is then also in standard 
position. Let P be any convenient point on the terminal side of 
(a+ 8). From P draw the line PQ perpendicular to the common 
side of aand 6. Draw PA and QB perpendicular to the x-axis, and 
draw QC perpendicular to AP. Then the angle CPQ is equal to a, 
since its sides are respectively perpendicular to the sides of a. 

From the right triangle BOQ, we see that 


(1) BQ = 0Q-sina, and (2) OB = 0Q - cosa. 
116 


FUNCTIONS OF TWO ANGLES i bike 


From the right triangle PCQ, we find that 
(3) CQ=QP-sina and (4) CP = QP: cosa. 


; And from the right triangle OQP, we obtain 


E (5) = fin B and (6) eS = cos B. 


¥ 


Fig. 54 


From the definition of the sine of an angle we have 


an SACs CR AC , CP BQ. Can 


“3 aaa Dee oP SOR Or * OP | 
From (1) and (4) this yields 
sin (a + B) = OG sin a + 55 008 a 


OP 
Then, applying (5) and (6), we get the desired formula: 
I. sin (a + B) = sina cos B + cosa sin B. 


Likewise, by the definition of the cosine of an angle, 


OA OB-—AB OB AB _OB CQ. 
oO ee) =a Op. On OP OP OPa 


. 
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By the use of (2) and (3) and then of (5) and (6) we get 


cos (a + B) = Oe cos a= sin a, 


and, finally, 
II. cos (a + B) = cosacos B — sina sin B. 


These two laws may be stated as follows: 

The sine of the sum of two angles is equal to the sine of one of the 
angles multiplied by the cosine of the second, plus the cosine of the first 
angle times the sine of the second. 

The cosine of the sum of two angles is equal to the product of the 
cosines of the two angles minus the product of their sines. 

It is important that the student learn these laws and all of the 
others in this chapter and be able to express them either in formulas 
or in words. 


Exampte. Given sin 30° = 3, cos 30° = 3+/3, sin 45° = cos 45° = 4/2, 
find sin 75° and cos 75°. 


sin 75° = sin (80° + 45°) = sin 30° cos 45° + cos 30° sin 45°. 
=b-4V244V38-3 V9 =1 204 V9) 
Teh Se OGY. 
SS aE 
4 
cos 75° = cos (30° + 45°) = cos 30° cos 45° — sin 30° sin 45° 
=$v3-4V2—3-4 V2 = 4 v2 (v3 —-1) 
PAT4< 732 
= ~ ae = 2259. 


* 73. Extension of addition formulas to all angles. — We have 
proved formulas I and IT of Article 72 if a and B are any two acute 
angles. We wish to prove that they are true for all values of a and £. 


I. We shall first show* that 7f a and 6 are any two angles (acute or 
not) for which these formulas hold, the formulas are still true af either 
a or B ws erther increased or decreased by 90°. In particular, suppose 


* The reader who is familiar with the process of proof by mathematical in- 
duction will recognize this as an example of that process. 


a ¢ 
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that a is increased by 90°. Assume, then, that a and 8 are any two 
angles such that 


(1) sin (a + 8) 


(2) cos (a + B) = cosa cos 6 — sin asin B, 


sin a cos 8B + cos a sin 8, 


and, on this hypothesis, let us try to prove that 


(3) sin (a@’ + 8) = sina’ cosB + cosa’ sin B, 
(4) cos (a’ + 8) = cosa’ cos 8 — sina’ sin B, 
where a’ =a+ 90°. 
We have 
(5) sin (e’ + 8B) = sin(a+ 8+ 90°) = cos(a+ 8) (Article 53.) 
= cosa cos 8 — sin asin B, by equation (2). 
But cos a = cos (a’ — 90°) = sina’, 
and sin a = sin (a’ — 90°) = —cosa’. (Article 54.) 


Consequently, from (5), 


(6) sin (a@’ + 8) = sin a’ cos B + cos a’ sin B, 


which is equation (3). In a similar way, 

cos (a’ + B) = cos (a + B + 90°) = —sin (a + B) 
—[sin a cos B + cos asin f] by equation (1), 
= —[—cosa’ cos @ + sin a’ sin f], 


l| 


which gives equation (4). 
It is left to the student to prove that if (1) and (2) are true, then 
(3) and (4) must be true, where 


a’ =a — 90°, 


and also to show, by Article 53, that equations (1) and (2) are true 
when either a or B instead of being actually acute is equal to 90°. 


< 
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II. Now suppose that a’ and #’ are any two angles whatsoever. 
We can then find two angles, @ and 8, either acute or right angles, 
such that a’ can be obtained from @ by adding or subtracting 90° 
a certain number of times and §’ can be obtained from 6 by adding 
or subtracting 90° a certain number of times. Therefore, if the 
formulas (1) and (2) hold for this a and 8, the formulas must also 
hold for a’ and Bg’. For, holding 8 fast, we can replace a by a’ by 
making successive additions or subtractions of 90°, and after each 
such change the formulas will still be true. Then £, in a similar 
way, can be replaced by 8’. 

But the formulas (1) and (2) are true for a and £ since a and 8 are 
acute or right angles. Therefore the formulas are true for a’ and ’, 
that is, for any angles. 


74. Tan (a + B) and cot (a + B). — By means of I and IT, we can 
write 


tan (a + 6) _ sin (a+) _ sinacos8 + cosasin B 
cos (a+ 8) cosacos8 — sinasinB 


Dividing numerator and denominator of this fraction by cos @ cos 8, 
we get 


sina , sinB 


coS@ cos 
tan (a + B) = ae 
_ sine sin 8B 


cosa COs B 


or 


tana + tan 
III. tan (a + B) = a : 


the tangent of the sum of two angles is equal to the sum of the tangents of 
the angles divided by 1 minus the product of their tangents. 
It is left to the student to prove the formula 


IV. cot (a + B) = Sa 


EXAMPLE. 


tan 75° = tan (45° + 30°) = 
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tan 45° + tan 30° 
~ 1 — tan 45° tan 30° 


V3 W841 6/341) 44 +1) 


1 2 V8 1 WS =D FD 
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75. Functions of (a — B).—Since the formulas for functions of 


(a + 8) are true 
Since cos (—8) 
and cot (—8) 


¥; 
YT. 


Vil. 


EXAMPLE. 


sin 15° 


cos 15° 


tan 15° 


l| 


for all values of a and B, we may replace 6 by —8. 
cos 8, while sin (—8) = —sin B, tan(—8) = —tan8, 


= —cot 6, the terms in formulas I, II, III, and IV 
which contain sin a, tan a, or cot a will be reversed in sign, while 
the other terms will remain unchanged. We get 


sin (a — B) = sinacos B — cosasinB. 
cos (a — B) = cosacosB + sina sin B. 
_ tana — tan B 
oe Teta ian p 
i 
ae ee cota cotB + 1- 


cot B — cota 


= sin (45° — 30°) 


= sin 45° cos 30° — cos 45° sin 30° 


= 42-43 — 4 v2-4 = 4 v2 (v3 — 1) = 259. 


= cos (45° — 30°) 
= cos 45° cos 30° + sin 45° sin 30° 


=4V2-3V38 +4 V2-5 =4 V2 (v8 + 1) = 966. 


tan 45° — tan 30° 
~ 1 + tan 45° tan 30° 
1 
eae von (8 1) 
1 wW+tit 3-1 
1+—> Be 
Ue 


= 2 — /3 = .268. 
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EXERCISES 


Suppose that a and # are two positive acute angles. Find the sine, 
cosine, and tangent of (a + 6) and (@ — 8), under each of the fol- 
lowing suppositions. 


1h silva = 2/3, €08, 0 = 3) o. 


Solution: We first find the other functions of a and g. By either algebraic or 
geometric methods we find cos a = V5/3; tana = 2/./5 = 2 V5. 


sin 6 = 4/5; tan 6 = 4/3: 


Then 
Pe 3: V5 A 2 
=“, __= o 2 Ni 
sin (a + 8) Sgt) aioe gee V5) 
: ae V5 4 2 
8) a a Se ee ee 
sin (@ B) are Roe i V5) 
ZN Sigs Pome Toni 
cos (a2 + £) ar er pe Ma. 
io rer | = 
cos (a — B) = : ar go yp eee 
2 4 
ae ee 
t = age ee i 
an (a + 8) beet 55 i's (108 + 50 V5), 
V5 83 


a result obtainable from the values of sin (a + 8) and cos (a + 8) already found. 
6—4V5 


t Sy aia 
PGA wa 3V5+8 


= 75 (108 — 50 V5). 


2. sina = 4/5, cos 6 = 5/13. 
3. tana = 2, cot B = 3/2. 


Ans. sin (a + 8) = g; V65, sin (a — B) = ¢& V65, 
cos (a + 8) = se V65, cos (a — 8) = 5 V65, 
tan (a + B) = —8, tan (a — 8) = 4. 


4. tana = 8, secB = 2. 


—- 


7 
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5. Find sin a, cosa, tana, given that cos (a+) = 3/4 and 
sin 8 = 1/8, and that all the angles are acute. 


Ans. sin a = 7, (W56 — 3), cosa = 34 (3 -V8 + V7), 
tana = IVT — 16 V8). 
6. Find sina, cosa, tana, given that cos (a — B) = 3/4 and 
sin 6 = 1/4, and that all the angles are acute. 


Assuming that a and @ are acute, in what quadrant, does (a + 8) 
lie in each of the following cases? 


@ sin a = 3/4,-sin B = 2/3. Ans. Second. 
8. sina = 2/3, sin B = 2/3. 
9. cosa = 2/3, cos B = 1/2. Ans. Second. 


10. cos.a@°= 1/2, sin B-— 3/5. 

11. Find sin 120° from functions of 30° and 90°. 
12. Find cos 150° from functions of 180° and 30°. 
13. Show that 


sin (e + 6+ 7) =sin[(a + 8) + 7] 
= sina cos cos y + cosasin B cos y 
+ cosacosf sin y — sinasin£# sin y. 


14. Show that 


cos (a + B + y) = cosa cosf cos y — sina cosf sin y 
— cosasin#siny — sinasin# cos y. 


15. Show that 


tana + tan6 + tany — tanatanftany | 
tan (a + 8 +7) = 1 — tanatanB — tan6tany — tany tana 


Find the values of the following expressions. 
16. sin (80° + a). 
17. cos (a + 45°). Ans. 344+/2 (cosa — sin a). 


18. tan (a + 60°). 


124 


PLANE TRIGONOMETRY 


Show that 


“19. 
20. 
21. 
22. 

- 93. 
2A. 
py 25. 


26. 
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28. 


76. 


cos (z + 30°) — cos (x — 30°) = —sin z. 
cos (x + 45°) + cos (4 — 45°) = +/2 cosa. 
sin (x + 60°) + sin (x — 60°) = sing. 
sin (c + 30°) + cos (a + 60°) = cosa. 


cos (a + B) cos (a — 8) + sin (a + 8) sin(a — B) = 1—2 sin? B. 
cos (a + 8) cos (a — 8) — sin (a + 8) sin(a — B) = 2cos*a—l. 


tan (a + 45°) + cot (a — 45°) = 0. 
tan (45° +a) _ (1+ tana)? 

tan (45°— a) (1 — tana)? 

cos (v + y) cos y — cos (x + Z) cosz 


= sin (x + z) sinz—sin(t@+ y) siny. 


sin (x + y) cos y + cos (x + 2) sin z 


= sin (x + z) cosz + cos (x + y) sin y. 


Functions of twice an angle. — If we replace 8 by a in Formu- 
II, III, and IV, (a + 8) becomes equal to 2a, and we have 


mal 
IX. Sin 2d "2 site costa. 


xe cos 2a = cos?a — sin’ a 
=1-— 2sin’a 
= 2 cos? a — 1. 


XI. tan 2a = ea eee Sy 

1 — tan2a 

XII. cot 2a _ cot?a —1 
2cota 


We have three forms for cos 2a obtained by setting 


cos 2a = cos’ a — sin?a = (| — sin’a) — sin?a = 1 — 2sin?a, 


and 


cos 2a = cos? a — sin?a = cos?a — (1 — cos? a) = 2cos?a — 1. 


The formulas should be expressed in words, as, for example, the 
cosine of twice an angle rs equal to the square of the cosine of the angle 
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minus the square of the sine of the angle; or to 1 minus twice the square 
of the sine of the angle; or to twice the square of the cosine of the angle 
minus 1. 
ExampLe. Verify the formulas for the case a = 30°. 
By IX, sin 60° = sin (2 X 30°) = 2sin 30° X cos 30° 
=2X2Xiv3 =} v3. 
cos 60° = cos (2 X 30°) = cos? 30° — sin? 30° = 2 — 3 = i, 


2 2 
i‘ - 2 tan 30° V3 _ VB 
= pe Sater ig i ee 
3 3 
- : cot? 30° —1 3-1 S 
cot 60° = cot (2 K 30°) = 2 cot 30° AVE TEV 


77. Functions of half an angle. — From the results of the preceding 
article we obtain formulas for the functions of half an angle in terms 
of the functions of the whole angle. Since, by Article 76, the cosine 
of twice an angle is equal to 1 minus twice the square of the sine of 
the angle, by taking a/2 as “the angle” and a as “‘twice the angle,” 
we have 


| cos a = 1 — 2sin?5 
Therefore 
2 sin’ 5 = 1 — cosa, 
and 
Oe. 4/1 — cos a 
XIII. sy, = “So pee 


Likewise from the third form for the cosine of twice an angle, 


a 
COs a = 2 cos’ 5 — le 


and 


a 1+ cosa 
XIV. Coss = C2 | \ essary, eam 
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On dividing XIII by XIV, we find 


a 1 — cosa 

XV. tan 5 = = 1 cose. 
= 

XVI. tots = EY ae 


The student should state these relations in words. 


Exampue 1. Verify these formulas for the angle a = 60°. Now a/2 = 30°, 


and 
60° 1 — cos 60° 1-34 ~ 
sin 30° = sin 5 -oae \/ nn ey 


1 60° ses 1S = 
—— a = VE=b v3, 


. 1 — cos 60° 1— 34 re 
tan 30 “(fee ine t= 5 v/a: 


EXAMPLE 2. Prove the identity 


ll 


Il 


cos 30° 


ll 
I 


| 
< 


sin 3x = 3sinz — 4sin* 2. 
We can write 


sin (2x + 2) 

sin 2x cos x + cos 2xsinz (By I) 

(2 sin x cos x) cosa + (1 — 2sin?2z)sinz (By IX and X) 
2 sin x cos? x + sin zx — 2 sin? x 

2 sin x (1 — sin? x) + sina — 2 sin? a 

= 8sinz — 4sin° a, 


sin 3x 


ll 


MY te dh 


as we wished to show. 


Exampte 3. Prove the identity 
tan?a = 4sin? a esc? 2a — 1. 


The right-hand side is the more complicated, so we simplify it. The chief 
difficulty is that the identity contains functions of two different angles, a and 
2a. When functions of two angles are present in an equation, we usually try 
to reduce them to functions of one angle. In this example we express esc? 2a 
in terms of functions of a. We write 


4 sin? a 


4 sin? w esc? 2a — 1 = - o 
sin? 2 @ 


4 sin? @ 
~ (2sina cosa)? 
1 


=—. — b= see? a — l= tantie 
COS? a 
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EXERCISES 
Find the values of the following functions without using the tables. 


: 1. sin 90°, from functions of 45°. 

| 2. tan 120°, from functions of 60°. 

3. sin 223°. Ans. 4V2— V2 = 38. 
4. cos 223°. 
~5§. tan 15°. Ans. 2 — 1/3 = .268. 

| 6. sin 15°. 

| 1, in 675°. :, Ans. 4V2+4 4/9 = .924. 
8. cos 674°. 


Prove the following identities. 


9. cos 3x = 4 cos* x — 3 cosa. 
“10. 4sin?zcos?x = 1 — cos? 2z. 
11. cos? z = sin? x + cos 2z. 
12. cos4z = 1 — 8 sin? zx cos’ x. 
1 
2 cos? z — 1 
14. sec 2r = Ee iad ea . 
2 — sec? x 
csc? x 
ese?x — 2. 
16. 2csc 2x = sec rz csc 2. 
17. 2 cot 24 = 2cosx csc x — sec z csc x. 
18. costzx — sin‘z = cos 2z. 
19. 1 — sin 2x = (sinz — cosz)’. 
1—sin2x_ 1-—tanz 


13) ‘see 22 — 


15. see 27 = 


© 20. os2e + tan’ 
Po toe 
21. ites ee 


22. cos 5x cosx — sin 5x sin x = cos 62. 
23. cos 2x cosxz + sin 2x sin x = cos@. 


cos3z , sindz 
py —— = 2 cot 2z. 
sin x COs & 
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25. 


28. 


29. 
30. 
31. 


33. 
34. 
35. 


37. 


38. 
39. 
40. 


78. 


. sec?= 
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cos38z =. sin 8x 
pee A. COL AL CONE: 
sin x COs & 


‘ Pig aU Ue EA 2x + tan 22. 
1 — tanz 

pe OUe ous = Siow 

"1+ cot? xz ; 

secx — 1 2& 
chee — — ], 
seca +1 sat 

See ol a) ae 

Hep aes = 


tan 2x = tan x (1 + sec 2z). 
ce = sh Fe 
csc 2 = p( tang + cot 5) 
ce 2tanr 
2 tanzx+sinz 
sin3x  cos3x _ 


sin x cos x 
2 cot 2x = cot x — tan x. 
1 — cos 2a 
————— = tanz. 
sin 2x 
sec 22 — 1 fn 
. —— =  tan’e. 
sec 2x + 1 
z 
ese x — cota = tan=- 
2 
sin x 
= tan= 
1+ cos2 Pe 


sin 27 = 2sin?z cos x + 2sin x cos? z. 


4 (sm*z + cos*x) = 4 — 3 sin? 2z. 


Product formulas. — From the formulas 


I. sin (a+ 8) = sinacosB + cosasinB, 
II. cos (a+ 8) = cosacos 8 — sinasin 8, 
V. sin (a — 8) = sinacosB — cosasinB, 

VI. cos (a — 8) = cosacosB + sinasin B, 


Seal 
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we get . 
(1) cos (a@ + 8) — cos (a — 8) = —2sinasing, 
(2) cos(a+ 8) +cos(a—B)= 2cosacosB, 
(3) sin (a+ 8) + sin (a — £) 2 sin a cos 8, 
(4) sin(a+8)—sin(a—8) = 2cosasin®. 


From equations (1), (2), and (3) we obtain the product formulas: 
XVII. sina sin B = } 
XVIII. cosacosB = } 

XIX. sinacosB = } 


[cos (a — B) — cos (a + 8)], 
[cos (a + B) + cos (a — B)], 
[sin (a + B) + sin (a — B)}. 
For the purposes of this book the formulas of this Article are less important 


than those of Article 79, and they may be omitted. In other fields of mathe- 
matics they are important. 


These formulas should be stated in words. Thus, for XVII, we 
ean say: The product of the sines of two angles 1s equal to one-half the 
difference of the cosine of the difference of the angles and the cosine 
of the sum of the angles. 


Exampue. Verify these formulas in the case a = 30°, B = 60°. 
By XIII, 
sin 30° sin 60° = 3‘[cos (—30°) — cos 90°] or 4-°4-~—V3 =3[3 V3 —O]; 


by XIV, 
cos 30° cos 60° = 3 [cos 90° + cos (—30°)] or 473-4 =3[0+34 V3]; 


by XV, 
sin 30° cos 60° = 3 [sin 90° + sin (—30°)] or 3-3 =2[1 — 3]. 


79. Sums of functions. — In order to obtain formulas for the sum 
or difference of the sines or cosines of two angles, in equations (1) 
to (4) of Article 78, we will set 

a+tPp=z2 
a-—p = ¥. 
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Adding these two equations, we get 2a = x + y, and on subtracting, 
28 =x—y. Therefore 


a= %(¢+y), B=2@—y). 


Using these values in equations (3), (4), (2), (1), we get: 

XX. sin x + sin y = 2sin 4 (x + y) cos} (x — y). 
XXI. sin x — siny = 2cos4 (x + y) sin} (x — y). 

XXII. cosx + cosy = 2cos 3 (x + y) cos § (x — y). 

XXIII. cosx — cosy = —2sin 4 (x + y) sin} (x — y). 

The formulas should be stated-in words. Thus, for XX: The 
sum of the sines of two angles is equal to twice the sine of half the sum 
of the angles times the cosine of half the difference of the angles. 

Exame_eE 1. Prove the identity 

2 sin 32 cos 7z + sin 4z = sin 102. 
From XIX, using a = 3z, 8 = 7z, we have 
sin 3z cos 7z = 3 [sin 10z + sin (—4z)]. 
Therefore 
2 sin 3z cos 7z + sin 4z = sin 10z — sin 4e + sin 4z = sin 102. 
EXaMPLeE 2. Prove the identity 


sin 7z + sin 32 


—— = tan 52. 
cos 7z + cos 3z 


Applying XX and XXII to numerator and denominator of the left-hand side, we 
find 


sin 7z + sin 3z _ 2sin 3 (7z + 32) cos 3 (7z — 32) 
cos 7z + cos3z 2 cos $ (7z + 32) cos 3 (7z — 32) 
2 sin 5z cos 2z sin 5z 
SS Se ae bane. 


EXAMPLE 3. Solve the equation 
sin 2x + 4/2 cosx =0 


for all values of x from 0° to 360°. 


1 

| ; 
| FUNCTIONS OF TWO ANGLES 131 
; 


We reduce this so that it will contain only the single angle z: 


2sinz cosx + /2cosx = 0 


or 
cos x (2sinz + 1/2) =0. 
Hence . 
2 cos xz = 0, so that’ x = 90° or 270°, .and 
és 2sinz++/2=0 or sinx= 4 V2, sothat « = 225° or 315°. 


These four values of x satisfy the original equation. 
Exampir 4. Solve the equation 

sin 3x + sin 27 + sinz = 0 
for all values of x from 0° to 360°. 

We write the equation 

(sin 8z + sin z) + sin 2x = 0, 

and apply formula XX, getting 
2 sin 2x cos x + sin 2x = 0 

or sin 2z (2cosx +1) = 0. 
Hence" 2cosx+1=0 or cosx = —1/2, 
which gives x = 120° and z = 240°. 
Also sin 27 = 0. 


In order to get all of the values of « which satisfy this equation and which lie 
between 0° and 360°, we must find all of the values of 2% which satisfy the equation 
and lie between 0° and 720°. They are 


22 = 0°, 180°, 360°, 540°, 720°, 


so that 
xz = 0°, 90°, 180°, 270°, 360°. 


The complete solution therefore is 
xz = 0°, 90°, 120°, 180°, 240°, 270°, 360°. 
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EXERCISES 


Express the following products as sums or differences of two func- 
tions. 


1. 2sin 7a sin 3a. Ans. cos4a — cos 10a. 
2. 2sin 2a sin a. 
3. 2.cos ae cos = Ans. cos 3a + cos 2a. 
4. 2cos (x + y) cos (x — y). 
5. 2sin (180° + a) cos (180° — a). 
Ans. sin 2a + sin 360° = sin 2a. 
6. sin ol cos ae 
Meo 8 
Express each of the following quantities as a single term. 
7. sing + sin (x + y). Ans. 2sin (: + y) cos 5 . 
8. sin 5¢ + sin z. 
9. cos 5a + cos 32. Ans. 2 cos 4a cosa. 
10. cos (a + b) + cos (a — DB). 
11. sin 3x — sing. Ans. 2sin 2 cos 22. 


12. cos 4x — cos 2z. 


Prove the following identities. 


cos 38x — cos 2x 
13. ———_———_ = —tan 2v tan x. 
cos 38x + cos x 
sin 52 — sin 3x 
14. Sea tan x cot Ax. 
sin 5a + sin 3x 
cos 8x — cos 5x 
sin 8x + sin 5x 
cos 3x + cos x 
sin 38a + sin x 
17 cosdxz —cosx 2tanz 
“ gsin38x—sinz tan?xz—1 


18. sin (45° + x) — sin (45° — x) = sina. 


16. = cot 22. 


. cot4a + tanz = 


- ¢ot x + cot 27 = 


. 1+ tan 32 tan 4z = 
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cos (45° + x) — cos (45° — x) = —.sinz. 


sin 2 (« + y) cos 3 (@ — y) + cos} (x + y) sin} (x — y) = sin x. 


. sin 5a + sin 3x = 8 sin z cos? z cos 2¢. 


2 cos 3a 
sin 52 + sin 3a 
2 sin 5a 
1 + tan 27 cot 32 = 
2 sin 32 
cosx — cos 3x 
2cosx 


cos2A + cosA +1 


sin 2A + sin A = cot A. 
sin A + cos 2A — 1 nee 

cos A — sin2A ; 
1-- sing —cosz co 


: = prea 
1+sinzx+cosz Z 


sin z + sin 5a 


cos 7x + cosa 


- cos 6x — cos 2x = —16 sin? x cos? x (2 cos? — 1). 


sin 2z + sin 4x + sin 6x = 4 cos x cos 22 sin 32. 


. cos2z + cos4xz + cos 6x = 4 cos x cos 2x cos 3a — 1. 


cos27-+ cos7z , cos6z—cosz  2sin4r 


* cos3x + cos6xe cos dx — cos 2x 


sin 3x 


sinl0z+sin6e sindr¢—-sinx _— 2sin2zr 


‘sn l27a+sin4z sin7x+sinz 


~~ gin 82 


cos 64 + cos 127 , sin7x—sinzg _ 2cos2u 


sin 14% — sin4z “cos9x+cosz_ sin10z 


sin xz + sin 2a + sin 3x ere 


* cosx + cos 2x + cos 3x 


sin? 3x — sin?xz = 2 sin? 2x cos 22. 


sin (x + 3y) + sin (Ba +y) _ 2.cos (4 + y). 


sin 2x + sin 2y 


cos (x + 8y) — cos (3x + 9) _ —2cos (x+y). 


cos 2x — cos 2y 
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Solve the following equations for all values of x from 0° to 360°. 


39. 
40. 
41. 


sin 27 = sin f. Ans. 0°, 60°, 180°, 300°, 360°. 
sin 27 =.COSs Z. 
cos 22 = COs z. Ans. 0°, 120°, 240°, 360°. 
, cos 2e = sin. 
. tan2e+tanz=0. Ans. 0°, 60°, 120°, 180°, 240°, 300°, 360°. 


CANE te — anes 


_ sin 2x + sinz = 0. Ans. 0°, 120°, 180°, 240°, 360°. 
. sin 2x” + cosa = 0. 
. cos 2x + cosx = 0. Ans. 60°, 180°, 300°. 


. cos2a + sing = 0. 
. cos4z + sin2x = 0. Ans. 45°, 105°, 165°, 225°, 285°, 345°. 
. sin4z-+ sin 22 = 0. 


. sin : + cosa = 1. Ans. 0°, 60°, 300°, 360°. 
x 

- COS 5 — COST = if 

: tans +cosz=1. Ans. 0°, 90°, 360°. 
xz 

: cots — cos 7 = I. 

. sin : —cosz = 1. Ans. 102° 39.8’, 257° 20.2’. 

. 2tanz = 2 — sec? x. 


. sin3¢+sinz=cosz. Ans. 15°,75°, 90°, 195°, 255°, 270°. 


cos 8x — cosx = sina. 


. 28in 37 + 2sinz = tan 2. Ans. 0°, 60°, 180°, 300°, 360°. 


sin 3x + sinz = cotxcosz. 


. tanz — cot x = cot 2z. Ans. “45°; 135°, 225-atoe 
. (2cos 2x + 1) (sin38z — 8) = 0. 
. tan 3z — tan x = see 32. 


Ans. No solutions. 
sin 54 + sin x = cos 22. 


. sinde¢ — sinxz + cos 4x + cos 22x = 0. 


Ans. 30°, 90°, 150°, 210°, 270°, 330°. 


; 


72. 
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. cos 5x — cos3x + 2sinz = 0. 
. sndz+2coszx+4 sin 32 = 0. 


Ans. 673°, 90°, 1573°, 2473°, 270°, 3373°. 


. cos dz — cos3x+ sinz = 0. 

. tangr+tanz=0. Ans. 0°, 45, 133°) 180" 92257) Bib. 
. Sinz+sin3z+ sin 5a = 0. 

COs 2 cos 2¢ + cos 37 = 0: 


ans, 45°, 120°, 135°, 225°, 240° 315 
cos x + cos 3x + cos 52 = 0. 


Prove the following relations on the assumption that A and B 
are complementary angles. 


73. 
74, 
75. 


sin (A — B) = cos 2B. 
cos (A — B) = sin2A = sin 2B. 
tan (A — B) = cot 2B. 


Prove the following relations on the assumption that A + B+C 
= 180°. 


B 
76. snA+snB+sinC = ae COS 5 COs 
[ Solution: 


bo 


2 


+B A-—-B j 
(sm A + sin B) + sinC =2 Cea 7 008 5 + sin C 
ae NG als Pee Sst 2) me: C 
= yi 5 cos 5 +2 sin 9 608 5 
iC 
Since A as : is == 90°, ro x a = C085. Therefore 
: C 
ane 4 sinS 


4 


4 A Bee, 
weGlawe! cos 4 cos n). cos — 5 COs 5 3 
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77. cosA + cosB + cosC = 1 + 4sin4-sin2 sin§. 


78. tan A +tanB+tanC = tanA tan B tanC. 
[Suggestion: tanC = —tan (A + B).] 
79. sn A + sin B— smC = Agi oe eee = 
2 2 2 
Prove the following identities. 


sin 6 


- i _—. sl = 5 Pee eT eas 
80. cosa tan (@ — a) + sina cos (a) 


sec? («x _ *) 
tan (ax _— 7) 


82. sin? 4x cost 3x cos 4x — sin? 42 cos’ 3x sin 3x 
= gin? 4x cos® 3x cos 72. 


y 81. = —2 sec 2az. 


sec? = 
Peco. csc’ 2 -+ cot? 2-eser 7 ay Zee a. 
2 tans 
84. cos 3(8—a) sin 3(0-+@) — cos 3(6+a) sin 4(0—a) ee sina 
2 sin $(8@—a) sin $(@+a) cos a— cos 6 
85. c¢ 2x — 9) . alt ee pa eee VG 
os( aaa sin(2r es cos 2x +4 sin | 2x ra icy i; 
x 
sec? — 
Oy ie 9 c — 5sinz 
(tan§ 2)( tan5 1) 
os = if — 2 cos 22 -rtest|, 
88. costx = if + 2 cos 2a + S| ; 


89. sin? x cos? x = 1 (1 — cos 42). 


90. sin‘ x cost x 


a(1 — 2cos 4a + ee). 


2 


CHAPTER IX 
THE OBLIQUE TRIANGLE 


80. The parts of a triangle. — The six parts of a triangle are its 
three sides and three angles. We shall commonly denote the ver- 
tices as A, B, C, the angles at the vertices as a, B, y and the respec- 
tively opposite sides as a, b, c. If 
three parts are given, at least one of 
which is a side, it is possible to de- 
termine the other three parts except 
in one ambiguous case which will be 
described later. This determination 
of the unknown parts is the solution 
of the triangle. Fic. 55 

In the paragraphs that follow we 
obtain certain laws or relations that exist among the parts of any 
triangle. One of these laws is already familiar to us. It is that the 
sum of the angles of any triangle is equal to 180°. 


a+B+y = 180°. 


This enables us to find one angle of a triangle if the other two angles 


are known. 
The method of solution of a triangle depends on which set of three 


parts is given. The possible cases are as follows. We may be given: 


I. One side and two angles. 
II. Two sides and the angle opposite one of them. 
III. Two sides and the included angle. 
IV. Three sides. | 


81. The law of cosines. — The law of cosines is as follows: In any 


triangle the square of any side is equal to the sum of the squares of the 
137 
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other two sides minus twice the product of those sides times the cosine of 
the included angle. As an equation this takes one of the forms 


a? = b? + c? — 2 bc cosa. 
b? = c? + a? — 2cacos B. 
c? = a? + b? — 2 ab cos ¥. 


Proof. In any given triangle, let a be any side. From an ad- 


jacent vertex, B, drop the perpendicular BD to AC or to AC pro- 
duced. If a is acute, the figure is like Figure 561. If a@ is obtuse, 
the figure is like II.* Let A denote the length of BD. 

In either figure, in the right triangle CDB, 


a = h? + CD’. 
ibe DC =b — AD = b — ccosa, 
since AD = ccosa. 
In I, DC =b+ DA =b—ccosa, 
since DA = —ccosa. 


In either figure, h = csina. Therefore 
a = c sin? a + (b — ccosa)? 
= Csimna+ bl? — 2be cosa + cos? a 
= 0? + c (sin? a + cos? a) — 2 be cosa, 
* If wis acute and y is obtuse, D falls on AC produced, but the equations are the 


same as for Figure I. If @ is a right angle, cosa = 0, and the law of cosines 


becomes oe = b? + c, which is known to be true since a, b, and ¢ are the sides of 
a right triangle. 
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which gives the result 
e’=F+ ce —2becosa. 


This proves the law of cosines for all sides, since a was any side. 


82. Applications of the law of cosines. — Besides its use in the 
solution of triangles, the law of cosines has many applications in 
other fields of geometry — more applications probably than the 
other laws which we are to develop. Its use in solving triangles is 
limited, however, because it does not lend itself to logarithmic 
computation. For, since the three terms are to be added, it is 
impossible to combine them by means of logarithms. In examples 
in which the numbers are small and easy to handle without logarithms 
and when two sides are given together with the included angle, the 
law of cosines may be used to advantage in finding the third side. 
And if three sides are given, the law of cosines may be used to find 
the angles. 


Examptr 1. Given b = 4, c = 3, a = 60°, find a. From the formula, 
@="+4+3?—-2*4X3 Xz = 1s. 
a = V13 = 3.6. 
Exampte 2. Given a = 6, b = 5, c = 4, find B. We use the law of cosines 
in the form 
b? = a? + ec? — 2ac cos B 
or 
e?+e—b 36+16-—25 9 
Goer 92 6 4. 18 


From a table of cosines, we find 6 = 56° to the nearest degree. 


= .56. 


cos B = 


EXERCISES 
Given @ = 5,¢ = 3, 6 = 45°, find B. ANS. £3.03 
Given a = 7, b = 5, y = 30°, find ¢. 
Given a = 4, 6 = 2, c = 3, find a. Ans. 1043°. 


Given a = 5, b = 3, ¢ = 6, find 8B. 
Given b = 12, c = 8, a = 44°, find a. Ans. 8A. 


SU Co bo 
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¥6. Givena = 7,c = 9, B = 61°, find b. 

7. Given b = 10, c = 15, a = 112°, finda. Ans. 20.9. 

8. Givena = 8, b = 6, y = 188°, find c. 

9. An observer is 200 feet from one end of a pond and 300 feet 
from the other. He observes the angle subtended by the pond and 
finds it to be 120°. Find the length of the pond. Ans. 436 ft. 

10. A body is acted upon by a force of 90 Ibs. and by another 
force of 75 lbs. which makes an angle of 55° with the first force. 
Find the magnitude of the resultant force. 

11. Sound travels at the rate of about 1100 feet per second. 
From a hill near a lake, the angle subtended by the line joming two 
boats on the lake is 15°. A pistol shot fired at the top of the hill is 
heard 1 second later in the nearer boat and 12 seconds after firing 
in the further boat. How far apart are the boats? Ans. 753 ft. 


83. The law of sines. — In any triangle the sides are proportional 
to the sines of the respectively opposite angles. 


BiGen on 


Given any triangle, ABC, draw the figure just as in Article 81, 
There are two cases, one in which @ and y are both acute angles, as 
in I; the other in which either a or y is obtuse. In this case, for 
Baroness, suppose that a is the obtuse angle, as in II. 
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In either figure, 
h=asiny, 


as we may see from the right triangle DCB. 

From the right triangle ADB we find that h =csinZDAB. 
InI, ZDAB=a. InIl, ZDAB is the supplement of a. In either 
case, sin ZDAB = sina. Therefore 


h = csina. 
Equating the two values of h, we have 
asin y = csina. 


Therefore 


a c 


sina sin y 
This shows that any two sides are proportional to the sines of the 
opposite angles, so that 


a b Cc 


sina sing siny 


| 


84. Applications of the law of sines. — The law of sines lends itself 
readily to logarithmic work, since it involves only ratios and products. 
It may be used in solving a triangle whenever the given parts in- 
clude a side and the opposite angle. Moreover the law of sines may 
be used in completing or in checking solutions undertaken by other 
laws. In general, any solution should be checked by some method 
involving the use of other formulas than those used in the original 
solution, and, of course, all of the parts not given. Until we have 
obtained other formulas we shall postpone logarithmic checks. 

There are two cases of triangle problems in which the given parts 
include a side and the opposite angle, Case I of Article 80, which we 
will now consider, and Case II, which will be discussed in the next 


article. 
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Case I. Given one side and two angles. — Knowing two angles, 
we can find the third angle from the relation 
a+Bp+y = 180°. 


Suppose, for definiteness, that we are given side a; it remains to 
find b and c. This we can do since, by the law of sines, 


a : 
== Shp and 6 
sin a 


: in y. 
sin @ 


Since a/sin a appears in each expression, in solving by logarithms, one 
first obtains 


log (a/sin a) = log a — log sna 
before adding log sin 8 or log sin y. 


Before beginning the solution it is always well to make a sketch 
approximately to scale. 


Exampze 1. Solve the triangle, given 8 = 30°, y = 45°, b = 6. 
Evidently 
a = 180° — (30° + 45°) = 105°. 


c By the law of sines 


x 
bole 


V2 = 6 V2 = 8.5. 


o 
wi+| (or) sh | (or) 


Exampte 2. Solve the triangle, given a = 54.87, 8 = 48° 26’, y = 58° 19’. 
We first find 


a = 180° — (6 + y) = 180° — 101° 45’ = 78° 15’. 


By the law of sines 


— or . sin B = SSS BES M ° U 
sin @ = gin 78°18) Ae? 
54.87 


OS sin 78° 15’ - sin 58° 19’, 


We arrange the work as follows: 


_ 
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Il 


log 54.87 
log sin 78° 15’ 
log (a/sin a) 


c=) 


Il 


log (a/sin a) = 


log sin 43° 26’ = (+) log sin 58° 19’ = :) 
log b = loge = 
i we 


On filling in the blank spaces, we get 


log 54.87 = 1.73933 
log sin 78° 15’ = 9.99080 — 10 (—) 


log (a/sin a) = 1.74853 log (a/sin a) = 1.74853 
log sin 43° 26’ = 9.83728 — 10 (+) log sin 58° 19’ = 9.92991 — 10 (+) 
log b = 1.58581 loge = 1.67844 
b = 38.53 c = 47.69 


EXAMPLE 3. Solve the triangle ABC, given b = 3, c = 2, a = 60°. This is 
Case III, two sides and the included angle being given. By the law of cosines 


@=9+4=2x%3x2x}=7, 
fF 


a= wv7 = 2.65. 


By the law of sines 


‘ sina .866 
sin. = ak = 065 % 3 = -980 
and 
sin y = sakes c = .653. 
Therefore 


B= 79°, vy = 41° to the nearest degree. 


We can check by the law of cosines, writing 


eG may) ae alae gee : 
Bil Sael cia ae ace nena = 79 
eh eae oe Owe Fee , 


and 
@e+e—e 74+9-4 75A vied: 


——_———— 


ht a 2ab =e 6s 
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EXERCISES 


Solve the following triangles without logarithms. 


1. 


yo. 
3. 


4. 
5. 


6. 


Given a = 10, B = 45°, y = 60°. 


Ans. a= 75°,b = 7.8,¢ = 8.9 
Given a = 8, 8 = 30°, 7 = 56°. 
Given 6b = 5,8 = 42°, + = 28°. 
Ans. a= 110°, a = 7.0,c = 3.5 


Given c = 11, a = 39°, y = 53°. 
Given a = 4, b = 6, y = 60°. 

Ans. c= 5.8,a = 40° 50’, B = 79° 10. 
Given b = 20, c = 30, a = 40°. 


Solve the following triangles, using logarithms. 


7. 


8. 
9. 


10. 
11. 


12. 
13. 


“tary 
v 16. 


Given b = 27.36, 8 = 24° 18’, y = 32° 24’. 
Ans. a = 123° 18’, a = 55.57, ¢ = 35.68. 
Given ¢= 541.7, a = 62°43, =43° 7. 
Given a =(6425;6"= 73° 29. ==36- S27 
Ans. a = 69°39, b <= 6570, ¢ = 47: 
Given a = 102.3, a = 16° 16’, y = 38° 42’. 
Given ¢ = 14.327, 8B = 68° 22.7’; + = 29° 26.3, 
Ans. a = 82° 11.0’, b = 27.100, a = 28.880. 
Given 6 = 624.38, a = 79° 23.5’, B = 33° 44.8’. 


I 


Given a’ = 4327.4, a = 36° 16.8’, 8 = 42° 24.6’. 
Ans. y = 101° 18.6’, b = 4932.1, c = 7171.0. 
Given c = 602.49, 8 = 43° 16’, y = 111° 18’. 


Two points, A and B, are on opposite sides of a stream. In 


order to find AB, a point C is taken on the same side of the stream 
as A and 1000.0 feet from A. By measurement ZCAB = 33° 27’, 
ZACB = 47° 32’. Find AB. Ans. 746.9 ft. 

16. A body is acted upon by a force of 973 Ibs. and by a force of 
unknown magnitude which makes an angle of 49° 10’ with the di- 
rection of the first force. The resultant force can be measured and 
is found to be 1268 Ibs. and to make an angle of 22° 40’ with the 
direction of the first force. Find the magnitude of the second force. 
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85. The ambiguous case. — Case II, in which we are given two 
sides and the angle opposite one of them, is called the ambiguous case, 
because the conditions are sometimes not sufficient to determine the 
triangle uniquely. Suppose, for definiteness, that we are given the 
sides a and b and the angle a. 

From these data we attempt 

to draw the triangle. We first 

draw AC = b. From AC we 

lay off the angle a getting the A 
direction AD in which the side 4 

c is to lie. Not knowing c, Fic. 61 

we cannot yet fix the point B 

on AD. With C as center we now draw an arc of a circle of 
radius a. The third vertex, B, can be taken where this are meets 
the line AD. 

In case the given a is less than b, there are three possibilities: 

(i) If ais just equal to the perpendicular line from C to AD, the 
point B is at the foot of this perpendicular, and can occupy no other 

C position. The triangle is a right 
triangle, and sin8 = 1. By the 
law of sines 


b a 
’ b sina 
sin 6 = 
B ae 
Aa - D 
so that this case occurs whenever 
ae b sina /a = 1. 


(ii) If a is longer 
than the perpendicular 
line from C' to AD, the 
are intersects the line 
AD in two points, B 
and B’, each of which 
is the vertex of a tri- Wie. 68 
angle which satisfies the 
given conditions. Because the triangle is not determined uniquely, 
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this is referred to as the ambiguous case, in the strict sense of the 
term, though the same name is given to the whole group of cases in 
which two sides and the angle opposite one of them are given. For 
a complete solution, it is necessary to solve both triangles ABC 
and AB’C, though in a practical problem it is usually evident with 
which triangle we must deal. 

In this case a is longer, for a given b and a, than in the preceding 
case, so that bsina/a is less than 1. This, of course, was to be 
expected since, when £ is not a right angle, 

sin B = pene is less than 1. 
(iii) The third case occurs when a is shorter than the perpendicular 
line from C to AD. In this case no triangle exists satisfying the 
C given conditions. For a given b 
and a, a is smaller than for the 
b case (i), so that b sin a /a is greater 
than 1. This indicates the im- 
A p possibility of satisfying the given 
Ta ee conditions, since for no value of 
6 is sin 6 greater than 1. 

(iv) There remains the case in which a is greater than or equal 
to b. In this case the triangle always exists and is uniquely deter- 
mined. For the are cuts the line AD in two points B and B’ which lie 
on opposite sides of 
A, if ais greater than 
b. And, of the two a 
triangles ABC and 
AB’C, one contains = OO 
the given angle a; ae 
the other contains 
the supplement of a 
but not a itself. If 
a is just equal to b, 


B’ falls at A, and only one triangle is possible. The triangle in this 
case is isosceles. 


C 


Fig. 65 
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We can say then that: 
(i) if @ is less than 6, and if b sin a/a = 1, the triangle exists, is 
unique, and is a right triangle; 


(ii) if a is less than b, and if b sin a@ /a is less than 1, there exist two 
triangles satisfying the conditions. 


(ii) if a is less than 6, and if b sin a /a is greater than 1, no triangle 
exists satisfying the conditions. 


(iv) if a is greater than or equal to b, just one triangle exists satis- 
fying the given conditions. 


In the solution by logarithms, when a is less than b, 
Qa) if log (bsin a /a) = 0, one right triangle exists; 
(ii) if log (b sin @ /a) is negative, two triangles exist; 
Gui) if log (6 sin a /a) is positive, no triangle exists. 
Examp_e 1. Solve the triangle ABC, given 


a=6, b=8 «= 30° 


By the law of sines 


‘ - sin @ 
sin @ = Pie 
1 2 
=o =-—- = ( FG 
2x6 x8 3 667, 
which gives 
B = 42°, 
g’ = 180° — 42° = 138°. Fia. 66 
Then 


108°, 7’ = 180° — (30° + 188°) = 12° 


ll 


+ = 180°. — (30° + 42°) 


and 


a ee OO aL 


~ sing 


c= © -siny’ =2X6X .21 = 2.5. 


sin @ 
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Examp.e 2. Solve the triangle ABC, given 
a=4, b=8, a=s30° 


By the law of sines, 


sin @ — 1 
Pr pieein pa : 


so that B = 90°, 


x8 =1, 


an 6 = 


and the triangle is unique. Evidently 


7 = GD", 


and 
c= becosa = 866 X8 = 69. 


EXAMPLE 3. Solve the triangle ABC, given 
Giese emcee — ees 


By the law of sines 


sin a 1 


@ 5 8 D355 


sin. f= 
Since this is greater than 1, the triangle is impossible. 


Examp.e 4. Solve the triangle ABC, given 


a = 21.34, 

b = 27.56; 

a = 34° 26’ 
sina 
sin B = eas 


logb = 1.44028 (+) 
log sin 8B = 9.86348 — 10 


Since this logarithm is negative, and since a is less than b, we see that two triangles 
exist satisfying the given conditions. Call them ABC and AB’C’. 
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In the triangle ABC, from the value of log sin B, we find B = 46° 54’. 
y = 180° — (a + B) = 180° — 81° 20’ = 98° 40’. 


= Ls } 
og ae 
log sin y = log sin 81° 20’ = 9.99501 — 10 
sin @ 
ioe ( ee foe 8.42320 — 10 (-) 
log c = 1.57181 
c = 37.31. 


For the triangle AB’C’, since B’CB is isosceles, 


B’ = 180° — B = 133° 6’. 
y’ = 180° — (a + B’) = 12° 28’. 


log sin y’ = 9.33420 — 10 
sina 
log = 8.42320 — 10 (—) 


a 
log c’ = 0.91100 
c’ = 8.15. 


EXAmMp_Le 5. Solve the triangle ABC, given 


a = 5.632 
b = 7.254 
a = 64° 18’. 
As in the preceding example, we seek 
ois sina 
sin B = 2 
log sin a = 9.95476 — 10 
log a = 0.75066 (—) 
log (= | = 9.20410 — 10 
log b = 0.86058 (+) 
0.06468 


Since this logarithm is positive, no triangle exists which satisfies the given con- 
ditions, and we need proceed no further. 


‘Examp.e 6. Solve the triangle ABC, given 


a = 97.636 
c = 64.680 
y = 41° 29.3’. 
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We use the relation 


: sin y 
SS aS Te 
%y 
log sin y = 9.82116 — 10 
loge = 1.81077 (—) 
8.01039 — 10 


loga = 1.98961 
log sin a = 10.00000 — 10. 


| 


B 
4 Therefore, within the limits of accuracy of observa- 
tion, a = 90°, and the triangle is unique. 

a B = 90° — y = 48° 30.7’. 
¢ b = acosy. 
log a = 1.98961 

log cos y = 9.87454 — 10 (+) 
ca ‘aly log b = 1.86415 
b = 73.140. 
Fig. 69 
EXERCISES 


Find the number of possible triangles for each of the following 
sets of data, and complete the solution of all possible triangles. 
Solve Examples 1 to 4 without logarithms. 


1. a =8,a = 34°) = 12. 


Ans. B = 57°, y = 89°,c = 14.3; 
B’ = 123°, 7’ = 23°, c’ = 5.6. 


2. c= 10, 7 = 49°, a = 12. 
3. 6=9,8 = 24°,c=9. Ans. y = 24°,a = 132°,4 = 164. 
4. a= 21,a = 35°, c = 21. 
5. a = 65.6, a = 64°, c = 73.0. 
Ans. » = 90°36 = 26°,6 =320) 
6. b = 96.0, c = 46.5, y = 29°. 
a = 12,b = 14, B = 38°. 
Ans.-- a = 31° 50’, y = 110° 10’, ¢ = 21.3. 
8. b = 18, c = 20, y = 58°. 
9. b = 68.479, y = 72° 12.3’, c = 41.623. Ans. Impossible. 
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¥10. a = 246.35, a = 65° 46.7’, c = 289.58. 
11. b = 7073.2, 8 = 59° 27.8’, c = 7836.5. . 
Ans. y = 72° 36.2’, a = 47° 56.0’, a = 6096.4; 
y’ = 107° 23.8’, a’ = 13°8.4/, a’ = 1866.9, 

12. a = 918.29, b = 746.63, 8 = 32° 19.4’. 

13. a = 976.34, b = 602.57, a = 109° 44.6’. 

Ans. B = 35° 30.8’, y = 34° 44.6’, ¢ 

14. a = 421.83, c = 617.68, y = 131° 34.7’. 

15. Ina children’s playground a toboggan slide is 28 feet long and 
makes an angle of 39° with the ground. Its top is reached by a 
ladder 18 feet long. How steep is the ladder? Ans, (82 

16. In a studio the north side of the roof is of glass. It is 18 feet 
from eaves to ridge and makes an angle of 68° with the horizontal. 
The south side of the roof is 31 feet from eaves to ridge. How wide 
is the studio? 


DOL lids 


86. The law of tangents. — In any triangle the difference between 
two sides is to their sum as the tangent of one-half of the difference 
between the opposite angles is to the tangent of one-half of the sum of 
those angles: 

a—b_ tan (a— 8) 
a+b tani (a+B)’ 
b—c_ tan} (PB — y) 
b+e tan} (B+y)’ 
c—a_ tan} (y— 4a) 
c+ta_ tan3(y+a) 


Proof. In the triangle ABC, let a and b be any two sides and a 
and £ the respectively opposite angles. By the law of sines 


a sin a 
b sinB 
Therefore 
a sin a a pa sin a 
Le” Sear road is see: 
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Consequently 
a—b_sina—smnf 
Bier sin B ; 


and 
a+b_sina+smf_ 
ines sin B 


Dividing the first of these two equations by the second, we get 


o— f= gia — ep 


a+b sina+sin8 


Therefore, by formulas XX and XXI of Chapter VIII, 
a—b_ 2sin}(a— 8) cos3 (a+ 8) 
a+b 2sin4(a+8) cos3 (a — B) 
sin 3 (a — 8) 
_ cost (a — 8) 
sing (a +8)’ 
cos 3 (a + B) 


and 
a~b" tang ee 
a+b tan3(e+ ,) 


Since a and b are any two sides, this establishes the law. 


87. Applications of the law of tangents. — The law of tangents may 
be used to solve a triangle when two sides and the included angle 
are given. It is usually preferable to the law of cosines, for it is well 
adapted to logarithmic computation. Suppose that a and b and the 


included angle y are given. If a is greater than b, we use the law of 
tangents in the form: 


tana ta ae a tan 3 (a + 8). 


Since a and 6 are given, (a — 6) and (a +b) can be found. Since 
vy = 180° — (a+ 8), 3 (a+ B) = 90° — 3y may be found. This 
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enables us to find }(a—£) by the law of tangents. Having 
H : ae 

x (a + B) and 2 (a — 8), by addition we find a, and by subtraction 
we find 8. We then solve for ¢ by the law of sines, and check by the 
same law. 


EXAMPLE 1. Solve the triangle ABC, given 


a = 564.7 
b= 387.2 
y = 48° 28’. 
Solution: 
a = 564.7 
6 =2:387.2 
a—b=177.5 
a+b = 951.9 
z (a + B) = 90° — 4y = 90° — 24° 14’ = 65° 46’. 
tan (a — 8) => tan 3 (a + 8) 
log (a — b) = 12.24920 — 10 
log (a +b) = 2.97859 (—) 
9.27061 — 10 
log tan (a + 8) = 0.34667 (+) 
log tan 4 (a — 8B) = 9.61728 — 10 
Therefore 4 (a — B) = 22° 30’. 
But 4 (a + B) = 65° 46’. 
Adding, we get a = 88° 16’. 
Subtracting, b= 437 16". 
To find c, we set 
don ae Check 
Cm say ie 
em 3 sin y 
log a = 12.75182 — 10 log b = 12.58794 — 10 
log sina = 9.99980 — 10 (—) log sinB = 9.83594 — 10 (—) 
ZA O202 2.75200 
log sin y = 9.87423 —10(+)  logsiny = 9.87423 — 10 (+) 
loge = 2.62625 2.62623 
e = 422.9. c = 422.9. 


The results should check within five figures if carried to five digits, and within 
two figures if carried to four digits, unless the angles are very close to 90° or 0°, 
in which case, due to the slow variation of the functions, the check may not be 


so good. 
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Exampte 2. Solve the triangle ABC, given 


a = 68.46 
a Olesen 
B = 54° 46, 


and check the solution. 
We first write a = 180° — (8 + y) = 33° 36’, 


: a : 
b= =e ne, eerie sin y. 
log a = 11.83544 — 10 
log sina = 9.74303 — 10 (—) 
of = 2.09241 log —-— = 2.09241 
sin a sin @ 
log sing = 9.91212 — 10 (+) log sin y = 9.99982 — 10 (+) 


log b = 2.00453 log ¢ = 2.09223 
b= LO01.05 6 = 7123.66. 


Check: tan 4 (y — 8) Se b 
tan3 (y+). c+b° 
c—b= 22.61 y+ 6 = 146° 24’,3 (7 +B) = 78° 12’ 
e+ b = 224.71 y¥ — f= 36°52’, 1 (7 — Bg) = 18° 26’ 
log (ce — b) = 11.354380 — 10 log tan 18° 26’ = 9.52284 — 10 
log (ec +b) = 2.35162 (—) log tan 73° 12’ = 0.52011 (—) 
9.00268 — 10 checking with 9.00273 — 10 
EXERCISES 
Solve the following triangles, and check. 
1. a= 28, ANS, (= Sea 50 : - 2. b= 48, 
b = 34, B = 77° 30’, c = 39, 
y = 49°, c = 26.3. a = 84°. 
3. b = 879, Ans. B = 116° 20’, = 512. 
c = 498, v = 30° 30’, c = 1293, 
a = 33° 10’. a = 537. B = 124° 40’. 
5. a = 5968, Ans. b = 4501, a = 62.37, 
c = 7034, a = 57° 24, b = 81.42, 
B= 39° 27’. VY 28329" vy = 59° 38’ 
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7. a = 536.8, Ans. a = 15° 48.4’. 8. b = 691.4, 
b = 1124.4, B = 34° 47.0’, c = 1263.8, 
y = 129° 24.6’. c = 1522.8. a = 104° 39.4’, 
9. a = 64° 26.3’, Ans. y= 76°38.8', 10. B = 42°35.3’, 
B = 38° 54.9’, b = 4349.6, y = 29° 53.8’, 
a = 6246.7. c = 6737.0. a = 7983.4, 
11. b = 32698, Ans. B= 55°45.1’, L412. a = 5674.3, 
c = 28463, y = 46° 1.1’, b = 7327.9, 
a = 78° 13.8’, a = 38725. y = 68° 49.3’: 
13. b = 6842.3, Ans. a = 74°47.9', 14. a = 594.03, 
c = 8967.7, B = 42° 37.7’, b = 521.74, 
y = 62° 34.4’. a = 9749.8. B = 58° 16.7’. 


15. To find the distance between two points A and B at opposite 
ends of a lake, a third point is chosen 256.7 rods from one and 178.4 
rods from the other. At this point the angle subtended by the line 
AB is 57° 32’. Find the distance AB. Ans. 220.4 rods. 

16. A body is subject to a force of 873.4 pounds and to a second 
force of 561.8 pounds acting in a direction at 71° 24’ from the di- 
rection of the first force. Find the magnitude and direction of the 
resultant force. L 


88. Half-angle formulas. — When three sides of a triangle are 
given, the angles may be found by using the law of cosines. But 
this method is convenient only if the numbers are easily handled 
without logarithms. Starting with the law of cosines, we now obtain 
formulas in terms of the sides of the triangle for the functions of 
a/2, 8/2, y/2, that is, of angles which are half as large as the angles 
of the triangle. 

By formula XIII, Chapter VIII, 


=. (a 1 — cosa 
(1) sin 5 = 2 


If a is any one of the angles of a triangle, by the law of cosines 
a =6?+ 2 — 2bc cosa, 
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so that 
* - b? ote lou —— a? : 
C8 A <a 
Therefore 
: b+ ce — a 
eS ie al ee E 
sin’ 5 = 2 (1 — cosa) = 3 (1 be ) 


a — + 2be-@¢e 
Abc 
Gh = eye 
Abc 


We can factor this, getting 


: 72. be) Peo. 
2) ee 2 2be 

The formulas become more symmetrical, if we denote by s one-half 
of the perimeter of the triangle, or 


(3) s = SRT 
This gives 
d-2 bere _ A re 
Ss a= 9 oz 9 ? 
and 
fete = ve 
(4) s—ag=-te—F ,_ pao OTe ,_ =. oy. 
Substituting in equation (2), we obtain 
- 5 ty (See) se) 
es tt be 


Finally 


: 0 ee 
res Rr NE ETE 
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Likewise 
oh Be (s — a) (s —c) iy (s — a) (s — b) 
sin 5 ope sin 5 = ea eae * 


In a similar way, we write 


cos? 5 = 3 (1 + cosa) = a(1 + iti As —) 


2bc 
+ 2he+ 2) ee 
4bc 
re = 6) (6 42h) 
2 2be 
s(s — a). 
be 


Therefore 


a, /s(s — a) Ba  /s(s — b) y_,/s(s —c) 
cos = \/ ae 8 ge °° 2 Visas 


In all cases the radicals are positive since they represent sines and 
cosines of acute angles. 


89. The tangent of the half-angle. — Division of sin (a/2) by 
cos (a/2) gives 


(s — b) (s — c) (s — a) (s — b) (s — c) 
(1) 2 s(s — a) - (S269, 


or 
2 eee! (says 0) (8 = Ch 

(2) tang = 1 4/ Ss 

To simplify this expression, set 
ACES 

(3) ag ees . )(s = 6) 


In Article 91 it will be shown that 7 is equal to the radius of the circle 
which can be inscribed in the triangle. For the present we need only 
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think of r as a symbol for the expression in equation (3). We then 
get 


a ree tae : a 
(4) tan as tank = 7; MS ee 
90. Applications of the half-angle formulas. — These formulas are 
used for finding the angles of a triangle when all of the sides are given. 
If only one of the angles is desired, the sine or cosine formula is 
satisfactory unless the angle is very large or very small. The tan- 
gent formulas are suitable in all cases. And if one wishes to find all 
of the angles it is always best to use the tangent formulas, since log r 
may be computed once for all. The method also furnishes a con- 
venient check for other solutions. 


Exampe 1. Solve the triangle ABC, given 


a= 49.63 
b= 57.98 
c= 36.11 
Adding, 2s = 143.72. 
$ = 71.86 ee y peat as 8 
s 
§ — @ = 22.23 log (s — a) = 1.34694 
s — b = 138.88 log (s — b) = 1.14239 
§s — ¢ = 35.75 log (s — c) = 1.55328 (+) 
Add 38s — (a+b+c) = 71.86 =s 4.04261 
(This addition gives a check, log s = 1.85649 (—) 
since we should have log r2 = 2.18612 (=2 
3s — (a +b-+ cc) = 3s — 2s = 5.) log r = 1.09306 
EEE Seco B ie 
a ise y es Aas 
log r = 11.09306 — 10 log r = 11.09306 — 10 
log (s — a) = 1.34694 (—) log (s — b) = 1.14239 (-) 
Qa 
log tan 5 = 9.74612 — 10, log tan 5 = 9.95067 — 10, 
a = 29° g’ B OaTeT 
3 ; ae AI2ASe 
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* 
F ae = ———— 
—c 
log r = 11.09306 — 10 
log (s — c) = 1.55328 (—) 


log tan2 = 9.53978 — 10 


2 our 

jee 192% 
Therefore 

on == 582 167 

B= 88°30’ 

Ae UY 


a+ B+ y = 180° 0’, which checks. 


ExampLe 2. In the triangle ABC find 6 only, given 


a= 82.16 
be 7060 
C4825 
Adding, 2s = 201.08, s = 100/54. 
Poa os — a) (s —c) 
sing = a eae 
s —a = 18.38 s —c = 82.29. 
log (s — a) = 1.26435 loga = 1.91466 ' 
log (s —c) = 1.71842 (+) logc = 1.68350 (+) 
12.98277 — 10 log (ac) = 3.59816 
log (ac) = 3.59816 (—) 
+ 2)19.38461 — 20 
log sin§ = 9.69230 — 10, , 29" 29:87, 6 = 59° 0’. 


EXERCISES 


Solve the following triangles, and check. 


F-a-= 6, Ans. a = 46° 40’, -2. a= 11, 
b = 8, B = 104° 20’, b = 6, 
c= 4, y = 29°). c= 9. 

3. a = 14, Ans. a= 90 20), 4. a = 120, 
Di ==.17, p =-92° 40’, b = 90, 
c= 9, pao Os c = 150. 
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5. a = 1694, Ans. a = 34°47’, 6. a = 37.62, 
b = 2043, B = 43° 30’, b = 29.87, 
¢ = 2907. y = 101° 44’. e = 49.51. 

7. a = 7439.5, Ans. a = 54°33.0’, = 8. a = 576.49, 
b = 9062.4, B = 82° 54.6’, b = 921.26, 
ec = 6174.3. y = 42° 32.4’. c = 502.98. 

9. a = 67.274, Ans; a = 117° 02, 10. a = 743.26, 
b = 38.665, B = 30° 48.2’, b = 597.49, 
c = 40.229. yiesige hin. c = 203.51. 


11. A body is acted on by a force of 723.4 pounds and by a second 
force of 529.5 pounds. The resultant force is 633.7 pounds. Find 
the angles that the second force and the resultant make with the 
first force. Ans. 121° 40’, 45° 20’. 

12. Three forces of 269.8 pounds, 103.5 pounds, and 184.7 pounds 
act in such directions that they are in equilibrium. Draw a figure 
showing the directions of the forces, and find the angles between 
them to the nearest minute. 


\ 91. The area of a triangle. — Let S denote the area of the triangle 
ABC, and h its altitude from B. 


Fig. 70 
Then =3bh and h=csina. 


Therefore S = }bc sin a, or the area of a triangle is equal to one-half 
the product of two sides times the sine of the included angle. 


S= bcsina, S=icasinB,  S = iabsiny. 
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From this we can obtain another formula by using the law of sines: 


x b sin y : 
sin B 
Then: 
; bsinysine 6b? sinasiny 
= i => SMa —_—— 
a 2 sin B 2sin (a+ ¥)’ 
since sin 6 = sin [180° — (a + y)] = sin (a + ¥). 


That is, the area of a triangle is equal to one-half the square of any side 
times the product of the sines of the adjacent angles divided by the sine of 
the sum of those angles. 


g —o sin Bsiny _ 6? sin a sin y _¢’ sina sin B 
 2sin(B+y)’ ~  2sin(a+y)’ 2 sin (a + B)* 


Still another formula can be found to express the area in terms 
of the sides. In the formula 


S = gbcsin a, 
. 2 . ae ae 
sina = 2sin=cosz- 
set 2 D 


From Article 88, 


Ae: 3 (s — b) (s — c) eo s(s — @) | 
Sipe Vs ae ETN be 


Therefore, 


S = Vs(s —a) (s — b) (s — ¢). 


Therefore, also 
Sf Se 


where r has the meaning given to it in Article 89: 


CED Maks 
r= A 
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Now draw the inscribed circle of the triangle, and divide the triangle into three 
triangles by joining the vertices to the center of the circle. The area of one of the 


Ries FE 


triangles is equal to the radius times one-half the base, so that 
SS = s X (the radius of the inscribed circle). 


This shows that 7, as used in Article 89, is equal to the radius of the inscribed 
circle. 


Examp.e 1. Find the area of the triangle ABC, given 
| a = 9.015, b = 10.234, y = 54° 16’. 
Set S = tabsiny. 


loga = 0.95497 
logb = 1.01005 


log sin y 9.90942 — 10 (+) 
log 2S = 1.87444 
2S = 74.893 
IS = SY ee 


Exampie 2. Find the area of the triangle ABC, given 
ce = 14.382, a = 74°18’, B = 51° 42’. 


Cc sina sin B 
Set Bier ese: a+ B = 126°0’. 
loge = 1.15594 
loge = 1.155947 
log sina = 9.98349 — 10 
logsinB = 9.89475 — 10 (+) 
12.19012 — 10 
log sin (2 + 8) = 9.90796 — 10 (—) 
log 2S = 2.28216 
2S = 191.50 
SS =" 95.75: 
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Exampte 3. Find the area of the triangle ABC, given 
a = 68.44, b = 79.83, ¢ = 52.79. 


Set S = Vs(s — a) (s — b) (s — c). 
2s = 201.06 
s = 100.53 log s = 2.00230 
$—a= 32.09 log (s — a) = 1.50637 
s—b= 20.70 log (s — b) = 1.31597 
$= ¢.=- 47.74 log (s — c) = 1.67888 (+) 
Add s = 100.53 + 2)6.50352 
log S = 3.25176 
sp = alesis 
EXERCISES 


Find the areas of the following triangles. Work Examples 1 to 6 
without logarithms. 


Lo = FF Ans, 10:5. a a= a 
— 6, (f= toy 
7 = 30° B = 60°. 

a. a= re Ans. 73.2. et. B= 40°, 

B = 45°, een ces 
e = 20. a = 10. 

5. a = 6, Ans. 14.14. 6. = oe 
y= 9, Tal, 
c= oe c= 8. 

7. a = 869.4, Ans. 265,850. 8. 6 = 21 48, 
b = 733.8, (soe! 69, 
¥y: = 56° 27’ foe Pen Wd 7 

9. b = 62.97, Ans. 942.9. “10. a= ee 

= 41.32 c= Oy. 
B= 28° 19) a = 41° 49! 
11. a = 743.2, Ans. 145,750. 12. ¢= 429.7, 
=o IS", a= 73 11 
B= 62° 47" B = 55° 29 

13. a = 629.7, Ans. 54,092. 14, a = 18.17, 
b = 308.4, b= fee 
e= 411.2 c¢ = 16.89. 
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15. Find the area of the circle inscribed in the triangle the lengths 
of whose sides are 62.31, 20.43, 48.96. Ans. 129.56. 

16. Find the area of the circle inscribed in the triangle the lengths 
of whose sides are 40.58, 31.69, 24.82. 


EXERCISES AND APPLICATIONS 


Solve the following triangles, find their areas, and check the solu- 
tions. 


1. a = 698.48, Ans. 


a a = 41°39.4’, © 2. b = 24.839, 
Bris cae. b = 963.94, B = 72° 44.7, 
~y = 24° 53.2’. c = 442.19, y = 68° 17.2". 
S = 141660. 
3. 25 16.47) “b= Sos 40, 6 = 384.17. 
Ans 


a = 107°43.1’, B= 44°0.5’, a= 772.58, S = 103100; 
a’ = 15°44.1’, B’ = 135° 59.5’, a’ = 219.94, S’ = 29356. 


4. a = 423.61, o-= 598.72, a = 41° 174’. 
5. .a = 302.54, Ans: a= 137°13.05%. 6) = ie, 
c = 893.68, vy = 42° 30.1’, c = 204.16, 
B= 124° 16.5". b = 1092.8, a = 19° 247". 
s. = 111710: 
Ted. = O01. G2, ‘Ans. a = 68° 54.6’, 8. a = 748.87, 
b = 238.49, B = 23° 20.4’, b = 501.46, 
c = 601.47. y = 87° 44.8’, c = 295.21. 
S = 66917. 


9. A level road leads directly away from a cliff. From the top 
of the cliff the angle of depression of a milestone on the road is 6° 18’, 
and the angle of depression of the next nearer milegtone is 57° 29’. 
Find the height of the cliff. Ans, 627 it: 
10. An enemy battery is on a hill above a plain. Its angle of 


elevation from a certain point in the plain is 8° 48’. From a point 


: \ 
; \ 


Lz Le 
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823 feet nearer its angle of elevation is 13°19’. How high is the 
battery above the plain? 

11. An airplane is flying horizontally over a guiding line of boats 
which are anchored 2000 feet apart. As it approaches, its angle of 
elevation is observed simultaneously at two neighboring boats. At 
the nearer one it is 24°; at the other it is 18°. At what elevation is 
the plane flying (to the nearest 100 feet)? Ans. 2400 ft. 

12. A farmhouse is separated by a grove from a road which runs 
straight east and west. It is visible, however, from two points on 
the road which are westward from the grove and 754 feet apart. 
from one of these points the house is 41° 20’ north of the road, and 
from the other it is 23° 40’ north of the road. How far is the farm- 
house from the road? 

13. A flagpole stands on a hill which is inclined at 18° to the hori- 
zontal. From a point 250 feet down the hill the angle of elevation 
of the top of the pole is 27°. How high is the flagpole? Ans. 44 ft. 

14. A flagpole 36.6 feet high stands on a hill which has a slope of 
16°. How long will its shadow be if, when the shadow extends 
directly down the hill, the altitude of the sun is 32°? 

15. A lighthouse stands on a rock at a certain distance from a 
straight shore. It throws a beam of light which revolves uniformly. 
One-half second after illuminating the nearest point of the shore 
the beam reaches a point 400 feet along the shore, and one-half 
second later still, it reaches a point 600 feet still further along the 
shore. How far is the lighthouse from the shore, and how long 
does it take the light to make one revolution? 

Ans. 895 ft., 7.5 secs. 

16. A statue 9 feet high stands on a pedestal 12 feet high. How 
far from the pedestal is a point on the ground where the statue and 
pedestal subtend equal angles? 

17. A line 620 feet long is drawn along one bank of a river. The 
angles which it makes with the lines of sight drawn to a point on the 
other bank are 47° 20’ and 63° 40’ respectively. How wide is the 
river? Ans. 488 ft. 


18. A balloon floats directly above the line joining two points on 
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the ground. The two points are one mile apart. From one of them 
the angle of elevation of the balloon is 22° 10’, and ffom the other its 
angle of elevation is 29° 40’. Find the height of the balloon. 

19. A tower 109 feet high stands on a cliff beside a river. From a 
point on the other side of the river and directly across from the tower 
the angle of elevation of the top of the tower is 38° 30’, and that of 
the bottom of the tower is 26° 30’. Find the width of the river. 

Ans. 367 ft. 

20. A northbound ship steams past a lighthouse. At a certain 
instant the bow of the vessel is 36° north of east and its stern is 27° 
north of east from the light. How far is the light from the path of the 
ship, if the ship’s length is known to be 564 feet? 

21. From a point 3.6 miles from one end of a lake, and 5.4 miles 
from the other end, the angle subtended by the lake is 104°. How 
long is the lake? Ans. 7.2 miles. 

22. Two ends on a football team start from points on the line 25 
yards apart and run down the field under a kick. They run directly 
toward the man who catches the ball and reach him just as he catches 
it, 5.5 seconds after they start. One can run 100 yards in 12 seconds, 
the other in 11 seconds. How far beyond the line of scrimmage did 
the ball go, and at what angle did the runners converge? 

23. A and B are points on two islands. In order to find the dis- 
tance AB from the shore, two points, C and D, are taken on shore 
879 feet apart, and the angles at C and D are measured and found to 
be ZACB = 79° 34’, ZACD = 24° 42’ ZADB = 82° 14’, ZBDC 
area 2b lind AB: Ans. 1464 ft. 

24. Two points, A and B, which are 3100 feet apart, are directly 
below the line of flight of an airplane. At a certain instant when the 
plane is above the line AB its angle of elevation at A is 79° 20’, and 
its angle of elevation at B is 18° 50’. Just 15 seconds later, while it 
is still above AB, its angle of elevation at A is 21°10’, and its angle 
of elevation at B is 49° 40’. What is its speed in miles per hour? 

25. Surveyors establish five points, A, B,C, D, E. ABis measured 
and found to be 1698 feet. The bearings of the various lines are 
taken and found to be as follows. 
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AB: § 26° 40’ W, CB: NI3° 0 W, DES 21° 30’ KE. 

AC: 8 34°30'E, CD: N 39°50’, 

AD: N 83° 20’ E, CE: N 82° 40’ E, 

Find the length of DE. Ans. 242241; 


26. The course of a boat race is marked by five buoys, A, B, C, Dees 
The first leg, AB, is 1010 feet long, and has the bearing N 72° 40’ W. 
The bearings of the other legs are BC, N 27° 50’ E; CD, N 73° 40’ E; 
DE, S 47° 20’ E; EA, S58°10’W. The bearing of C from A is 
N 34° 10’ W, and that of D from A is N 38°10’ Z. Find the length 
of the entire course. 

27. Find the diameter of the largest circular circus tent that can 
be placed on a triangular lot whose sides are 73 feet, 64 feet and 85 
feet in length. Ans. 41 ft. 

28. A triangle is inscribed in a circle. Two of its sides are 123.9 
em. and 156.4 em. in length, while the are of which the third side is 
the chord is one-seventh of the circumference of the circle. Find 
the length of the third side and all of the angles. 

29. A filling station is built on a triangular lot having a frontage 
of 175 feet on Main Street and 110 feet on First Avenue, which 
streets intersect obliquely. The rear line of the lot is 230 feet long. 
By how much will the area of the lot be increased if land is purchased 
so that the First Avenue frontage is increased to 200 feet, the Main 
Street frontage remaining unchanged? Ans. 7595 sq. ft. 

30. A triangular lot has frontages of 78 feet and 94 feet and a rear 
line 69 feet long. If the 78 feet frontage is increased to 109 feet how 
much more will it cost to fence the new lot than it did to fence the 
old one, the cost of fencing being 45 cents a running foot? 

31. A and B are points on opposite sides of a pond. The broken 
line ACDB is run around the end of the pond, and it is found that 
AC = 978 feet, CD = 1424 feet, DB = 2111 feet, while 2CAD 
= 37° 44’ and ZCBD = 29° 18’. Find AB. Ans. 2672 ft. 

L- 32. We wish to find the distance between two points, A and B, 
which are hidden from each other. A straight line is run from B 
to a point C and continued to a point D from which A is visible. 
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By measurement BC = 432 yards, CD = 587 yards, ZBCA = 98° 20’, 
ZBDA = 69° 40’. Find AB. 

33. When the elevation of the sun is such that a vertical rod 10 
feet long casts a horizontal shadow 16 feet long, how long a shadow 
will be cast by a pole 24 feet long tipped 10° from the vertical away 
from the sun? Ans, 42 ft. 

34. When a vertical rod 10 feet long casts a horizontal shadow 18 
feet long, how long is a flagpole which, if tipped 12° from the vertical 
toward the sun, will cast a shadow 40 feet long? 

35. A tower stands at a point A on anisland. It is desired to find 
its height and its distance from a point B on the mainland. A point 
C is taken on the mainland 312 feet from B. The horizontal angles 
ABC and ACB are found to be 79° 42’ and 70° 28’, while the angle 
of elevation of the top of the tower from B is 20° 38’. Find the 
height of the tower and the distance AB. Ans. 223 ft.,.591 ft. 

36. Work Ex. 35, using BC = 408 feet, ABC = 67° 23’, ACB 
= 59° 12’, the angle of elevation = 18° 16’. 

37. From the balcony of a fraternity house a flagpole 11 feet long 
leans forward so that its top is 9 feet farther forward than its foot. 
From a point on the ground directly in front of the pole, the angle of 
elevation of the top of the pole is 28° 11’ and that of the foot of the 
pole is 19° 24’. Find the height of the balcony and its horizontal 
distance from the point of observation. Ans. 21.4 ft., 60.7 ft. 

38. At the top of a hill which slopes 17° 34’ from the horizontal, 
stands a pole 49.3 feet long, which is tipped 9° 15’ from the vertical 
toward the bottom of the hill. From the bottom of the hill the angle of 
elevation of the top of the pole is 21° 29’. Find the height of the hill. 

39. A tower of a power transmission line is 102 feet high. It 
stands on top of a hill. From a point 634 feet down the hill from the 
tower the angle subtended by the tower is 8° 47’. How steep is the 
hill? Ans.” 19° 347 

40. The Eiffel Tower is 300 meters high. The top of the Arch 
of Triumph is 54 meters higher than the base of the tower. From 
the top of the arch the tower subtends an angle of 10° 10’. Find the 
horizontal distance from the arch to the tower. 


THE OBLIQUE TRIANGLE 169 


41. An airplane is flying in a straight, horizontal line at the rate 
of 120 miles per hour. A person directly below the path of the plane 
observes it just after it has passed overhead. Its angle of elevation 
is 82° 30’. One minute later its angle of elevation is 20°20’. At 
what height is it flying? Ans. 4114 ft. 

42. Work Ex. 41, using the two angles of elevation 74° 20’ and 
34° 15’, and assuming that between the times of the two observations 
the plane passes directly over the observer. 

43. A battleship is anchored off a straight shore which runs due 
north and south. There are two observing stations on the shore 3 
miles apart. From one the bearing of the battleship is N 38° 20’ E; 
and its bearing from the other is N 61° 30’ Z. How far is the ship 
from the shore? Ans. 4.16 miles. 

44. Work Ex. 43, making the bearings N 78° 40’ H and S 74° 10’ £. 

45. A battleship which is steaming steadily along a straight course 
is observed simultaneously from two stations, one of which is 3 miles 
due north of the other. At one instant its bearings from the two 
stations are N 36° 40’ H and N 17° 30’ E. Twelve minutes later its 
bearings from the stations are S 68° 10’ H and N 57°40’ H. Find 
the speed of the battleship. Ans. 17.9 miles per hour. 

46. Work Ex. 45, using the bearings N 42° 40’ H and N 21° 20’ E 
at the first, and S 58° 30’ # and N 78° 10’ # at the second observation. 

47. A torpedo boat enforcing a blockade is 11 miles NV 62° W from 
an enemy port. A vessel sails from the port in the direction S 22° W 
at the rate of 14 miles per hour. At what rate and in what direction 
should the torpedo boat steam in order to overtake the vessel 8 miles 
from port? Ans. SS 23° 57’ EH, 22.6 miles per hour. 

48. Two boys wish to find the distance from a point A on the shore 
to a point B on an island, but have no instruments for measuring 
angles. They choose a point C on shore 438 feet from A, and prolong 
BA to D and BC to E. By measurement AD = 498 feet, AH = 883 
feet, CE = 524 feet, CD = 679 feet. Find AB. 

49, In any triangle, prove that 

a+b_ cos} (a— 8). 
cee sin 4 
Suggestion: Extend AC to D, making AD equal to (a + 6). Apply the sine 
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law to triangle ABD, and note that 
6 +47 = B+ 4 (180° — a — B) = 90° + 3 (6 — a). 


Note: This formula may be used conveniently to check any solution, since it 
involves all of the parts and is suitable for logarithmic work. 


50. In any triangle, prove that 


a—b_ sinzg(a— 8). 
c cos 47 


51. By the formulas of Ex. 49 and Ex. 50 prove the law of tan- 
gents. 

52. Use the formulas of Ex. 49 and Ex. 50 to check the solutions 
of the triangles of Ex. 1 to Ex. 8. 

53. A ladder leans against a building and makes an angle of 
42° 30’ with the horizontal. When its foot is moved 16 feet nearer 
the building it makes an angle of 72° 10’ with the horizontal. How 
much higher does it reach in the second position than in the first? 

Ans: “10 16.3 im 

54. A ladder leans against a house, and makes an angle of 37° 12’ 
with the horizontal. When its foot is moved 10.4 feet nearer the 
house it makes an angle of 78° 33’ with the horizontal. Find the 
length of the ladder. 

55. In the roof of an athletic field house three steel girders, 27.4 
feet, 39.6 feet, and 50.5 feet, in length, are to be riveted into a triangle. 
The rivet holes must be made so as to allow the girders to meet at 
what angles? Ans. 32° 30’, 51° 145 GG 

56. The sides of a triangle are 16.53 meters, 11.49 meters, and 
21.37 meters in length. Find the area of the inscribed circle. 

57. The sides of a triangle are 9.58 meters, 12.21 meters, and 15.35 
meters. Find the radius of the circumscribed circle. 

Ans. 7.68 meters. 

58. The sides of a triangle are 21.47, 32.68, 47.11. Find the area 
of the circumscribed circle. 
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59. Show that the radius of the circle circumscribed about a 

triangle whose sides are a, b, ¢, is 
Pe abe ; 
4Vs(s — a) (s — b) (s — 0) 

60. Show that the product of the sides of a triangle is equal to 
twice the perimeter of the triangle multiplied by the radii of the 
inscribed and circumscribed circles. : 

61. Surveyors are running a straight line AB, which is stopped by 
an obstacle at B. In order to prolong the line beyond the obstacle, 
at B they turn 49° 17’ to the right and measure 334.6 feet to a point 
C. They then turn 78° 43’ to the left, and measure a certain distance 
until they reach the prolongation of AB at a point D. What must 
this distance CD be, and what is the length of the gap BD? 

Ans. 516.1 ft., 667.7 it. 

62. Work Ex. 61, making BC = 521.7 feet, ABC = 124° 12’, and 
BCD = 63° 18’. 

68. Without instruments for measuring angles, it is desired to 
find the distance between two points, A and B, which are separated 
by an obstacle. A third point, C, is taken 269 feet from A and 362 
feet from B. A point D is taken on AC 104 feet from C, and EF is 
taken on BC 93 feet from C. By measurement DH = 121 feet. 
Find AB. Ans. 398% ft. 

64. Work Ex. 63, taking C 184 feet from A and 274 feet from B. 
Let DC = 67 feet, EC = 58 feet, and DE = 84 feet. 

65. In mapping a lake, it is desired to find the distance between 
two points A and B on two islands. There is only one point, C, on 
the mainland from which both A and B are visible. A point D from 
which A is visible is chosen, and the line DC is continued past C to a 
point EZ from which B is visible. By measurement, DCA = 48° 10’, 
CDA = 74°40’, BCE = 58°10’, BEC = 80° 20’, DC = 648 feet, 
CE = 897 feet. Find AB and the angle that AB makes with the 
direction DC. Ans. 1394 ft., 48° 30’. 

66. Work Ex. 65, using the following measurements. DCA 
= 28°50’, CDA = 98°0’, BCE = 112°20', BEC = 54° 40’, DC 
= 746 feet, CH = 564 feet. 


CHAPTER X 
THE INVERSE TRIGONOMETRIC FUNCTIONS 


92. Inverse functions. — The equation 
y = logs x 


enables us to find the value of y when the value of x is known; that is, 
it expresses y as a function of x. But it also enables us to find x when 
the value of y is known, since it is equivalent to the equation 


xr=a@. 


It therefore expresses x as a function of y. When two variables, 
x and y, are connected by some law which enables us to express y 
as one function of x and x as some (in general different) function of y, 
those two functions are said to be inverse functions, each of the other. 
Thus, the logarithmic function is the inverse of the exponential func- 
tion, since the equations 


y=log,x and «=a@ 
express the same relation between x and y. 
93. The inverse trigonometric functions. — If x and y are related 
by the equation 
y = sinZ, 
y is a certain function (namely the sine function) of x, and z is a 
certain function (the inverse of the sine function) of y. 


Definition: If y is the sine of x, we say that x is the inverse sine 
of y. There are two common notations for this: 


e=aresiny and x =siny, 
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The student should be familiar with both of these notations, for 
he may meet with either. Here we shall use the form x = arcsin y. 

Evidently if y = sin x (or if x = aresin y, which means the same 
thing), x is an angle whose sine is y. The equation x = aresin y 
may be read in any of the following ways: vz is equal to the inverse 
sine of y, or to the arc-sine of y, or to the anti-sine of y. But better 
than any of these, for the present, is the phrase: z is equal to an angle 
whose sine is y, for this reading carries its own definition. 

The student should frame analogous definitions for arccos y, arc- 
tan y, arccot y, aresec y, and arccsc y. 


94. Values for which the inverse trigonometric functions are 
defined. — Since the sine function takes on only the values from —1 
to 1, the inverse sine function, aresin 2, is defined only for values of 
from x = —1 to x=1. For example, arcsin 2 is not defined since 
there is no angle whose sine is 2. On the other hand, arctan x is 
defined for all values of x, since the tangent assumes all values. 

Exercise. Write the values of x for which each of the trigono- 
metric functions of «x is defined. 


ExampeE 1. Find arcsin 3. Here we wish to find “‘an angle whose sine is 4.” 
re rae 1 ze T 
Since sin & = 2, arcsin 3 = &- 
: es on 30 
Examptr 2. Find arctan (—1). Since tan = —1, arctan (—1) = ae 
Exampie 3. Find arcsin (4 V3) + arctan (1/8). An angle whose sine is 


1 4/3 is 7/3; an angle whose tangent is (1/V3) is 7/6. Therefore 
ae 
aresin (4 V3) + arctan — 3 = 3 + a5! 


Examete 4. Show that arctan x = arccot (1/x). If we let 
y = arctan 2, 
then, by definition, 
x = tan y. 
Therefore 
cot y = 1/z. 


Consequently 
arecot (1/xz) = y = arctan 2. 


* 
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Exampie 5. Show that arcsin « = arccos Vt — 2. 


Set 
6 = arcsHa, 
so that 
2 =‘sin. 0; 
Then 
cos@ = V1 — sin? 6 = V1 — 2, 
and 


arccos V1 — 22 = 6 = aresin z. 


Examp.e 6. Show that arcsin x + arccos x = 7/2. 

Note: As will be seen in Article 95 this sum has many different values. We 
are to prove here that, no matter what allowable value is assigned to x there is 
one value of the sum which is equal to 7/2. A similar remark applies to Example 
3, above. 

Whatever the value of 6, we know that if we set 


then cos ¢ = sin@. If we now take 6 = arcsin x, we shall have 
«= smd = cos ¢, 
so that ¢ = arccosz. But since @+ ¢ = 7/2, 
arcsin « + arccos = 7/2. 


Suggestion: In a problem involving inverse trigonometric functions, if no other 
solution occurs to you, substitute some letter, just as @, ¢, and y were substituted 
in these examples, for each of the inverse functions involved. The problem may 
' then usually be restated in terms of the trigonometric functions instead of their 
inverses. 


EXERCISES 


Find the values of the following numbers. 


1. arcsin 1. Ans. 1/2. 2. arccos (—1). 
3. arcsec 2. Ans. 1/3. 4. arccot V3. 
: 2 
5. arcsin (—1). Ans. —7/2. 6. arecsec ——- 
/ RE 
7. arctan 0. Ans. 0. 8. arccot 0. 
3 
9 arecos™* : Ans. 1/6. 10. arctan 1. 
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11. arcsin (sin y). Ans. Y. 12. arctan (tan 2). 
13. sin (arcsin 2). Ans: - 2. 14. cos (arecos y). 
15. cos (aresinz). Ans. V1 — 2. 16. sin (arccos z). 
17. tan (aresecx). Ans. V2? — 1. 18. sec (arctan 2). 
19. cot (arctanz). Ans. 1/z. 20. csc (aresin 2). 


95. Multiple values of the functions. — Since there are many 
angles whose sine is equal to 3, it is evident that arcsin 4 is not de- 
fined uniquely. It may have any one of the values 1/6, 51/6, —77/6, 
—117r/6, 1327/6, ete. And, in general, if a is a value of arcsin 2, 
So is (r — a), and so is any angle obtained from a or (a -- a) by adding 
or subtracting any multiple of 27. We say that the inverse trig- 
onometric functions are multiple-valued functions, since, correspond- 
ing to any value of the variable, for which they are defined at all, 
there are many values of each function. 


96. Principai values. — To avoid confusion, out of the infinitely 
many values of an inverse trigonometric function we select one, 
which is called the principal value of the function. For a given 2, 
the principal value of an inverse trigonometric function of w is the 
value which is numerically the smallest; but if a positive and a nega- 
tive value are numerically equal but smaller than any other, then the 
positive value is the principal one. 

The principal values of aresin x, arctan x, arccot x and arcesc % 
range in value from —7/2 to 7/2, while the principal value of arccos x 
and aresec x ranges from 0 to 7m. 


Thus the principal value of 


sea 7 
arcsin 3 = 7? 


6 


for 7/6 is numerically the smallest value of the function. And the principal 
value of 


1 WT 
arecos 3 = 34 


for, though 1/3 and —7/3 are two values which are numerically equal, preference 
is to be given to the positive value. 
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When we write an inverse trigonometric function we shall, from now 
on, suppose that it stands for its principal value, unless there is reason 
to suppose otherwise. 


EXERCISES 
Write the principal value of each of the following quantities. 
1. arcsin (—3). Ans. —7/6. 2. arccos (—4 V2). |H0°= 54 
3. arctan (—1). Ans. —7/4. 4. arecot(—1). -HS=-™ 
5. arccos 0. Ans. 1/2. 6. arcsin 1. {c= 8 
7. arcsec (—1). Ans. =. 8. arcsec (—2). \20°=2n 
9. arccot 1. Ans. 1/4. 10. arctan 0. O am 
11. arecsc (—2). . Ans. —7/6. 12. arecese (—1). =4b°= 4 
Write the value of each of the following expressions. ; | 
13. sin arcsin (—1). Ans. —1. 14. cos arccos 3. a 
15. cos arcsin (—3). Ans. 4/3. 16. tanarcsin (—4). —t/V3 
17. tanarcsin(—3 V3). Ans. —-V3. 18. cotarccos(—4 ~ —!{V3 
19. tan arccos (—3). Ans. —V3. 20. sec arcsin (—4) avs 
21. sec arcsin(—3 V2). Ans. v2. 22. esc arctan 1. 
23. sin arctan (—1). Ans. —4 V2. 24. sinarccos (—} Vd. te 
25. arcsin (sin 45°). Ans. 45°, 26. arccos (cos 112°). |/2°* 
27. arcsin (sin 120°). Ans. 60°. 28. arccos (cos210°), {50°23 
29. arctan (sin 90°). Ans. 465°. 30. arecot (sin 270°). —45%- 
31. sin (aresin x + arccos 2). : “Anse 
32. sin (arccos x — arcsin 2). 1-2 
33. sin (arcsin x + arcsin y). Ans. «V1 — ¥ ac yVi — 2 = 94 
34. cos (arcsin x + arcsin y). 
35. sin (arcsin x + arccos y). Ans. xy oe Roser: 
36. cos (arcsin x — arccos y). YV\oxne FX Vian 
37. sin (2 arcsin x). Ans. BO 
38. cos (2 arcsin 2). 1-2 
39. sin (3 arcsin 2). Ans. 32 — ae 
40. cos (3 arccos 2). —~BA- AA 3 
41. sin (4 arcsin 2). ae VIi-#@ 1 — 2? (4x — 82°). 


42. cos (4 arccos z)= i 2 (Qarcunx) =< 6x" 1 _ gx? +] 
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43. tan (2 arctan 2). Ans. 22/(1 — 2%). 

44. tan (arctan x — arctan y). X=) Ts} 

45. arctan eae : Ans. 2h, 
1 — tan’ 


46. arcsin (2sinzcosz).= 2 & 


yee 
47. arccos Lo se, Ans. 2/2. 


“ 


48. arccos (2co?a2—1).= & A 
% 97. Graphs of the inverse trigonometric functions. — Since the’ 


equations 


x=sny and y = arcsinz 


express exactly the same relation between x and y, the graph of the 
function 


y = arcsin x 
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is precisely the same as the graph of 

= pill & 
except that the x and y axes are interchanged with respect to the 
curve. The graph is shown in Figure 72. The intersections of the 
curve with any vertical line give the values of the arcsine for the 


corresponding value of x. The principal values lie on the heavy line. 
The graph of the function 


y = arctan x 


is shown in Figure 73. The principal values lie on the heavy line. 


Exercise: Sketch the graphs of the other inverse trigonometric 
functions, indicating the principal values with a heavy line. 
Examp.te 1. Prove the identity 
3 arcsin x = aresin (82 — 47%). 
Set 6 = arcsin z, so that sin@ = x. Then, since 


sin 36 = 3sin@ — 4sin‘ 8, 


for any angle @, 
3 arcsin « = 360 = aresin (3 sin@ — 4 sin’ 6) 
= aresin (3x2 — 42%). 
EXampLe 2. Solve for x the equation 
aresin x + aresin 2x = 90°. 


Let @ = arcsin x and @ = arcsin 22, and take the sine of each side of the equa- 
tion. We get 


sin (6+ ¢) =1 or sinécos¢+cosésing = 1. 


But sin @ = 2, cos@ = V1 — 22, sing = 2x, cos ¢ = V1 — 4x%. Therefore 


(1) V1 — 42 + WV1 — ot = 1. 

After squaring and collecting terms we reduce this to the equation 
(2) 5a — 1 30! 

Therefore % = +t /5 = +4472. 


eae V5 does not satisfy equation (1), so we retain only the value 
i} St 
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To check this result we find from a table of sines that 
aresin x = aresin (.4472) = 26° 34’, 
arcsin 2x = aresin (.8944) = 63° 26’. 


Therefore, if x = .4472, 
aresin x + aresin 2x = 90°. 


EXERCISES 


Prove the following identities. 
-1, 2aresinx = arccos (1 — 22”). 


= 20 
“ 2. 2arecot x = arctan = 


i 
if 

3. 2arccosx = arcsec ———_ - 

2x27 — 1 

1 

4. 2arccos x = arccsec —————— 

2xV1— 2? 

x+4 

5. arctan z + arctan y = arctan 7 = a . 


6. arcsinz + arcsin y + arcsinz 
= aresin [eV (1 — y?) 1 — 2) tyV — 2) 1 — 2) 
+ 2V(1 — 2?) (1 — y?) — cyzl. 
7. arccos xz + arccos y + arccos Zz 
= arccos [ryz — eV (1 — y*) 1 — 2) - yV (1 — 2) (1 — 2°) 
—zV(1— 2’) (1—y’)]. 
8. arcsinz + arcsin y + aresin z 
= arccos [Va — 27) tt — 47) (Pb 2) — ryV1— 2 
— yzV1 — @ — 2evV1 — I. 
Solve the following equations for z. 


9. arctan 2x = 7/4 — arctan z. Ans. .2808. 
£10. arcsin 2x = 7/4 — arcsinz. 


11. arccos (27? — 1) = 2 arccos 3. Anss 5: 
12. arccos (1 — 2x”) = 2 arcsin j. 
Ans. .786 


13. arcsin x = 7/2 — arctan x. 
14. arccos x = 7/2 — arctan z. 


¥CHAPTER XI 
DE MOIVRE’S THEOREM AND SERIES EXPANSIONS 


* 98. Polar codrdinates. — The position of a point in a plane is 
determined if its rectangular codrdinates (z, y) are known. An 
alternative method of stating the position of a point is to give its 
polar coérdinates. These are 7, which is the length of the line drawn 
from the origin or pole to the point, and ¢, 
which is the angle that this line makes 
with the z-axis or polar axis. The coor- 
dinates are written (r, 6); 7 is called the 
radius vector of the point; ¢ is called its 
vectorial angle. The radius vector is ex- 
pressed in any convenient unit of length, 
and the vectorial angle is commonly ex- 
pressed in radians, though degrees may be 

Fic. 74 used. The distance 7, if positive, is meas- 

ured from the pole along the terminal line 

of the angle ¢. If r is negative, it is to 

be measured in the opposite direction, that 

is, from the origin or pole but along the 

line made by extending the terminal side 
of ¢ through the pole. 


In the figure, the points (6, 27/3) and (—6, 
27/3) are shown. 


If (x, y) and (7, ) are respectively the 
rectangular and the polar codrdinates of 
the same point, we clearly have the fol- 
lowing relations, by which to convert from one system to the 
other, 

180 
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x =rcos@, P=N Py’, 


r sin ¢, ¢@ = arc tan¥. 


y 


Exampie 1. Find polar codrdinates of the point whose rectangular coérdinates 
are (1, 1/3). For this point 


The required coérdinates are therefore (2, 7/3). 


ExampLe 2. Find the rectangular coérdinates of the point whose polar 
codrdinates are (5, 47/3). We have 


4a 
x = reos ¢ = 5 cos-> = 5 (—4) = —§, 


; we fe 
y =rsin ¢ = 5sin> = 5 (—} V3) = -$ V3. 
The required coérdinates are (—8, — $ V3). 


It should be particularly noted that, while each point has just one 
set of rectangular codrdinates, there are infinitely many sets of polar 
coordinates for each point. For there are infinitely many values of 
arctan (y/x), and consequently infinitely many values of ¢, differing 
by multiples of 27. Thus, in Example 1, above, the coérdinates may 
be taken as (2, 7/6 + 2n7) where n is any integer. 

To plot the point (7, ¢), first lay off the angle ¢ from the polar axis, 
and then, along the terminal side of ¢, measure off the distance r 
from the pole (or the distance —r, along the terminal side extended 
through the pole, if r is negative). 


EXERCISES 
Plot the points having the following polar coérdinates and find 
their rectangular codrdinates. 


eae 2): Ans. (0,8). 2. (4, x). 
3440): Ans. (4,0). 4, (2, —4r). 
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5. (5, 7/6). Ans. (—5V3/2, —5/2). 6. (4, 52/8). 


7. (1, —9r/2). Ans. (0, —1). 8. (0, 67). 

9. (0,4). Ans. (0,0). 10. (5,0). 

10 (32172): Ans. (2.63, 1.44). 12. (4, —2/8). 

13. (—4,7/2). Ans. (0, —4). 14. (—2,7). 

15. (—2,7/6). Ans. (—V2, —1). 16. (—3, 37/4). 
17. (—4,41/3). Ans. (2,2V2). 18. (—6, 1171/6). 


For the following points the rectangular coérdinates are given. 
Find one set of polar coérdinates for each point, and plot the point. 


19°» (0, 6). Ans. (6, 7/2). 20. (7,0). 
21. (—3, 0). Ans. (8,7). 22. (0, —4). 
23° .(2, 3). Ans. (V18,arctan$). 24. (4,1). 
25. (—12, 5). Ans. (13, arctan ;§). 26. (8, —A4). 
aie (O70). Ans. (0, ¢). 28. (a, 2/2). 


99. Complex numbers. — We shall use the letter 7 to denote the 
imaginary number, i = V—1. We then have 


P= -1?t=-i,4=1,¢ =1,% = —I, ete. 


If a and b are two real numbers, a + 07 is called a complex number, 
of which a is the real part and bi is the imaginary part. Complex 
numbers are treated algebraically according to the following rules: 

Let a + bi and c + di be two complex numbers. Then 


I. Ifa+bi =c+di,a=candb = d; or, zf two complex numbers 
are equal, their real parts are equal and their imaginary parts 
are equal. 

Il. @+h)+(c+di) =(ato+i264+d). 

Ill. (a + bt) (ce + di) = (ac — bd) + i(be + ad). 

IV atbi_ (a+) (¢ — d) _ (ac + bd) + i(be — ad) | 
etd (¢+d) (c— dd) c+ @ 


These rules are best applied by operating with 7 as though it were a 
real number and, in the end, replacing 2 by —1. 
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¥%100. Graphical representation of complex numbers. — The 
complex number x + 7y may be represented graphically by the point 
(x, y). Thus, the point whose rectan- 


gular coérdinates are (3, —7) represents t 

the complex number 3 — 77. Suppose 

that (r, @) are the polar codrdinates of Ss teat 

the point (z, y). Then 7 

Very ipa 

r=V7+7 

is said to be the modulus or absolute 

value of the complex number (x + zy). 

This may also be written Fra. 76 


r=|r+ty|. 
And 


= y 
¢= arctan 7 


is called the amplitude or angle of the number (x + vy). 
Since x = r cos ¢ and y = rsin ¢, we can write 


x+iy=r(cos¢+ising¢). 
Still another way of representing the complex number (a + zy) 
is to picture it as the vector OP (Article 43). It is not essential, in 
this case, that the vector extend from the point O. Provided that 


it has the length vr and makes with OX an angle ¢, a vector represents 
the number r (cos ¢ + 7 sin ¢), no matter what its initial point. 


EXERCISES 


Find the modulus and amplitude of each of the following complex 
numbers. Represent each number graphically as a point and also 


as a vector. | wf 
dees ae Ang, r= 5,6 = arctan < 2 431 Sar oe 
ee Ans r=1,¢= 1/2 22nr. 4, —4i. 4, Hy RDO 
5. 5—31. Ans, r= V34,¢ = arctan(—$). 6 —7+ 82. Via 
2. Ans. r=2,¢=a722nr. 8. 1+2. Va ¢ 


) 
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Given the following pairs of values of r and ¢, write the corre- 


sponding complex numbers. Draw the figure. —_uva +AVa L 
9. r=4,¢= 7/6. Ans. 2/3+2%. 10. r=8,¢= 37/4. 
Mir = 7, 6 = 3n/2. Ans. —7. 12. r= 4, og=—T. 


= 34, @ = arctan (— 8/15). F20+/62 Se / 
=4,¢=2. Ans. 4(cos2+7sin2). 16. r=6,¢=0. © 


r 

Ul — 
18. r = 13, ¢ = arctan (5/12). Ans. 12+ 57. ~ =" . 
14) 7 
is), 

*% 101. Multiplication of complex numbers. — Let z and z: be any 
two complex numbers, say, 


’ Z, = 71 (cos $1 + 7 sin $1), 
Z2 = Te (COS d2 +7 SIN ¢o). 


By Article 99, Rule III, their product is 


2122 = 71 (cos ¢; +78in ¢1) - 72 (COS g2 +7 SiN ¢2) 
= ryr2[(cos d1 Cos d2—SiN ¢1 SiN g2) +2 (sin g1 COs ¢d2+ Os ¢; SiN ¢2)] 
= riz [cos (61 + go) +7sin (p61 + $2)]. 


This is a complex number 
whose modulus is rire and 
whose amplitude is (¢; + @2). 
Therefore the product of two 
complex numbers is a number 
whose modulus is the product 
of the moduli of the two factors 
and whose amplitude is the sum 
of the amplitudes of the two 
factors. 


The product may be constructed 
in the following way. Let P,; and 
P, be the points representing 2; 
and z. Let M be the point 1. 
Then construct the triangle OP2P 
similar to OMP;. The point P 
For the angle POP is equal to angle MOP, 


Fig. 77 


then represents the product 222. 
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and therefore to ¢:, so that angle MOP is equal to (¢: + ¢2). And, from the 
similarity of the triangles, 


Therefore, since OM = 1, 
OP = OP; - OP; = 1+ Tr» 


Applying the law of multiplication to n factors, we find: 


[rs(cos 1 + isin ¢1)] [ro(cos $2 + isin ¢2)] - --- - [r4(cos dy + isin by)] 
=11To° °° - 7, [COS (di + ¢d2+ +++ on) +78in (di +¢o.+ °° 4+ én) |. 


* 102. De Moivre’s Theorem. — If we set each of the n factors 
of the preceding formula equal to r (cos ¢ + 7 sin ¢), it becomes 


Ir (cos @ + isin )|” = 1 (cos ng + isin n¢). 
In particular, ifr = 1, 
(cos¢@ +isind)” = cosn¢d + isin nd. 
This is known as De Mowre’s Theorem. 


We have proved De Moivre’s Theorem in case nm is any positive integer. We 
shall now prove that it is true if m is any rational number, positive or negative, 
integral or fractional. 

In case n is a negative integer, set n = —m where m is a positive integer. 
Then 

(cos ¢ + isin ¢)" = (cos¢? +isin d) ™ 
1 il 
~ (cos¢ +ising)™ cosmd +isin mp 
cos md — isin mp 
~ cos? mp + sin? mp 
= cos (—m¢) +7isin (—md¢) = cos nd + isin ng. 


= cos md — 7 sin md 


If n is a rational fraction, say n = p/q, 
p 


(cos ¢ + isin ¢)” = (cos @ + 7sin )4, 


This is equal to some complex number. Set 
p 
(cos ¢ + isin)! = p (cos + isin 8). 
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Take the qth power of each side. Since q is an integer, 
(cos ¢ + isin ¢)? = p% (cos g@ + 7 sin g6) 


and 
cos pd +7 sin pd = p% (cos go +7 sin g@). 
Equating real and imaginary parts, we see that p = 1, and 


go = pp = 2kr, 


Dp 2Qkr 
so that C= ¢ 
q q 


There are qg sets of values of cos @ and sin 9, corresponding tok = 0,1,2..., 
q — 1; and there are therefore g values of 
p 
(cos ¢ + 7sin ¢)%. 


Taking k = 0, we get 6 = p¢/q, and 
e Pp P 
(cos @ +7 sin ¢)f = ae + aa 


as we wished to show. 


* 103. The roots of a complex number. — By a method similar to 
that just used, we shall now prove that, if k is any positive integer, 
any complex number (other than zero) has exactly k distinct kth 
roots. Let the number be 


z=r(cos¢+7sin $6), wherer + 0. 
We wish to show that z has k distinct kth roots. We shall try to 


determine values of p and 6 so that the number w = p (cos 6 + 7 sin 6) 
shall be a kth root of z; that is, so that 


wk = p* (cos @ + isin 6)* = r(cos¢ +7sin 9). 
By De Moivre’s theorem, this is equivalent to 

wk = p* (cos k@ + 7 sin k#) = r (cos ¢ + 7sin 9). 
Separating reals and imaginaries, we have 
(1) p* cos ké = r cos ¢, 
(2) p* sin k@ = rsin ¢. 
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Squaring and adding, we get 
p™* (cos? k@ + sin? k0) = r? (cos? ¢ + sin? >), 
so that p* = r2orp = Wr. This is the unique positive kth root 
of the positive number r. From equations (1) and (2) we then have 
cos k@ = cos¢ and sink#é = sing. These equations are satisfied if 
k@ has any one of the following values: 
k@ = $,¢ + 27, 6 + 4r, oe 5 O + 2k — Vx, 


or 
Oo, 25 6 de 2(b — Ir 
bk S c+ oat i 


Moreover, these values of 6 a distinct values of w: 


é= 


ee 2r(k — 1) 
We = = lanl i 0) isin(4 2 DY] 
On expanding the kth power of any one of these numbers by 
De Moivre’s theorem, we see that y 
it yields 
z=r(cos¢+7sin 9). 
So these k distinct roots exist. There 
are no other roots; for example, if 
we should take k@ = ¢ + 2kz, or 


oe 
a ae 


this would merely duplicate the 
value of w:. The amplitude of 
w, is ¢/k. The roots wi, W2,...; 
w, are equally spaced on a circle 


® 
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of radius ~/r drawn about the origin, the difference between successive 
amplitudes being 27/k. 


Examp.e 1. Find the three cube roots of unity. (Cube roots of 1.) Here 
r(cos¢ +isin¢d) = 

so that + = and ¢— 6. “Then Vr = 1, the 

three values of @ are 0, 27/3, and 47/3, and the 


three roots are 


= (cos0 +7sin0) = 


ere 
W2 = cos3 +isin= =— 


bole 


ula pre eee 
ws =| cos 3 isin =— —5 v3. 


Examete 2. Find the fifth roots of z = 
+%. Writing this in polar form, we get 


2=+7) cos 7 vsin{ }> 


sothatr = ./Zand¢ = 7/4. Then Wr = V/2 
= 1.07. The five values of @ are 


ax aT 2Qr Tv 4a Tv 67 us 8r 


20°20 5°20° 57201 5°20+ 5° 


The roots are 


= V/3 (cos +7sin =) =f OGe ibrar 
Ox 
W2 = V3 (cos $8 +7sin a) = .167 + 1.06 7. 


S 17m la 
Ws = 97/2(cos 8 5p + isin om) = —.953 + .486 4. 
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25 
= V3 (cos 32 + isin a) = —.756 — .7564. 
337 
= V2 (cos So tésin oe) = 486 — 0584 
Example 3. Find the value of 
, — 625 
~ (3 — 43)? 


stating the results correctly to four significant figures. 
We can take 


z = 625 (3 — 41) = 625 [5 (cos ¢ + isin g)|“4, 
where ¢ = — arccos 3/5 = —53° 7.8’. 


Therefore, by De Moivre’s theorem, 


z= ~ [cos (—4¢) + isin (—4¢)] 


= cos 212° 31.2’ — 7 sin 212° 31.2’ 
— .84321 + .53759 7. 
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i. Find the fourth roots of 5. Ans. +5, ~/5i, —+/5, —~Y5i. 


2. Find the sixth roots of 27. 
3. Find the fifth roots of 32. 


Ans. 2, .618 + 1.9027, —1.618 + 1.1767. 


s~4. Find the seventh roots of 4. 
5. Find the cube roots of 2 — 7. 


Ans. (1.2921 — .20132), (—.4717 + 1.21967), (—.8204 — 1.01832). 


6. Find the fifth roots of (—3 + 42). 


7. Find the value of (2 — 62)® and plot the point which repre- 


sents it. 


Ans. (22526 — 599041). 
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L“ 8. Find the value of (—3 + 2:)5, and plot the point which repre- 


sents it. 
1 = : 
9. Find the value of 3a . Ans. .352 + .9362. 
: 4913 
10. Find the value of (<8 + Is : 


104. Definition of the number e. — Let us compute the value of 


the number 
ee (1 . “y 
n 


for various integral values of n. We have 


S,= (1+ 1) = 2, 
So = (1+ 3)? = $ = 2.25, 
Ss = (1+ 4) = % = 2.87, 
Sa = (1+ 3) = $28 = 2.44, 
Sio = (1 + 44)” = 2.59, 
Sioo = (1 + zou) = 2.70, 


S000 = DTG 


It will be noticed that when n increases, the value of S, increases. 
But S, does not increase indefinitely. In fact it can be shown that, 
as n increases indefinitely, the value of S, approaches a limit; that 
is, there is a certain number the difference between which and S, 
becomes (and remains) as small as we wish, if the value of n is taken 
sufficiently large. This limit we denote by the letter e, so that 

e = lim (1 ao “) 
n 


n=00 
This is read: e is the limit as n becomes infinite of (1 + “) This 


number ¢ is very important in higher mathematics. To six significant 
figures its value is e = 2.71828. 
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* 105. A series expression for e*. — The quantity e* is a function 
of x which may be defined in the following way. Evidently 


e* = [lim S,]* = E (1 + aul 
Tt can be shown that this is equal to 


f= lim | (1 + abt 
n=00 ny] 


and by expanding the expression in brackets by the binomial theorem 
and then taking the limit, we can reduce this to 


5 ea ae oar oe 
Ate Dit ay egy he 


mhere 21= 1-2, 3! = 1-2-3, 41 = 1-2-3-4, etc. It is shown 
in calculus that if the sum of the first n terms of this series be formed 
for any given value of x, this sum really approaches as a limit (or 
“converges to’’) the corresponding value of e* when the number of 
terms, 7, increases without limit. 


Examp.Le. From this series we can compute to any desired number of places 
the value of e* for any value of z. Let us, for example, take x = 1, and so com- 


pute the value of e: 


1 1 
Be CS aE Se ery oi a 
aa 
ieee 
1/2! = 0.5 


1/3! = 0.166667 
1/4! = 0.041667 
1/5! = 0.008333 
1/6! = 0.001389 
1/7! = 0.000198 
1/8! = 0.000025 


1/9! = 0.000003 
2.718282; e = 2.71828 to six figures. 


: 
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EXERCISE 


Compute, from the series, the value of ¢ to 4 decimal places, 
and the value of Ve to 6 decimal places. 


4106. Computation of sines and cosines by series. — In a course 
in calculus the following series developments are obtained for sin # 
and cos x: 


3 5 7 
sinx =x—Rt+R— at toss 
2 
cosx=1-H4+E-F 4+ siete 


These series give the correct values of the sine and cosine for any value of x. 
When substituting we must express x in radians. Assuming these expressions, 
we can at once note many of the properties of the functions. For example, sin x 
is an odd function, since in its expansion only odd powers of x occur, and, if 
changes sign, every term changes sign. In a similar way we see that cos @ is 
an even function. Also, if x is numerically small, sin x is very nearly equal to 
x, since for small values of x the higher powers of x are very small indeed, so that 
all terms after the first are very small. 


The series are useful in forming tables of the trigonometric func- 
tions, for the series converge rapidly for small values of x; that is, 


only a few terms are necessary to give the value of the function with 
considerable accuracy. 


EXxampLe. Compute sin 10° and cos 10° to five significant figures. We write 


180° : 
10° = gas 7g Tadians = .174533 radians, 


so that x = .174533. Therefore 


(.174533)8 & (.174533)5 

6 120 , 
.174533 — .000876 + .000001 — -- - 
= .17365. 


sin 10° 


ll 


174533 — 
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(174533)? (.174533)4 — (.174533)6 
10° — Ay Sec, a Se ae ee 
a ee oo ae 720. ~~ + 
1 — .015230 + .000039 + - - 
.98481. 


From these values we can easily compute others, as, for example, 
sin 20° = 2 sin 10° cos 10° = 2 X .17365 X .98481 = .34202. 


EXERCISES 


Compute the sine and cosine of each of the following angles to five 
figures, and verify the results by means of a table. 


: BO Be or, a: 15". ASD”. 


¥107. Relations between trigonometric and exponential func- 
tions. — In Articles 105 and 106 we have had the following expansions: 


(1) e=1te+5, +5 +H i+: 
a a3 5 os 

(2) eee, 
x? at 6 
(3) Ce a ee em ae 


These series are valid for both real and complex values of x; that is, 
they give the correct values of the functions for real values of x, and 
may be used to define the functions for complex values of x. In 
place of x in (1) let us substitute the imaginary number 27, where 


4 = V—1, and separate the real and imaginary terms. 


4373 ait 


, 5, AER 
iced Na ae Si ey ape Te 


or 
‘ a2 x 76 
e = 1 Sasi al 
; To oth et 
+i(e-$4+5-F4+--) 
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Therefore, by (2) and (3), 
(4) e* = cosx + isin x. 


We see from this that the modulus of e* is equal to 1, and the 
amplitude of e* is equal to z for any real value of z. Evidently 


ertiy = e*. e% = e* (cosy + 7siny), 


so that the absolute value of e*+*” is equal to e* and the amplitude is 
the coefficient of the imaginary part of the exponent, or y. 
From the equation 


e* = cosz +isinz, 
we get 


e* = cosx — isin 2, 


by substituting —2 for x. If we subtract the second of these equa- 
tions from the first, we find 


et — et = Qi sina 
or 
eri aan eo 


(5) sin x = oF : 


After adding the equations, we see that 


(6) cos x =o. 


From these equations it is possible to prove many trigonometric relations, For 
example, let us show that 
sin? x + cos? xz = 1. 
From (4) and (5), 
ex 9 + ett gow Jb Ge ext 
4? se 4 
ett 24 eet gaxi +2 + ei 


— AEN ae 4 = 1, 


sin? x + cos? x 
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EXERCISES 


1. Show that sin? x + cos*z = 1 by multiplying the expressions 
for e* and e-*, 


By means of equations (5) and (6) prove the following relations. 


“2. sin 2x = 2sin z cos 7z. 
3. cos 2x = cos? x — sin? x. 
- 4. sin(x+y) =sinzcosy + coszsiny. 
5. cos (x + y) = cosrcosy — sinzsiny. 
6. sinz + siny = 2sin} (x + y) cos} (x — y). 
7. cosx — cosy = —2sin3 (x+y) sin3 (x — y). 


* 108. Computation of logarithms by series. — Either by starting 
with the expansion of Article 105 or by working entirely by the 
methods of calculus, it is possible to find the following series: 


Ca Re yn Se 
(1) eee eg 


In this logarithm the base is the number e defined in Article 104, 
and the series gives the correct value of the logarithm for any real 
value of x between —1 and 1. 

Substituting —z for x in this series, we get 


(2) eee moe a eS 


Subtracting this from the series for log, (1 + x), we get 


(3) log, (7) = log, (A + x) ~ loge (1 ~ 2) 
3 5 
=2(r+34+3+---). 


This series is more useful than the series (1) for computing logarithms, 
because it converges much more rapidly. That 1s, fewer terms are 
required to give a satisfactory result with (3) than with (1). 
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EXAMPLE 1. Compute log, 2. 
Here let us set 


1t+e2 


tee 


which we can solve for z, getting x = 1/3. Then 


L+4 Gy Gr 
loge 2 = loge (7+ 4) = (9 + 4 “* J. 
3 


1 = 333333 
(4)3/3 = .012345 
(2)8/5 = .000823 
(4)7/7 = .000065 
(2)2/9 = .000006 

2 log, 2 = .34657 
loge 2 = .6931. 


Series (3) can be written so as to give us log, (n + 1) when log, n 
is known. Set 


nes bases 


n l—z 


or 


n-- b= ne a ne, 


from which we get 


= 1 . 
2n+1 


Using this value of x in (8), we get 


ey ea *) is | oy a 1 

°8 ( n : (2n + 1) 2 3(2n + pet 5(2n + pet ee | 
and 

(4) log. (xn + 1) 


a il 1 1 
= log, n | | "ee 
og.n + larry t sect saat} 
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ExamPpLe 2. Find log, 3, given log, 2 = 


From (4), using n = 2, we get 


log. 3 


EXAMPLE 3. 
We can write 


We can find log, 9 


log. 10 


-69315. 
+ —_— 


1 
= l — io Fame 
on? + 2(5 c 5.58 ) 
69315 + 2(.2 + .002667 + .000064 + - 
1.09861. 


Find log, 10, given loge 3 = 1.09861. 


loge 10 = loge (9 + 1). 


= loge 3? = 2 X 1.09861, and in (4) take n = 9. Then 


1 1 “2 1 
= 2 x 100861 + 2(3 + 3793 + 5.198 


= 2.19722 + 2(.052632 + .000051 + - - -) 
= 2.30259. 


+ :-- 


\ 


/ 
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* 109. Formation of logarithmic tables. — By using series (3) and 
(4) of Article 108, we can form tables of logarithms to the base e. 
From these it is possible to form tables of logarithms to the base 10 
by means of the relation 


log. M 
log, 10 


logio M = 


To prove this relation, set 


so that 


Therefore 


and 


Therefore 


or 


x=logoM, y = log. M, 


10* = M, e = M. 


loge 10 = - by the definition of logarithms, 


pape ee 
~ loge 10° 
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This gives the formula 
loge M 


logio M = loge 10° 


Using the value log, 10 = 2.30259, which we computed in Article 
108, we get 
log, M 


logio M= 2 30259 = 43429 log, M. 


ExampLe. Find logi 2, given loge 2 = .69315. 
We have 


logio 2 = .43429 X .69315 = .30103. 


EXERCISES 


Compute the logarithms to the bases e and 10 of the integers from 
1 to 20 to five places, and verify by means of a table. 


LOGARITHMIC AND 
TRIGONOMETRIC TABLES 


iim 


_ 
=—* 


i 
—— 
Pa 
HMAC S 
eo 
i ae 
aa 
* 1 
: 
< 


7 7 of by 
yy “a ‘oi 
“vw $ ex; > 
= Pm +? # 
be ee oe 
7 , : Y & : » t 
’ _ A = 70 i a ro 
} : 7 6 . s : . s 
‘3 ‘ i es . es 
poe ow, s 
7 7 9 nf . / 
. nds : ° Ao 
Soe : i. 
7 ~ = 
. 5 ve i 
« tv f 
hams 4 es, G / ; 
4 
\ 
1 
| r 
i] 7 
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TABLE [| 


COMMON LOGARITHMS OF NUMBERS 


TO 


FIVE DECIMAL PLACES 


1— 100 
N. Log N. Log N. Log N. Log N. Log 
a 0.00 000 21 | 1.382.222 41 | 1.61278 61 | 1.78533 81 | 1.90849 
2 0.30 103 22 |.1.34 242 42 11.62 325 62 | 1.79 239 82 | 1.91 381 
o 0.47 712 23 |1.86173 43 |1.63 347 63 | 1.79 934 83 | 1.91908 
4 0.60 206 24 11.88 021 44 | 1.64 345 64 |1.80618 84 [1.92 428 
5 |0.69 897 25 11.39 794 AB 11.65.3821 65 | 1.81 291 85 11.92 942 
6 0.77 815 26 | 1.41497 46 11.66 276 66 |1.81 954 86 | 1.93 450 
7 0.84 510 27 11.43 136 47 |1.67 210 67 | 1.82 607 87 | 1.93 952 
8 0.90 309 28 |1.44716 48 |1.68 124 68 | 1.83 251 88 |1.94 448 
9 0.95 424 29 | 1.46 240 49 |1.69 020 69 | 1.83 885 89 11.94 939 
10 1.00 000 30 | 1.47 712 50 | 1.69 897 70 | 1.84510 90 | 1.95 424 
11 1.04 139 31 | 1.49 136 HL ATO 757d 71 |1.85 126 91 |1.95 904 
12 1.07 918 32 11.50 515 52 |1.71 600 12 1.80.38 92 |1.96 379 
tse 394 33 | 1.51 851 53 |1.72428|| 73 | 1.86332 93 |1.96 848 
14 |1.14613 34 | 1.53148 54 | 1.73 239 74 | 1.86 923 94 |1.97 313 
15 |1.17 609 35 | 1.54 407 55 |1.74036 75 |1.87 506 95 |1.97.772 
16 |1.20412 36 | 1.55 630 56 | 1.74819 76 | 1.88 081 96 | 1.98 227 
17 |1.23 045 37 | 1.56 820 bf Il .oo8l 77 11.88 649 97.) 1.98 677 
18 |1.25'527 38 | 1.57978 58 | 1.76 343 78 11.89 209 98 | 1.99 123 
19 1.27 875 39 | 1.59 106 59 | 1.77 085 79 11.89 763 99 | 1.99 564 
20 |1.30103 40 | 1.60 206 60 | 1.77 815 ; 80 1.90 309 |} 100 | 2.00 000 
N. Log N. Log N. Log N. Log N. Log 


01 


100 — 150 


7 


8 


100 }00 000 | 043 | 087 | 130 
432 | 475 | 518 | 561 4a2 |-tto 
860 | 903 | 945 | 988 *157 *199 |*242 
01 284 | 326 | 368 | 410 578 | 620 | 662 
703 | 745 | 787 | 828 995 |*036 |*078 
02119] 160 | 202 | 243 407 | 449 | 490 
5381} 572 1 612e Gos 816 | 857 | 898 
938 | 979 |*019 |*060 ¥222 |*262 |*302 
03 342 | 383 | 423 | 463 623 | 663 | 703 
743 | 782 | 822 | 862 *021 |*060 |*100 
04139] 179 | 218 | 258 
5382 | 571 | 610 |} 650 
922 | 961 | 999 |*038 
05 308 | 346 | 385 | 423 
690 | 729 | 767 | 805 
06070] 108 | 145 | 183 
446 | 483 | 521 | 558 
819 | 856 | 893 | 930 
07 188 | 225 | 262 | 298 
555 | 591 | 628 | 664 
918 | 954 | 990 |*027 
08 279 | 314 | 350 | 386 
636 | 672 | 707 | 743 
991 1*026 |*061 |*096 
09 342 | 877 | 412 | 447 
691] 726 | 760 | 795 
10 037 | 072 | 106 | 140 
380 | 415 | 449 | 483 
(2 ldo | 2S eses 
11.059 | 093 | 126 | 160 
394 | 428 | 461 | 494 
727 | 760 | 793 | 826 
12057 | 090 | 123 | 156 
385 | 418 | 450 | 483 
710] 743 | 775 | 808 
13 033 066 | 098 | 130 
354 | 386 | 418 | 450 
672 | 704 | 735 | 767 
988 PKO19 }*051 |*O82 
14 3801 33 | 364 | 395 
613 | 644 | 675 | 706 “768 | 799 | 399 | 360. 
922 | 953 | 983 |*014 
15 229 | 259 | 290 | 320 
534 | 564 | 594 | 625 
836 | 866 | 897 | 927 
16137 | 167 1°197-| 297 
435 | 465 | 495 | 524 
7321 761 | 791 |.820 
17 026 | 056 | 085 | 114 
319 | 348 | 377 | 406 
609 | 638 | 667 | 696 811 | 840 | 869 
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38 | 37 | 36 
1| 3.8!) 3.7] 3.6 
2) 7.6] 7.4) 7.2 
3 |11.4/11.1]10.8 
4 |15.2)14.8}14.4 
5 |19.0/18.5]18.0 
6 }22.8]22.2}21.6 
7 (26. 6)25.9)25.2 
8 130. 4/29. 6/28.8 
9 |84.2/33.3]32.4 
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Prop. Parts 


LOGS OF NUMBERS 150 — 200° 3 


7 ae 2 5 6 7 8 Prop. Parts 
| 667 | 696 | 725 | 754 | 782 | 811 | 840 
a - - 29 | 28 
| 955 | 984 |*013 |*041 }*070 |*099 [*127 et Pe al 
241 | 270 | 298 | 327 | 355 | 384 | 412 1l2.9128 
526 | 554 | 583 | 611 | 639 | 667 | 696 515:8 195.6 
808 | 837 | 865 | 893 | 921 | 949 | 977 3187184 
089 | 117 | 145 | 173 | 201 | 229 | 257 4 j11.6 /11.2 
, i 5 |14.5 |14.0 
368 | 396 | 424 | 451 | 479 | 507 | 535 6 117.4 |16.8 
645 | 673 | 700 | 728 | 756 | 783 | 811 7 |20.3 |19.6 
921 948 | 976 |*003 [*030 }*058 |*085 8 |23.2 |22.4 
| 194 | 222 | 249 | 276 | 303 | 330 | 358 9 |26.1 |25.2 
| 466 | 493 | 520 | 548 | 575 | 602 | 629 Pe oe 


737 | 763 | 790 | 817 | 844 | 871 | 898 | 925 


3 *005 *032 |*059 j*O85 }*112 |*139 |*165 |}*192 | 1] 2.7 | 2.6 
272 | 299 | 325 | 352 | 378 | 405 | 481 | 458 | 2] 5.4 | 5.2 
537 | 564 | 590 | 617 | 643 | 669 | 696 | 722 |.3 | 8.1 |:7.8 
801 | 827 | 854 | sso | 906 | 932 | 958 | 985 | 2)20-8 |10-4 
é 2 2 5'|13.5 |13.0 
063 O89 | 115 | 141 | 167 | 194 | 220 | 246 |] 6 /16.2 |15.6 
324 | 350 | 376 | 401 | 427 | 453 | 479 | 505 | 7 [18.9 |18.2 
583 608 | 634 | 660 | 686 | 712 | 737 [-763 : eae 20.8 


840 866 | 891 | 917 | 943 | 968 | 994 |*019 
070 | 096 | 121 | 147 | 172 | 198 | 223 | 249 | 274 JlogW3=.238561 


71] 300] 325 | 350 | 376 | 401 | 426 | 452 | 477 | 502 | 528 25 | 24 
72| 5531 578 | 603 | 629 | 654 | 679 | 704 | 729 | 754 | 779 | __ 
73] 805] 830 | 855 | 880 | 905 | 930 | 955 | 980 |*005 |*030 [7 | 5 5 fo 4 
74 124 055 | 080 | 105 | 130 | 155 | 180 | 204 | 229 | 254 | 279 | 5 | 5:9 | 4'g 
75| 304] 329 | 353 | 378 | 403 |. 428 | 452 | 477 | 502 | 527 - ee 7.2 
76| 551] 576 | 601 | 625 | 650 | 674 | 699 | 724 | 748 | 773 | 5 l19'5 |19'0 
vate 797 | 822 | 846 | 871 895 920 944 969 993 |*018 6115.0 |14.4 
78 j25 042 | 066 | 091 115 | 139 | 164 | 188 | 212 | 237 | 261 | 7'117'5 |i6’8 
79] 285] 310 | 334 | 358 | 382 | 406 | 431 | 455 | 479 | 503 | 8 loo i919 
=a sil ES a? 9 |22.5 |21.6 
180} 527] 551.| 575 | 600 | 624 | 648 | 672 | 696 | 720 | 744 
81] 768] 792 | 816 | 840 | 864 | 888 | 912 | 935 | 959 | 983 23 | 22 
2126 007 | 031 | 055 | 079 | 102 | 126 | 150 | 174 | 198 | 221 |—j|——_|-__ 
83] 245] 269 | 293 | 316 | 340 | 364 | 387 | 411 | 435 | 458] 1 | 2.3 | 2.2 
84] 482] 505 | 529 | 553 | 576 | 600 | 623 | 647 | 670 | 69419] 4.6 | 4.4 
85] 717| 741 | 764 | 788 | 811 | 834 | 858 | 881 | 905 | 928 g as ce 
86] 951] 975 | 998 |*021 |*045 }*068 |*O9L |*114 ]*138 |*161 | 5 J11.5 |11.0 
87 |27 184] 207 | 231 | 254 | 277 | 300 | 323 | 346 | 370 | 393 | 6 13.8 |13.2 
8s| 416] 439 | 462 | 485 | 508 | 531 | 554 | 577 | 600 | 623 | 7 /16.1 |15.4 
89! 646] 669 | 692 | 715 | 738 | 761 | 784 | 807 | 830 | 852 | 8 /18.4 |17.6 
— : 9 |20.7 {19.8 
190] 875] 898 | 921 | 944 | 967 | 989 ]*012 |*035 |*058 |*081 
91128 103 | 126 | 149 | 171 | 194 | 217 | 240 | 262 | 285 | 307 21 
921 330] 353 | 375 | 398 | 421 | 443 | 466 | 488 | 511 | 533 —|—— 
93] 556] 578 | 601 | 623 | 646 | 668 | 691 | 713 | 735 | 758 it |} Beal 
94] 780] 803 | 825 | 847 | 870 | 892 | 914 | 937 | 959 | 981 z a 
95 129 003 | 026 | 048 | 070 | 092 | 115 | 137 | 159 | 181 | 203 ralee 
Pe F 5 |10.5 
96| 226] 248 | 270 | 292 | 314 | 336 | 358 | 380 | 403 | 425 
97| 447] 469 | 491 | 513 | 535 | 557 | 579 | 601 | 623 | 645 gf rie 
98| 667] 688 | 710 | 732 | 754 | 776 | 798 | 820 | 842 | 863 eae 
99] 885] 907 | 929 | 951 | 973 | 994 |*016 |*038 |*060 |*081 eines 
200/30 103 | 125 | 146 | 168 | 190 | 211 | 233 | 255 | 276 | 298 
N. 0 {al 2s 4 5 6 a 8 9 | Prop. Parts 
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SS 


LOGS OF NUMBERS 250 — 300 5 


N. 0 Prop. Parts 
250 139794] S11 898 | 915 
51 967 *071 |*088 
52 140 140 243 | 261 
53 312 8 : 415 | 432 
54 483 ‘ : 586 | 603 
55 654 7 756 | 773 
56 824 : 926 | 943 of 
57 993 ; *095 |*111 4 
58 141 162 ; 246 | 263 | 280 ol 
59 330 | ¢ : 430 7 8 
260 | 497 5 
61 664 ‘ e 
62 | 830 3 
63 996 ; 
64 2 160 
65 325 
66 488 
67 eG : Pe =logig e 
58 81: % 8 yes es = 10819 
69 975 $ R My cca 
270 | 43 136 
71 297 
72 457 
a 616 
74 775 pete Beets 
75 933 1 ve 5) 
2 PN nO 
76 [44091 3| 4.8] 4.5 
77 248 4 | 6.4] 6.0 
78 404 Dal) S20ll eo 
79 560 6 | 9.6} 9.0 
aaa 7 111.2)10.5 
280 716 8 ]12.8)/12.0 
81 871 9 |14.4/13.5 
82 |45025 
83 179 
84 332 
85 484 
86 637 
87 | 788 14 
88 939 ie) 
89 | 46 090 eae ets ied 
— | $$ |] |] —_— ] ——_|—___ | —_ | ——_ PIN Hyer) 
290 240 ae REE PIE SD, 
|] ————_—] ——_— ] —_— ] —_— | 4| 5.6 
91 389 ol Gi) 
92 538 GO) S24 
93 687 7} 9.8 
94 835 8 }11.2 
95 982 eee 
96 | 47129 
97 276 
98 422 
99 567 
300 (2 
——4 Prop. Parts 


6 300 — 350 TABLE I 
Prop. Parts 


——— | 
—— 
— | 


49136] 150 | 164 | 178 


276} 290 | 304 ye ed sa et 
415 | 429 | 443 | 45 E 
554 | 568 | 582 24 | 63 Lhe oes 
693 | 707 | 721 176 314 514.9 
831 | 845 | 859 | 87: 914 4} 6.0] 5.6 
969 | 982 | 996 «024 |*037 |*051 eh Gohae 
+O = 8. 
50 106 | 120 | 133 161 | — 7 |10.5| 9.8 
243 | 256 | 270 | : 97 325 8 |12.0/11.2 
379 | 393 | 406 | 4: ee ae ae 9 113.5/12.6 
515 | 529 | 542 5 596 | 610 
651] 664 | 678 | 6 7 7 732 | 745 
786 | 799 | 813 | 8: 353 | 8 880 
920 | 934 | 947 4 | 987 }*001 |*014 
51055 | 068 aE 148 
188 | 202 y y 282 
322 | 335 2 | 37 2 | 415 
455 | 468 | 48 3 | 52 34 | 548 
587 | 601 y 6 37 | 680 
720 | 733 2] 78 
851} 865 
983 | 996 |* #022 5 |*0- *075 * _ | 8] 2 
52114| 127 i6 = 
244 | 257 oe Cee 
375 | 388 3 | 3.9] 3.6 
504 | 517 AGS 4.8 
634 | 647 ELC eiteee 
763 | 776 719 4g 4 
oof ae 8 |10.4] 9.6 
53 020 | 033 9 |11.7|10.8 
340 | 148] 161 | 173 | 186 | 199 | 212 | 224 | 237 | 250 | 263 
41 | 275] 288 | 301 | 314 | 326 | 339 | 352 | 364 | 377 | 390 
42 | 403] 415 | 428 | 441 | 453 | 466 | 479 | 491 | 504 | 517 
43 | 529] 542 | 555 | 567 | 580 | 593 | 605 | 618 | 631 | 643 
44] 656] 668 | 681 | 694 | 706 732 | 744 | 757 | 769 
45 | 782] 794 | 807 | 820 | 332 857 | 870 | 882 | 895 
46 | 908] 920 | 933 | 945 | 958 983 | 995 |*008 |*020 
47 |54033 | 045 | 058 | 070 | 083 | 095 | 108 | 120 | 133 | 145 
48 158] 170 | 183 | 195 | 208 | 220 | 233 | 245 | 258 | 270 
49 | 283] 295 | 307 | 320 | 332 |: 357 | 370 | 382 | 304 
350 | 407| 419 | 432 | 444 | 456 481 | 494 | 506.| 518 
N. 0 ul 2 3 4 6 7 8 9 Prop. Parts 


Ss 


350 — 400 7 
lon SS ee 
N. 0 u 2 3 4 6 ff 8 9 Prop. Parts 

350 | 54407] 419 | 432 | 444 | 456 481 | 494 | 506 | 518 
51 531| 543 | 555 | 568 | 580 605 | 617 | 630 | 642 
52 654 | 667 | 679 | 691 | 704 728 | 741 | 753 | 765 
53 777 | 790 | 802 | 814 | 827 851 |.864 | 876 | 888 
54 900] 913 | 925 | 937 | 949 974 | 986 | 998 |*011 
55 155023] 035 | 047 | 060 | 072 096 | 108 | 121 | 133 
56 145 | 157 | 169 | 182 | 194 218 | 230 | 242 | 255 
57 267 | 279 | 291 | 303 | 315 340 | 352 | 364 | 376 
5S 388 | 400 | 413 | 425 | 437 461 | 473 | 485.| 497 
59 509 | 522 | 534 | 546 | 558 582 | 594 | 606 | 618 
360 630 | 642 | 654 | 666 | 678 703 | 715 | 727 | 739 
775 __|13 | 12 
1 lid 28), ee 
34 2| 2.6] 2.4 
3) 3.0103,6 
53 4|5.2| 4.8 
‘ai 5 | 6.5] 6.0 
90 6 | 7.8]: 7.2 
( 7) 9.1). 84 
: 8 |10.4| 9.6 
9 |11.7/10.8 
#024 
11 | 10 
138 1s VE 2 eee 
252 rae a Bia ae 
365 2|2.2| 2.0 
478 a 18.3) oo 
4|4.4| 4.0 
oot 5.65 1ns0 
704 6 16.6] 6.0 
816 Aare Ae 
928 8 }8.8| 8.0 
*040 9) 19,91 291.0 


151 


239 


262 
373 
483 
594 


704 


813 
923 
*032 
141 


249 


260 


Prop. Parts 


N. 


0 


400 | 60 206 | 217 


228 | 239 | 249 | 260 | 271 | 282 | 293 | 304 
314] 325 | 336 | 347 | 358 | 369 | 379 | 390 | 401 | 412 
423 | 433 | 444 | 455 | 466 | 477 | 487 | 498 | 509 | 520 
531] 541 | 552 | 563 | 574 | 584 | 595 | 606 | 617 | 627 
638 | 649 | 660 | 670 | 681 | 692 | 703 | 713 | 724 | 735 
746 | 756 | 767 | 778 | 788 | 799 | 810 | 821 | 831 | 842 
853 | 863 | 874 | 885 | 895 | 906 | 917 | 927 | 938 | 949 
959 | 970 | 981 | 991 |*002 |*013 |*023 |*034 |*045 |*055 
61066 | 077 | 087 | 098 | 109 | 119 | 130 |} 140 | 151 | 162 
172 | 183 | 194 | 204 | 215 | 225 | 236 | 247 | 257 | 268 
278 | 289 | 300 | 310 | 321 | 331 | 342 | 352 | 363 | 374 
384 | 395 | 405 | 416 | 426 | 437 | 448 | 458 | 469 | 479 
490 | 500 | 511 | 521 | 532 | 542 | 553 | 563 | 574 | 584 
595 | 606 | 616 | 627 | 637 | 648 | 658 | 669 | 679 | 690 
700 | 711 | 721 | 731 | 742 | 752 | 763 | 773 | 784 | 794 
805 | 815 | 826 | 836 | 847 | 857 | 868 | 878 | 888 | 899 
909 | 920 | 930 | 941 | 951 | 962 | 972 | 982 | 993 |*003 
62014} 024 | 034 | 045 | 055 | 066 | 076 | 086 | 097 | 107 
118] 128 | 138 | .149 | 159 | 170 | 180 | 190 | 201 | 211 
221] 232 | 242 | 252 | 263 | 273 | 284 | 294 | 304 | 315 
325 | 335 | 346 | 356 | 366 | 377 | 387 | 397 | 408 | 418 
428 | 439 | 449 | 459 | 469 | 480 | 490 | 500 | 511 | 521 
531] 542 | 552 | 562 | 572 | 583 | 593 | 603 | 613 | 624 
634 | 644 | 655 | 665 | 675 | 685 | 696 | 706 | 716 | 726 
737 | 747 | 757 | 767 | 778 | 788 | 798 | 808 | 818 | 829 
839 | 849 | 859 70 | 880 | 890 | 900 |} 910 |} 921 | 931 
941} 951 | 961 | 972 | 982 | 992 }*002 |*012 |*022 |*033 
63 043 | 053 | 063 | 073 | 083 | 094 | 104 | 114 | 124 | 134 
144] 155 | 165 | 175 | 185 | 195 | 205 | 215 | 225 | 236 
246 | 256 | 266 | 276 | 286 | 296 | 306 | 317 | 327 | 337 
347 | 357 | 367 | 377 | 387 | 397 | 407 | 417 | 428 | 438 
448 458 | 468 | 478 | 488 | 498 | 508 | 518 | 528 | 538 
548 | 558 | 568 | 579 | 589 | 599 | 609 | 619 | 629 | 639 
649 | 659 | 669 | 679 | 689 | 699 | 709 | 719 | 729 | 739 
749 | 759 | 769 | 779 | 789 | 799 | 809 | 819 | 829 | 839 
849 | 859 | 869 | 879 | 889 | 899 | 909 | 919 | 929 | 939 
949 | 959 | 969 | 979 | 988 | 998 |*008 }*018 |*028 [*038 
64 048 058 | 068 | 078 | O88 | 098 | 108 | 118 | 128 | 137 
147 | 157 | 167 | 177 | 187 | 197 | 207 | 217 | 227 | 237 
246 | 256 | 266 | 276 | 286 | 296 | 306 | 316 | 326 | 335 
345 355 | 365 | 375 | 385 | 395 | 404 | 414 | 424 | 434 
444 454 | 464 | 473 | 483 | 493 | 503 | 513 | 523 | 532 
542 | 552 | 562 | 572 | 582 | 591 | 601 | 611 | 621 | 631 
640 650 660 | 670 | 680 | 689 | 699 | 709 | 719 | 729 
738 | 748 | 758 | 768 | 777 | 787 | 797 | 807 | 816 | 826 
836 | 846 | 856 | 865 | 875 | 885 | 895 | 904 | 914 | 924 
933] 943 | 953 | 963 | 972 | 982 | 992 |*002 |*011 [#021 
65 031 040 | 050 | 060 | 070 | 079 | o8s9 | 099 | 108 | 118 
128 137 | 147 157 | 167 | 176 | 186 | 196 | 205 | 215 
225 234 | 244 | 254 | 263 | 273 | 283 | 292 | 302 | 312 
321] 331 | 341 | 350 | 360 | 369 | 379 | 389 398 | 408 
0 1 2 3 6 6 CEM 
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LOGS OF NUMBERS 450—500 9 


Prop. Parts 
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Prop. Parts 


10 
N. 


500 


0 
69 897 


984 
70 070 
157 
243 


329 


415 
501 
586 
672 


757 


842 
927 
71012 
096 


181 


265 
349 
433 
517 


600 


684 
767 
850 
933 
72 016 


099 
181 
263 
346 


500 — 550 


428 


509 
591 
673 
754 
835 


916 
997 
73 078 
159 


0 
2 
3 
4 
+ 
i) 


7 
5 
93 
O1 
09 
17 


239 


320 
400 
480 
560 
640 


cy 
799 
878 
957 


0 


oO 
@ 


DONA wre | 
ONROAMARWNHHO 
tO 09 I OVO ATO 
NOP RWWHO 
WHRAWONW HD 


7 
a Ore 
2/{1.4 
3 | 2.1 
4) 2.8 
5 | 3.5 
6 | 4.2 
7 | 4.9 
8 | 5.6 
9) 6.3 


Prop. Parts 


#, 


LOGS OF NUMBERS 550 — 600 


_—_F<—@_ |__| ___].___| 


671 
747 
823 
899 
974 


76 042 | 050 
118 | 125 
193 | 200 
268 | 275 


343 | 350 
418 | 425 
492 | 500 
567 | 574 
641 | 649 


716 | 723 


790 | 797 
864 | 871 
938 | 945 
77 012 | 019 


085 | 093 
159 | 166 
232 { 240 
305 | 313 
379 | 386 


452 | 459 


525} 532 
597 | 605 
670 | 677 
743 | 750 


—— | ——_—_ | —. ———} ————- 
fF | | 


815] 822 


CONS ER Corr | 


it 
Prop. Parts 
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Prop. Parts 


12 TABLE I 
N. 0 Prop. Parts 
600 |77 815 
01 | 887 
02 | 960 
03 178032 
04} 104 
05 | 176 
o6 | 247 
o7 | 319 
os | 390 
09 | 462 
610 | 533 
11] 604 fie mole 
eal eae 110.81] 0.7 
| Meee 2/1.6|1.4 
3|2.4|21 
15} 888 4/32/28 
514.013.5 
LT Ss 6|4.8| 4.5 
17 |79 029 4 
7|5.6| 4.9 
is | 099 
0 ear 816.415.6 
ee Ee ee ee eee ee 9|7.216.3 
620 239 
21 | 309 
22 | 379 
231} 449 
241 518 
251 588 
26 | 657 
27 | 727 
28} 796 
29 | 865 
630 934 
31 180003 PS 
32 | 072 
33 | 140 ea 
34 | 209 Nang 
35 | 277 4| 2.4 
36 | 346 eae 
37 | 414 ica 
38 | 482 el ee 
Be) 580 9| 5.4 
640 618 “672 | 679 | 
41 | 686 
42 | 754 
43} 821 
44 | 889 
45 | 956 
46 181023 
47 | 090 
48 | 158 
49 | 294 
650] 2911 298 | 305 | 311 | 318 | 305 | aa7 


LOGS OF NUMBERS 650 — 700 13 
Prop. Parts 


697 ; 
763 | 770 | 776 | 783 | 790 | 796 | 803 | 809 | 816 
829 | 836 | 842 | 849 | 856 | 862 | 869 | 875 | 882 
895 | 902 | 908 | 915 | 921 | 928 | 935 | 941 | 948 


961 | 968 | 974 | 981 | 987 | 994 |*000 |*007 |*014 


027 | 033 | 040 | 046 | 053 | 060 | 066 | 073 | 079 
092 | 099 | 105 | 112 | 119 | 125 | 132 | 138 | 145 
158 | 164 | 171 | 178 | 184 | 191 | 197 | 204 | 210 
223 | 230 | 236 | 243 | 249 | 256 | 263.| 269 | 276 
289 | 295 | 302 | 308 | 315 | 321 | 328 | 334 | 341 
354 | 360 | 367 | 373 | 380 | 387 | 393 | 400 | 406 
419 | 426 | 432 | 439 | 445 | 452 | 458 | 465 | 471 


484 | 491 | 497 | 504 | 510 | 517 | 523 | 530 | 536 
549 | 556 | 562 | 569 | 575 | 582 | 588 | 595 | 601 


614 | 620 | 627 | 633 | 640 | 646 | 653 | 659 
u 6 
1|0.7| 0.6 
me ee Ee 
312.1] 1.8 
4|2.8|2.4 
5 |3.5|3.0 
*008 |*014 |*020 [*027 [*033 |*040 |*046 6142136 
065 | 072 | 078 | 085 | 091 | 097 | 104 | 110 714.914.2 
129 | 136 | 142 | 149 | 155 | 161 | 168 | 174 815.6| 4.8 
193 | 200 | 206 | 213 | 219 | 225 | 232 | 238 9163|5.4 


257 | 264 | 270 | 276 | 283 | 289 | 296 | 302 
315} 321 | 327 | 334 | 340 | 347 | 353 | 359 | 366 
385 | 391 | 398 | 404 | 410 | 417 | 423 | 429 
443 | 455 | 461 | 467 | 474 | 480 | 487 | 493 
512'| 518 | 525 | 531 | 537 | 544 | 550 | 556 


Prop. Parts 


14 700 — 750 TABLE I 
N. 0 Prop. Parts 
700 | 84510 
01 572 
02 634 
03 696 
04 757 
05 819 
06 880 
07 942 
08 | 85003 
09 065 
710 126 
ah 187 eg 7-ACS 
12 248 a 
1 | 057: l0e6 
13 | 309 ta ee 
14 d 313.1 }428 
15 431 4 2.8 2.4 
oO .o oO. 
ro ahs 6 |4.2|3.6 
Le}. oe 714.9|42 
18} 612 815.6|4.8 
LEAT ete) 9|6.3|5.4 
720 733 
21 794 
22 854 
23 914 
24 974 
25 | 86034 
26 094 
27 153 
28 213 
29 273 
730 332 
31 392 5 
32 451 es 
33 510 11.05 
34 570 2 1.9 
35 629 4 ahi 
3 688 5] 2.5 
37 747 6 | 3.0 
38 806 7} 335 
39 864 8 | 4.0 
9| 4.5 
740 923 
41 982 
42 | 87 040 
43 099 
44 157 
45 216 
46 274 
47 332 
48 390 
49 448 
750 506 
N. 0 Prop. Parts 


LOGS OF NUMBERS 750 — 800 


———$—$—— | | | ee | ee | ee | a | 


529 
587 
645 
703 
760 
818 
875 
933 
990 
047 


O98 | 104 


161 
218 
275 
332 
389 
446 
502 
559 
615 


672 


728 
734 
840 
897 


953 


9 
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Prop. Parts 


424 
477 


529 
582 
635 


687 
740 
793 
845 
897 


950 


*002 
054 
106 
158 


210 


262 
314 
366 
418 


469 


521 
572 
624 
675 


727 
778 
829 


881 
932 


983 


*007 
059 
111 
163 


215 


267 
319 
371 
423 


474 


526 
578 
629 
681 


732 


783 
834 
886 
937 


988 


16 800 — 850 
N. 0 al a 
800 | 90 309] 314 347 
Ol 363 | 369 401 
02 417} 423 455 
03 4721 477 509 
04 526 | 531 563 
05 580 | 585 617 
06 634 | 639 671 
07 687 | 693 725 
08 741 | 747 779 
09 795 | 800 832 
810 849 | 854 8386 
ila 902 | 907 940 
12 956 | 961 993 
13 191009] 014 046 
14 062 | 068 100 
15 116] 121 153 
16 169 | 174 206 
17 222 | 228 259 
18 275 | 281 312 
19 328 |] 334 365 
820 381] 387 418 
21 434 | 440 471 
22 487 | 492 524 
23 540 | 545 577 
24 593 | 598 630 
25 645 | 651 682 
26 698 | 703 735 
27 751 | 756 787 
28 803 | 808 840 
29 855 | 861 892 
830 908 | 913 944 
31 960 | 965 997 
382 192012] 018 049 
33 065 | 070 101 
34 LEAP 22 153 
35 169 | 174 205 
36 221 | 226 257 
37 273 | 278 309 
38 324] 330 361 
39 376] 381 412 
840 428 | 433 abe 
Al 480 | 485 Bil 
42 531] 536 a 
43 583 | 588 619 
44 634 | 639 670 
45 686 | 691 722 
46 737 | 742 
47 | 788] 793 be 
48 840] 845 875 
49 891} 896 927 
ING 0 1 7 


TABLE I 
Prop. Parts 

6 5 
£1 O62) QS 
>a Ae ha be 
3} 1:8. VS 
4|2.4|2.0 
513.0] 2.5 
6 |3.6 | 3.0 
7 | 4.2 [825 
8 | 4.8 | 4.0 
9|5.414.5 


P 


rop. Parts 


————————————— EP eat | 


LOGS OF NUMBERS 


il pula. s | 4 6)? 18 
850 | 92942] 947 | 952 | 957 973 | 978 | 983 
51 | 993| 998 |*003 |*008 «024 }*029 |*034 
52 193044] 049 | 054 | 059 075 | 080 | 085 
53 | 095] 100 | 105 | 110 125 | 131 | 136 
54 | 146| 151 | 156 | 161 176 | 181 | 186 
55 | 197] 202 | 207 | 212 227 | 232 | 237. 
56 | 247] 252 | 258 | 263 278 | 283 | 288 
57 | 298] 303 | 308 | 313 328 | 334 | 339 
58 | 349] 354 | 359 | 364 379 | 384 | 389 
59 | 399| 404 | 409 | 414 430 | 435 | 440 
860} 450] 455 | 460 | 465 480 | 485 | 490 
61 500] 505 | 510 | 515 531 | 536 | 541. 
62 | 551] 556 | 561 | 566 581 | 586 | 591 
63 | 601] 606 | 611 | 616 631 | 636 | 641 
641 651] 656 | 661 | 666 682 | 687 | 692 
65 | 7021 707 | 712 | 717 727 | 732 | 737 | 742 
66 | 752] 757 | 762 | 767 777 | 782 | 787 | 792 
67 | 802] 807 | 812 | 817 327 | 832 | 837 | 842 
68 | 852] 857 | 862 | 867 877 | 882 | 887 | 892 
69 | 902] 907 | 912 | 917 927 | 932 | 937 | 942 
870 | 952| 957 | 962 | 967 977 | 982 | 987 | 992 
007 | 012 | 017 027 | 032 | 037 | 042 
057 | 062 | 067 077 | 082 | 036 | 091 
106 | 111 | 116 126 | 131 | 136 | 141 
156 | 161 | 166 176 | 181 | 186 | 191 
206 | 211 | 216 226 | 231 | 236 | 240 
255 | 260 | 265 275 | 280 | 285 | 290 
305 | 310 | 315 325 | 330 | 335 | 340 
354 | 359 | 364 374 | 379 | 384 | 389 
404 | 409 | 414 429 | 433 | 438 
453 | 458 | 463 478 | 483 | 488 | 493 
503 | 507 | 512 527 | 532 | 537 | 542 
552 | 557 | 562 576 | 581 | 586 | 591 
601 | 606 | 611 626 | 630 | 635 | 640 
650 | 655 | 660 675 | 680 | 685 | 689 
699 | 704 | 709 724 | 729 | 734 | 738 
748 | 753 | 758 773 | 778 | 783 | 787 
797 | 802 | 807 322 | 327 | 832 | 836 
846 | 851 | 856 871 | 876 | 880 | 885 
895 | 900 | 905 919 | 924 | 929 | 934 
939 | 944 | 949 | 954 | 959 | 963 | 968 | 973 | 978 | 983 
993 | 998 |*002 |*007 *o17 |*022 |*027 |*032 
041 | 046 | 051 | 056 066 | 071 | 075 | 080 
090 | 095 | 100 | 105 114 | 119 | 124 | 129 
139 | 143 | 148 | 153 163 | 168 | 173 | 177 
187 | 192 | 197 | 202 211 | 216 | 221 
2936 | 240 | 245 | 250 260 | 265 | 270 
984 | 289 | 294 | 299 308 | 313 | 318 
332 | 337 | 342 | 347 357 | 361 | 366 
381 | 386 | 390 | 395 405 | 410 | 415 
429 | 434 | 439 | 444 453 | 458 | 463 
1 2 3 4 6 tf 8 


OHI orm coror | 
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Prop. Parts 
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18 

N. 0 ik 2 3 4 5 6 on Prop. Parts 
900 |95424| 429 | 434 | 439 | 444 | 448 | 453 | 458 

01 | 472] 477 | 482 | 487 | 492 | 497 | 501 | 506 

02 | 521 | 525 | 530 | 535 | 540 | 545 | 550 | 554 

03 | 569] 574 | 578 | 583 | 588 | 593 | 598 | 602 

04 | 617] 622 | 626 | 631 | 636 | 641 | 646 | 650 

05 | 665 | 670 | 674 | 679 | 684 | 689 | 694 | 698 

o6 | 713| 718 | 722 | 727 | 732 | 737 | 742 | 746 

07 | 761| 766 | 770 | 775 | 780 | 785 | 789 | 794 

os | 809] 813 | 818 | 823 | 828 | 832 | 837 | 842 

09 | 856] 861 | 866 | 871 | 875 | 880 | 885 | 890 

910 | 904] 909 | 914 | 918 | 923 | 928 | 933 | 938 

11 | 952] 957 | 961 | 966 | 971 | 976 | 980 | 985 

12 | 999 |*004 |*009 |*014 |*019 [#023 |*028 |*033 

13 |96047 | 052 | 057 | 061 | 066 | 071 | 076 | 080 

14] 0951] o99 | 104 | 109 | 114 | 118 | 123 | 128 

15 | 1421147 | 152 | 156 | 161 | 166 | 171 | 175 

16 | 190] 194 | 199 | 204 | 209 | 213 | 218 | 223 

17 | 237| 242 | 246 | 251 | 256 | 261 | 265 | 270 

18 | 284] 289 | 294 | 298 | 303 | 308 | 313 | 317 

19 | 332| 336 | 341 | 346 | 350 | 355 | 360 | 365 

920 | 379] 384 | 388 | 393 | 398 | 402 | 407 | 412 

21] 426| 431 | 435 | 440 | 445 | 450 | 454 | 459 fa Bhd te 
22 | 473| 478 | 483 | 487 | 492 | 497 | 501 | 506 riu.ehou 
23 | 5201 525 | 530 | 534 | 539 | 544 | 548 | 553 sir otee 
24] 567] 572 | 577 | 581 | 586 | 591 | 595 | 600 raed acs 
251 614] 619 | 624 | 628 | 633 | 638 | 642 | 647 4|2.0]1.6 
26 | 661] 666 | 670 | 675 | 680 | 685 | 689 | 694 Habe ee 
27 | 708| 713 | 717 | 722 | 727 | 731 | 736 | 741 vit reac 
28 | 755| 759 | 764 | 769 | 774-1 778 | 783 | 788 Baek 
29 | 802] sos | 811 | 816 | 820 | 825 | 830 | 834 glass 
930 | 848] 853 | 858 | s62 | 867 | 872 | 876 | ssi 

31 | 895] 900 | 904 | 909 | 914 | 918 | 923 | 928 

32 | 942] 946 | 951 | 956 | 960 | 965 | 970 | 974 

33 | 988| 993 | 997 |*002 |*007 }*o11 [#016 |*021 

34 [97035 | 039 | 044 | 049 | 053 | 058 | 063 | 067 

35 | os1| ose | 090 | 095 | 100 | 104 | 109 | 114 

36 | 128| 132 | 137 | 142 | 146 | 151 | 155 | 160 

37 | 174] 179 | 183 | 188 | 192 | 197 | 202 | 206 

38 | 220] 225 | 230 | 234 | 239 | 243 | 248 | 253 

39 | 267] 271 | 276 | 280 | 285 | 290 | 294 | 299 

940} 313] 317 | 322 | 327 | 331 | 336 | 340 | 345 

41] 359] 364 | 368 | 373 | 377 | 382 | 387 | 391 

42 | 405] 410 | 414 | 419 | 424 | 498 | 433 | 437 

43 | 451] 456 | 460 | 465 | 470 | 474 | 479 | 483 

44] 497| 502 | 506 | 511 | 516.| 520 | 525 | 529 

45] 543] 548 | 552 | 557 | 562 | 566 | 571 | 575 

46 | 589] 594 | 598 | 603 | 607 | 612 | 617 | 621 

471 635] 640 | 644 | 649 | 653 | 658 | 663 | 667 

48 | 681] 685 | 690 | 695 | 699.1 704 | 708 | 713 

49} 727] 731 | 736 | 740 | 745 | 749 | 754 | 759 

1950 | 772| 777 | 782 | 786 | 791 | 795 | 800 | 804 

N. 0 1 2 3 4 5 6 uf 8 5 Prop. Parts 


LOGS OF NUMBERS 950 — 1000 19 


if 8 9 


950 | 97772] 777 | 782 | 786 | 791 | 795 | soo | 804 809 | 813 


Prop. Parts 


51] 818] 823 | 827 | 832 | s36 | s4i | 845 | 850 | 855 

52] 864 | 868 | 873 | 877 | ssz | ssa | 891 | 806 | S00 | 90s 
53| 909] 914 | 918 | 923 | 928 | 932 | 937 | 941 | 946 | 950 
54] 955] 959 | 964 | 968 | 973 | 978 | 982 | 987 | 991 | 996 


98 000 | 005 | 009 | 014 | 019 | 023 | 028 | 032 | 037 | 041 


046 | 050 | 055 | 059 | 064 | 068 | 073 | 078 | 082 | 08 

O91 096 | 100 | 105) 109°) 114 1-118 | 123° | 127 ‘3g 
137] 141 | 146 | 150 | 155 | 159 | 164 | 168 | 173 | 177 
182] 186 | 191 | 195 | 200 | 204 | 209 |} 214 | 218 | 223 


232 | 236 | 241 | 245 | 250 | 254 | 259 | 263 | 268 
272 277 | 281 | 286 | 290 | 295 | 299 | 304 | 308 | 313 
318 322 827 | 331 | 356 | 340 | 345 | 349 | 354 | 358 
363 | 367 | 372 | 376 | 381 | 385 | 390 | 394 | 399 | 408 
405 | 412 | 417 | 421 | 426 | 430 | 435 | 439 | 444 | 448 
453 | 457 | 462 | 466 | 471 | 475 | 480 | 484 | 489 | 493 
498 502 | 507 | 511 | 516 | 520 | 525 | 529 | 534 | 538 
543 | 547 | 552 | 556 | 561 | 565 | 570 | 574 | 579 | 583 


68] 588 | 592 | 597 | 601 | 605 | 610 | 614 | 619 | 623 | 628 
69| 632] 637 | 641 | 646 | 650 | 655 | 659 | 664 | 668 | 673 
970| 677| 682 | 686 | 691 | 695 | 700 | 704 | 709 | 713 | 717 
71] 722] 726 | 731 | 735 | 740 | 744 | 749 | 753 758 | 762 5 | 4 
72| 767] 771 | 776 | 780 | 784 | 789 | 793 | 798 | 802 | 807 [7 |p elo 4 
73} 811] 816 | 820 | 825 | 829 | 834 | 838 | 843 | 847 | 851 | 2] 9-5 | 0-8 
741 856| 860 | 865 | 869 | 874 | 878 | 883 | 887 | 892 | 896 He i 
751 900] 905 | 909 | 914 | 918 | 923 | 927 | 932 | 936 | 941 | 4] 2.0] 1.6 
76] 945| 949 | 954 | 958 | 963 | 967 | 972 | 976 | 981 | 985 | 2 | 3:31 3:9 
77} 989] 994 | 998 |*003 |*007 |*012 }*016 |*021 |*025 |*029 | 7 | 3's | 98 
78199034] 038 | 043 | 047 | 052 | 056 | 061 | 065 | 069 | 074 | 2] 4°9 | 3'5 
79] 078] 083 | 087 | 092 | 096 | 100 | 105 | 109 | 114 | 118 | 9 | 4'5 13/6 
980] 123] 127 | 131 | 136 | 140 | 145 | 149 | 154 | 158 | 162 
s1/ 167] 171 | 176 | 180 | 185 | 189 | 193 | 198 | 202 | 207 
821 211] 216 | 220 | 224 | 229 | 233 | 238 | 242 | 247 | 251 
831 255| 260 | 264 | 269 | 273 | 277 | 282 | 286 | 291 | 295 
841 300] 304 | 308 | 313 | 317 | 322 | 326 | 330 | 335 | 339 
851 344] 348 | 352 | 357 | 361 | 366 | 370 | 374 | 379 | 383 
861 388] 392 | 396 | 401 | 405 | 410 | 414 | 419 | 423 | 427 


87 432 | 436 | 441 | 445 | 449 | 454 | 458 | 463 | 467 | 471 
88 476 | 480 | 484 | 489 | 493 | 498 | 502 | 506 | 511 | 515 
89 520 | 524 | 528 | 533 | 537 | 542 | 546 | 550 | 555 | 559 


5641 568 | 572 | 577 | 581 | 585 | 590 | 594 | 599 | 603 


607 | 612 | 616 | 621 | 625 | 629 | 634 | 638 | 642 | 647 


91 

92 651} 656 | 660 | 664 | 669 | 673 | 677 | 682 | 686 | 691 
93 695 | 699 | 704 | 708 | 712 | 717 | 721 | 726 | 730 | 734 
94 739 | 743 | 747 | 752 | 756 | 760 | 765 | 769 | 774 | 778 


782 | 787 | 791 | 795 | 800 | 804 | 808 | 813 | 817 | 822 


95 
96 326 | 830 | 835 | 839 | 843 | 848 | 852 | 856 861 | 865 
97 870 | 874 | 878 | 883 | 887 | 891 | 896 | 900 904 | 909 
98 913 | 917 | 922 | 926 | 930 | 935 939 | 944 | 948 | 952 
99 957 | 961 | 965 | 970 | 974 | 978 983 | 987 | 991 | 996 
1000 | 00 000 | 004 | 009 | 013 | 017 022 | 026 | 030 | 035 | 03 
0 i 2 3 4 5 6 7 8 9 Prop. Parts 


20 ° Natural (Napierian) Logarithms of Prime Numbers 


For other numbers combine these, or use the formula 


loge N = (loge 10) (logy N) = 2-logy N = 2.30258509 logue N. 
loen (57) = logy) (2.30258509) = 0.36221569. 


loge = 1.14472989. 


Useful Constants and Their Logarithms 


N Logio N 
gist iin (2 + ‘y- 2.718 2813 0.434 2945 
z=c0 
M = logye = 0.434 2945 9.637 7843 — 10 
1 Jno se : 
a loge 10 = 2.302 5851 0.362 2157 
eS REE Sey 0.497 1499 
1 _ 9.318 3099 9.502 8501 — 10 
wv 
180 : : ae 
ogi degrees in 1 radian = 57.295 7795 1.758 1226 
ail = radians in 1° = 0.017 4533 8.241 8774 — 10 


TABLE II 


LOGARITHMS 
OF THE 


TRIGONOMETRIC FUNCTIONS 


TO 


- . FIVE DECIMAL PLACES 


a 


——- SS ~~. 


De, 0° 
' |Log Sin| d |Log Tan! c d |Log Cot |Log Cos 
76 off eee 0.00 000 
1 |6.46 373 6.46 373 3.53 627|0.00 000 
2 16.76 476|°0. 16.76 476|°9103 13.93 524|0.00 000] : 
3 |6.94 085|17009 |6.94 085|17602 13.05 915|0.00 000 
4 |7.06 579 pee 7.06 579 ca 2.93 421|0.00 000} 5 
5 |7.16 270 7.16 270| _. |2.83 730/0.00 000 
6 |7.24 188] 7918 |7.24 188] 7918 |2:75 812\0.00 000] 5 
7 |7.30 882| 9694 |7'30 sg2| 68% |5'69 11810.00 000] 5 
8 17.36 682| 58° |7.36 682] 580 |2'63 318]0.00 000] 5 
9 |7.41 797 ye 7.41797 i. 2.58 2030.00 000) 5 
10 |7.46 373 7.46 373 2.53 627|0.00 000 
11 17.50 512| 4189 17.50 512] 4189 [2.49 488/0.00 000 
12 17.54 291| 2779 |7'54 291] 2779 19:45 709|0.00 000 
13 |7.57 767| 347 |7.57 767| 3478 [49 2310.00 000 
14 |7.60 985] 5°°3 |7.60 986] $°°° |2.39 014/0.00 000 
15 |7.63 982] ..,, |7-63 982] ,.., [2-36 018|0.00 000 
16 |7.66 784| 2802 |7 66 785 mics 2.33 215|0.00 000 
17 |7.69 417| 5633 (7.69 418) 2885 |2.30 582|9.99 999 
18 [7.71 900| 5283 [7.71 900) 238° [2.28 100/9.99 999 
19 |7.74 248] 5358 [7.74 248| 5358 [2.25 752|9.99 999 
20 |7.76 475 7.76.476| ,. |2.23 524/9.99 999 
21 |7.78 594| 2119 |7.78 595] 2119 Ip.21 405|9.99 999 
22 |7.80 615] 2921 |7.80 615] 2929 12.19 385|9.99 999 
23 |7.82 545 ie 7.82 546 nie 2.17 454/9.99 999 
24 \7.84 393] [773 |7.84 394 ae 2.15 606/9.99 999 
25 |7.86 166] |, |7.86 167| |... |2.13 833]9.99 999 
26 17.87 870| 174 17.37 871] 1794 |2.12 129|9.99 999): 
27 17.89 509| 1689 }7.g9 510} 1639 12.10 490)9.99 999] 3 
28 |7.91 088) 1579 17/91 oso} 1579 |2:08 9119.99 999] 3: 
29 |7.92 612 Se 7.92 613 ee 2.07 387\9.99 998 
30 |7.94 084] |... |7.94086| | |2.05 914/9.99 998 
31 |7.95 508] 1424 17.95 510] 1424 [2.04 490] ).99 998) 2 
32 |7.96 887| 1379 7.96 sso] 1879 J9.03 111/9.99 9981 ; 
33 |7.98 223) 1286 17.98 995] 1336 |9'01 775|).99 998] < 
34 [7.99 520] 158) (7.99 522) 107 [2.00 478|9.99 998] 2 
35 |8.00 779]... |8.00781| _. |1.99 21919.99 998 
36 {8.02 002] 1228 |s.02 004| 1223 11.97 996|9.99 998 
37 |8.03 192) 149 |g 93 194] 1499 |7 96 s06|9.99 997] < 
38 [8.04 350] 1158 8.04 353] 1159 |1'95 647|9.99 997| 2 
39 [8.05 478) 1155 [8.05 481 ae 1.94 519]9.99 997] 2 
40 8.06578] _- |s.06581| __ 11.93 41919.99 997 
41 |8.07 650 ae 8.07 653] 1972 11.92 347|9.99 997 
42 |8.08 696] 15,5 [8.08 700] 19%" 11.91 300|9.99 997 
43 |8.09 718] 1022 3.09 722] 1022 |1'909 27819.99 997 
44 18.10 717 ae 8.10 720 a 1.89 280]9.99 996 
45 8.11 693} .., [8.11696] ... |1.88 304/9.99 996 
46 [8.12 647| 0% [8.12 651| 9 11.87 349/9.99 996 
47 [8.13 581) OFF [8.13 585] 93 11.86 415|9.99 996 
48 |8.14 495 8.14500] 915 11.85 500|9.99 996 
49 ]8.15 391] 9° |8.15 395 Sra [1-84 6059.99 996 
i 
50 |8.16 268)... [8.16 273] .. 11.83 727/9.99 995 
51 (8.17 128 8.17 133] 889 |1 89 367\9.99 995 
52 |8.17971| 84 |8.17976| 843 189 02419.99 995 
53 [8.18 798] S7 [8.18 804] &°8 [181 196/9.99 995 
54 [8.19610] 5” |8.19 616 oe 1.80 384|9.99 995 
65 |8.20407| ,.. js.20413] -” |1.79 587\9.99 904 
56 {8.21 189] £* |8.91 195] 782 |1.78 80519.99 994 
57 |8.21 958] 789 |g'201 964] 769 11:78 03619.99 904 
58 |8.22713) 73 |8.22 720] 758 11'77 280/9.99 994 
59 [8.23 456] 748 |8.23 462 is: 1.76 5389.99 994 
60 |8.24 186 8.24 192 1.75 808]9.99 993 


Log Cos! d ILogCot!l cd 


Log Tan! Log Sin 


OrNWhA DIWO 


TABLE II _ 


Interpolation for Log Sin and 
Log Tan of Small Angles 
and for Leg Cos and Log Cot 
of Large Angles. 


When ordinary interpolation 
is not sufficiently accurate, 


For Small Angles, 
Let N = No. of Minutes in 6. 
Then 
logsine =logN +S — 10, 
logtane =logN +T —10. 
For Large Angles, 


Let N = No. of Minutes in 
(90° — 49): 

Then 

logeos@ =logN +8 —10, 
log cots =logN +T —10. 


Find log N from Table I, and 
find § and T below. 


N SS) N S) 
0’— 13/16.46373||129’—134’|6.46362 
14’— 42’ —72)/135'140'| 61 
43'— 58'| . _71\/141'—-146'| 60 
59’— 71'|6.46370||147’—151 '|6.46359 
72'— 81‘! 69||152’—157)_ 58 
82’— 91'| — 68I|158’—162"| 57 
92'— 99'|6.46367 |163’—167'|6.46356 
100’—107'|  66\|168’—171| 55 
108’—-115'| _65||172’176'| 54 
116’—121'|6.46364|/177/—180'|6.46353 
122’—128/| 63 
i 
N 8 N 4k 
o’— oerl6.40073 128’—130’|6.46393 
27’— 39’| —74|1131’—133'] 94 
40’— 48] —_75/|134’—136’| 95 
49’— 56'|6.46376||137’—139’|6.46396 
57’— 63’| —77||140’—142’] 97 
64’— 69’] —_78|/143’—145'| 98 
70’— 74'|6.46379||146’—148'|6.46399 
75’— 80’| —80|/149’—150’|6.46400 
81/— 85'| —_81|151’—153/| ot 
86'— 89/16.46382)|154’—156'|6.46402 
90’— 94’] -83/|157’—158'] 03 
95’— 98’ —84||159’—161'| 04 
99’—102’|6.46385)|162’/—163’|6.46405 
103’—106'| —-86||164’—166’} 08 
107’—110'] _87/|167’—168’| 07 
111’—113’|6.46388||169’—171'|6.46408 
114’—117'] —-89||172’-173’| a9 
118’—120'] _90||174’175'| 10 
121’—124"/6.46391||176’—178’|6.46411 
| 125'-127")-92|!179’—180'|6.46412 


LOGS OF FUNCTIONS 


a 
NRO OMNIA porno ex 


a 
mw 


wiyityty Wb 
OOMMY On 
SERENE 

“I 


DONNA AUR WHNHRS 


NNwKY FOOUMS 
a wooo ood 
— 
or) 


8.54 282 


Log Cos 


8.24 910 


wold WO 


INTHE 0100 
wa) 


w 
cm] 
~) 


OPW WNHNH OS COOMHN ADer 
~ 
Noe 


0000 00.0000 CDM MOD00 MOMMOO COMO 
winoww wWwwww wuviiy byiyly 


ie) 
or 
on 
& < 
wo 


8.44 156 
8.44 611 
8.45 061 
8.45 507 
8.45 948 
8.46 385 
8.46 817 


9 729 


0 920 


— 
gS 
lon) 


4 
4 
8.4 
3.49 
3.0 
.50 527 
we) 
3.5 
3.5 
a) 
5 
a9) 


cd 


718 
706 
696 
684 
673 
663 
654 
643 
634 
625 
617 
607 
599 
591 
584 


oo 
568 
561 
553 
546 
540 
533 


527 


| 520 


514 
509 
502 
496 
491 
486 
480 
475 
470 
464 
460 
455 
450 
446 
441 
437 
432 
428 
424 
420 
416 


412 
408 
404 
401 
397 


393 
390 
386 
383 
380 


376 
373 
370 
367 
363 


cd 


ii 


Log Cot 


LORE N Www 
vs) 
(es) 
me 


POMD ORAS OUNAIN YY 
OAIIHS © 
00 
0 
G0 


2D AAO 


ul 


COO FRENNW WHhRUOD 
2 SToo 
ra 
ari 


OC 


1.46 422 
1.46 055 


1.45 692 


Log Tan 


88° 


Log Cos 


9.99 993 
9.99 993 
9:99/993 
9.99 992 


to 
ie) 
Ne) 
anes 

bo 


(99 992 
-99 992 
“99992 
-99 991 


.99 991 
.99 991 
99 990 
9.99 990 
9.99 990 
9.99 990 
9.99 989 
9.99 989 
9.99 989 
9.99 989 
9.99 988 
9.99 988 
9.99 988 
9.99 987 
9.99 987 
9.99 987 
9.99 986 
9.99 986 
9.99 986 
9.99 985 
9.99 985 
9.99 985 
9.99 984 


see we ee woooo 
Rekofre) DODO 


9.99 984. | 


9.99 984 
9.99 983 
9.99 983 
9.99 983 
9.99 982 
9.99 982 
9.99 982 
9.99 981 
9.99 981 
9.99 981 
9.99 980 
9.99 980 
9.99 979 
9.99 979 
9.99 979 
9.99 978 
9.99 978 
9.99 977 
9.99 977 


9.99 993 


HIS rH cv bo| 


EF 


© GONIC? Ore CO DO 


OOS CrP 69 t9| 


DO CONTR Or COLO 


OOWS Or CLO 


CONS TP cn 


368 360 352 344 
414 405 396 387 
410 400 395 390 


336 
378 


385 


WO OONTM Or CW LO 


82 80 79.0 78 
123 120 118.5 117 
164 160 158.0 156 
205 200 197.5 195 
246 240 237.0 234 
287 280 276.5 273 
328 320 316.0 312 
369 360 355.5 351 
365 


OWAID Or COO 


77.0 
115.5 
154.0 
192.5 
231.0 
269.5 
308.0 
346.5 


360 


4 73.0 72 

109.5 108 
146.0 144 
5 182.5 180 
2190 216 
255.5 252 
} 292.0 288 


333 328.5 324 


pip, Parts 


Log Sin 
8.54 282 


(ee) 
oor 
a 
om 
oe 
On 


55 354 


COON NNOQO 


No ntn Moat Oro 


8.71 880 
Log Cos 


Log Tan 
< |B 3T 305 
300 | 8.54 669 
357 | 8.55 027 
355 | 8 '55 382 
331 | 8.55 734 
8.56 083 
38 | 8.56 429 
343 | 8°56 773 
al | 8.57 114 
337 | 8.57 452 
399 | 8-57 788 
32 18.58 121 
398 8.58 451 
325 | 8-58 779 
393 8.59 105 
8.59 428 
sis [8-59 749 
ate | 8.60 068 
318 | 8.60 384 
31, | 8-60 698 
8.61 009 
a | 8-61 319 
307 | 8.61 626 
305 | 8.61 931 
aN, | 8.62 234 
8.62 535 
soe | 8-62 834 
206 | 8.63 131 
sag | 8-63 426 
399 | 8:63 718 
ogg | 8-64 009 
ose | 8.64 298 
aay | 8.64 585 
28 | 8-64 870 
oe, | 8.65 154 
8.65 435 
9 
aay [8.65 715 
oye | 8-65 993 
se | 8.66 269 
ay | 8-66 543 
8.66 816 
art | 8.67 087 
oer | 8-67 356 
363 | 8-67 890 
8.68 154 
288 | 8.68 417 
oso | 8-68 678 
see | 8-68 938 
55g | 8-69 196 
8.69 453 
255 [8.69 708 
see | 8-69 962 
a [8-70 214 
519 | 8-70 465 


8.71 453 
8.71 697 


8.71 940 
Log Cot |c d | Log Tan 


s Oma 


PI NN 


bop bt 
lor 
o 


60 


-35 130 
34 846 
84 565 
34 285 
-34 007 
03 731 
33 457 
33 184 
32 913 


(29 786 


1.28 060 


QT 


9.99 969 
9.99 968 
9.99 968 
9.99 967 
9.99 967 


2 | 9.99 958 


9.99 958 
9.99 957 
9.99 956 


9.99 956 
9.99 955 
9.99 955 
9.99 954 
9.99 954 
9.99 953 
9.99 952 


NoWelolive) 
Yo) 
Ne} 
rs 
a 


oo © 
Ke) 
Ke) 
He 
is 


9 943 
9.99 942 
9.99 942 
9.99 941 


9.99 940 
Log Sin 


TABLE II 


€ GO NIM Or CL DOD 


CO CO NID Cry CO DD 


CO CONTR Or CO DO 


Prop. Parts 


LOGS OF FUNCTIONS 


ah = 


OOBNAH Pw 


eS shit sl lesions esoer~saseesesionsanap dealin 


G0 00.00.0000 0000006000 G00 000000 GODDAM GD HAMM HHMAH MO 


NINN SSS SSS SSS yy 


SCOOOD COMMO CONAN NY 
Pepene e Fj ° 
be 
ee 


8.84 358 


8.72 359 


-74 226 


451 


NOD HOO Crp 
50 . f 
= 
or 


8.83 996 
8.84177 


Log Cos 


30 


86° 


Log Cos 


9.99 940 


9.99 940 
9.99 939 
9.99 938 
-99 938 
.99 937 
-99 936 
99 936 
-99 935 
-99 934 


-99 934 
-99 933 
-99 932 


‘99 931 


-99 930 
929 
:99 929 
99 928 
99 927 


-99 926 
-99 926 


CD ODDDM 


Ne) 
ve) 
NETS 
bo b 


We} 


COO OOOOSd COOOO woonooo weooos © 
WO WWDODOO ODDOHO OO 


to 
Ne} 
O¢ 
bo 
pear 


9.99 920 
9.99 920 


9.99 919 
9.99 918 
9.99 917 
9.99 917 
9.99 916 


9.99 915 
9.99 914 
9.99 913 
9.99 913 
9.99 912 


9.99 911 
9.99 910 
9.99 909 
9.99 909 
9.99 908 


9.99 907 
9.99 906 
9.99 905 
9.99 904 
9.99 904 
9.99 903 
9.99 902 
9.99 901 

9.99 900 
9.99 899 


9.99 898 
9.99 898 
9.99 897 
9.99 896 
9.99 895 


9.99 894 


Log Sin| d |Log Tan cd Log Cot 
8.71 940 T.28 000 
249 [8-71 94 
aaa | Scz2 Isl ou 1.27 819 
pag {8-72 420| Seq | 1.27 580 
937 [8-72 659 | Sor | 1.27 341 
935 | 8-72 896 | 540 | 1.27 104 
8.73 132 1.26 868 
a eae 
339 | 8-73 366 | do4 | 1.26 634 
332 [8.73 600] 335 | 1.26 400 
230 | 8-73 832) 93; | 1.26 168 
309 | 8-74.063 | 355 | 1.25 937 
8.74 292] 59 | 1.25 708 
pea 
906 | 8-74 521 | dor | 1.25479 
996 | 8-74 748 | don | 1.25 252 
p04 |8-74974| doe | 1.25 026 
303 | 8-75 199] 350 | 1.24 801 
8.75 423 | 555 | 1.24577 
222 |=" ~ = 
909 | 8-75 645 | do9 | 1.24355 
509 | 8-75 867 | sor | 1.24 133 
219 |8-76.087 | 519 | 1.23913 
317 |8-76 306 | 514 | 1.23 694 
o1¢ | 8-76 525] 917 | 1.23475 
ore | 8-76 742 | sin | 1.23 258 
siz | 8.76 958| Sre | 1.23 042 
213 | 8-77 173) oy4 | 1.22 827 
912 | 8-77 387 | 9513 | 1.22 613 
8.77 600 1.22 400 
2 
aie LEeTT OLE) o,, | 422189 
509 | 8-78 022 | 515 | 1.21978 
og | 8-78 232 | dno | 1.21 768 
woe | 8.78441 | avg | 1.21 559 
8.78 649 1.21351 
soe | 8.78855] are | 1.21 145 
sna | 8-79 061] Sys | 1.20 939 
0g | 8-79 266 | Spe | 1.20734 
abe | 8:79.470 | 5p3 | 1-20 530 
8.79 673 | ono | 1.20327 
20" | 8.79 875| Spr | 1.20 125 
toy | 8.80076 | Spy | 1-19 924 
1 LS BO27T | sep | 1.19728 
ipy |8-80476| jog | 1.19524 
8.80 674 1.19 326 
toy (B07 Gee |4-19-128 
196 | 8.81 068 | jog | 1.18 932 
ten | 8.81 264 395 | 1-18 736 
10" [8.81459] jog | 1-18 541 
8.81 653 1.18 347 
182 | 8.81 846] too | 1.18 154 
10? | 8.82 038| j99 | 1-17 962 
Te {S82 230) sa:| LAT 770 
Fe e220 a5 ae 
8.82 610 1.17 39 
188 | 3'82799| ig | 1.17 201 
187 | 8.82 987 | jg | 1-17 013 
187 | 8.83175 | ig¢ | 1-16 825 
ge | S188 9601 G5 are 
8.83 547 1.16 45 
184 | 8.83 732 | jg | 1-16 268 
183 | 3183 916| tgq | 1-16 084 
183 | 8'84 100] tgp. | 1-15 900 
181 | 3°84 282 | jg | 1-15 718 
8.84 464 1.15 536 
d |Log Cot! cd |Log Tan! Log Sin 


241 


Prop. Parts 


239 


237 


CO OONTH Or CObD 


| 48.2 


47.8 
71.7 
95.6 
119.5 
143.4 


235 


© CONTI Or CO DO 


WO COONT RS OH DO 


CO COSTS Or COLO 


COONMP Wt 


CO CONTR CrP W bO 


COONS OrP LO 


CO NI? Or} Co bo 


111.6 
130.2 
148.8 
167.4 


110.4 
128.8 
147.2 
165.6 


Prop. Parts 


8.94 030 


vey 
o 
Qo 
og) 
© 
" 


WO OODOO OOOOO 
as 
Hes 
rea 


WW WWNWNWhN WWb 


8. ‘93 885 


Log Cos 


Log Tan 


8.84 464 


8.84 646 
8.84 826 
8.85 006 
8.80 185 
8.85 363 
8.85 540 
8.85 717 
8.85 893 
8.86 069 


8.86 243 
8.86 417 
8.86 591 
8.86 763 
8.86 935 


88 287 
88 453 
88 618 


88 783 
88 948 
89111 
89 274 
.89 437 


.89 598 
.89 760 
.89 920 
-90 OSO 
-90 240 
8.90 399 
3.90 557 
90715 
.90 872 
.91 029 
8.91 185 
8.91 340 
8.91 495 
8.91 650 
8.91 803 
8.91 957 
8.92 110 
8.92 262 
8.92 414 
8.92 565 


peer A Dopo mDnmmm mnwnand 


DKS 


ed ae 


8.92 716 
8.92 866 
8.93 016 
8.93 165 
8.93 313 
8.93 462 
8.93 609 
8.93 756 
8.93 903 
8.94 049 


8.94 195 


Log Cot 


4° 


C8 Log Cot 
1.15 536 
ro 1.15 354 
isp foto 878 
179 | 1-14.994 
17g | 1-14.815 
t77 | 1-14 637 
a 1114 460 
17 | 1-14 283 
176 | 1-14 107 
C 
174 | 1-13 931 
1.13 757 
ig | 1.13 583 
179 | 1-13 409 
179 | 1-13 237 
171 | 1-13 065 
‘ 
_, |1.12 894 
Eo diez 
jeg (do See 
169 1.12 384 
seg | 22215 
, | 1.12 047 
Jey | 1-11 880 
166 1 Ho: 
eed Ws Sey 
rey pL-akSSe 
1.11217 
ey | 1-11 052 
163 | 1-10 889 
7?) 
ige | 240726 
161 1.10 563 
162 | 1-10 402 
10 | 1-10 240 
160 1.10 OSO 
189 | 1-09 920 
139 | 1-09 760 
x. | 1.09 601 
og | 1.09 443 
157 1.09 285 
157 1.09 128 
156 1.08 971 
1.08 815 
12 | 1.08 660 
155 1.08 505 
133 | 1-08 350 
134 | 1-08 197 
1.08 043 
os 1.07 890 
a (LOT es 
131 | 1-07 586 
151 | 1-07 485 
ey | L.O7 284 
seg |aOx tae 
119 | 1-06 984 
14g | 1-06 835 
149 | 1-06 687 
1.06 538 
147 
147 | 1-06'30% 
147 | 1-06 244 
145 | 1-06 097 
146 1.05 951 
1.05 805 
Log Tan 


Log Cos 


9.99 894 
9.99 893 
9.99 892 
9.99 $91 
9.99 891 
9.99 890 
9.99 889 

9.99 888 
9.99 887 
9.99 886 


9.99 885 
9.99 884 
9.99 883 
9.99 882 

9.99 881 
9.99 880 
9.99 879 
9.99 879 
9.99 878 
9.99 877 

9.99 876 
9 998 
9.99 
9.99 
9.998 
9.99 871 
9.99 870 
9.99 869 
9.99 868 
9.99 867 
9.99 866 
9.99 865 
9.99 864 
9.99 863 
9.99 862 
9.99 861 
9.99 860 
9.99 859 


875 
74 
373 

o 
72 


9.99 854 
9.99 853 
9.99 852 


9.99 851 
9.99 850 
9.99 848 
9.99 847 
9.99 846 


SWIG GU 09 to| 


© WI OHHH o9 b9| 


TABLE It 


Prop. Parts 
181 iso 


36.0 
54.0 
72.0 
90.0 
108.0 
126.0 
144.0 
162.0 


176 
4 35.2 


DO OID Ore Wb 


arene 


179 
35.8 


CO NIG? Or Co tO 


CO CONT Or CO DO 


WIG oH 9 ty] 


33.2 33.0 32.8 
49.8 49.5 49.2 
66.4 66.0 65.6 
83.0 82.5 82.0 
99.6 99.0 98.4 
116.2 115.5 114.8 
132.8 132.0 131.2 
149.4 148.5 147.6 
32.4 32.2 32.0 
48.6 48.3 48.0 
64.8 644 64.0 
81.0 80.5 80.0 
97.2 96.6 96.0 
113.4 112.7 112.0 
129.6 128.8 128.0 
145.8 144.9 144.0 
158 


15% 156) 95155) 
31.6 31.4 31.2 31.0 
47.4 47.1 46.8 46.5 
63.2 62.8 62.4 62.0 
79.0 78.5 78.0 77.5 
94.8 94.2 93.6 93.0 
110.6 109.9 109.2 108.5 
126.4 125.6 124.8 124.0 
142.2 141.38 140.4 139.5 


[> PNWWPROI ONTO 


2) 30.8 30.6 30.4 30.2 
3| 46.2 45.9 45.6 45.3 
4] 61.6 61.2 60.8 60.4 
Oo 22.0" 2620 (726.099 oS 
6) 92.4 91.8 91.2 90.6 
7 | 107.8 107.1 106.4 105.7 
8 | 123.2 122.4 121.6 120.8 
9 | 138.6 137.7 136.8 135.9 


Prop. Parts 


LOGS OF FUNCTIONS 5° 27 
’ |Log Sin| d |Log Tan} c d| Log Cot | Log Cos Prop. Parts 
O | 8.94030 | 144 | 8.94195) 44. | 1.05 805 | 9.99 834] 60 |__| 1501491484 
1 | 8.94174] 343 | 8.94340) 4° | 1.05 660 | 9.99 833| 59 [2130.0 29.8 39.6 204 
2 | 8.94317] 344 |8-94485| 142 | 1.05515 /9.99 832] 58 ]3| 450 447 444 441 
3 | 8.94461) j49 | 8.94 630) 343 | 1.05 370 | 9.99 831 | 57 | F| 60.0 506 59.2 58.8 
4 |8.94 603 | 143 | 8.94773 | 144 | 1-05 227|9.99 830| 56 | 5| 75.9 745 740 73.5 
5 | 8.94746 141 8.94 917 143 1.05 083 | 9.99 829] 55 | 7/| 105.0 104.3 103.6 102.9 
6 | 8.94887] j45 | 8-95 060 | 545 | 1.04940 | 9.99 828} 54 | 8 | 120.0 119.2 118.4 117.6 
7 |8.95029| 1H [8.95 202] Tf | 1.04798 | 9.99 827 | 53 | 9! 135.0 134.1 133.2 132.3 
8 |8.95170| ff) | 8.95344] Ti | 1.04656 /9.99825| 52 |_| 146 14514414 
9 |8.95 310 8.95 486 | 77, | 1.04514| 9.99 824] 51 | 2] 20.2 29.0 28.8 28.6 
s 149 PR iy es ~, |3| 438 43.5 43.2 42.9 
10 8.95 450 139 8.95 627 140 1.04 373 | 9.99 823| 50 | 4] 584 58.0 57.6 57.2 
11 | 8.95 589 139 $8.95 767 141 1.04 233 | 9.99 822] 49 15 20 25. 20 715 
12 | 8.95 728 139 8.95 908 139 1.04 092 | 9.99 821] 48 | 6] 87.6 87.0 86.4 85.8 
13 | 8.95 867} 33g | 8.96047 | 149 | 1.03 953 | 9.99 820] 47 | 7] 1022 101.5 100.8 100.1 
14 |8.96.005 | 33g | 8.96 187] 3g | 1-03 813 |9.99819| 46 | 8) Uh8 1189 2 1188 
15 | 8.96 143] 45, | 8.96325] 439 | 1.03675 | 9.99 817] 45 142 141 140 139 
16 | 8.96 280] 15> | 8.96464] j5¢ | 1-03 536 | 9.99 816| 44 8 
17 |8.96 417] 13” | 8:46 602| 138 |1.03398|9:99815| 43 |3| 4.6 423 480 417 
18 |8.96 553] 73. |8.96 739] 75. | 1-03 261]9.99814] 42] 4] 56.8 56.4 56.0 55.6 
19 |8.96 689 | 22° | 8:96 877| 138 | 1.03 123} 9.99813] 41 [5] 710 70.5 70.0 69.5 
Ki non Om oh CR 6| 85.2 84.6 84.0 83.4 
20 |8.96 825] 43, | 8.97 013] 437 | 1.02 987 9.99812] 40] 7| 994 98:7 98.0 97.3 
21 | 8.96 960] 435 8.97 150 | 45 1.02 850 | 9.99 810} 39 | 8} 113.6 112.8 112.0 111.2 
22 18.97 095 134 8.97 285 136 1.02 715 |9.99 SO9] 38 | 9 | 127.8 126.9 126.0 125.1 
23 |8.97229| 134 |8-97 421] 33, | 1.02 579 | 9.99 808 | 37 133 137 136 135 
24 | 8.97 363 | 335 [8.97 556 | 435 | 1.02444] 9.99 807| 36 |e \"o76 274 27.2 27.0 
2 g740al|... {2 3} 414 411 40.8 40.5 
25 |8.97 496] 19 |8.97 691] 19, | 1:02309|9.99806| 35) 3) HS fit ae ahs 
26 | 8.97 629] 333 |8.97 825] j34 | 1-02175]9.99804] 34] 5] G50 68:5 680 67.5 
27 |8.97 762 | 135 | 8-97 959 193 | 1-02 041 | 9.99 803] 33 | 6] 82:8 82.2 81.6 81.0 
28 | 8.97 894] j35 | 8.98 092 133 1.01 908 | 9.99 802] 32 ]7| 96.6 95.9 06.2 jae 
; $.98 026.) 35, |8.98225 | 70 .01 775 | 9.99 801] 31 | 8 | 110.4 109.6 108. k 
29 |8.98026] 33, |8-98225| 133 |1-01775 801] 31] | 1104 109.6 108.8 108.0 
30 | 8.98 157 8.98 358| 4.5 | 1.01 642 | 9.99 800] 30 
31 18.98 288| 1°! 1 3’93.490| 12 | 1.01510| 9.99 798| 29 |_|-184_ 188 _82 _181 
ete ee | 182 in ema la a0'797| og 12 | oe 200. 264 262 
2 |8.98419 8.98 622 1.01378 | 9.99 797 | 28 
Be | Oo ety 180 | S00 on4 | 131 | 191 547 19.90706| 27 1 3| 40:2 39:2 99.6 308 
34 18.98 679] |. 8.98 884] 75, |1.01116]9.99 795| 26 15] 67.0 66.5 66.0 65.5 
129 ~ | it é 793] 25 | 6| 80-4 79.8 79.2 78.6 
35 | 8.98 808) 499 | 8-99 015 | 439 | 1.00 985 | 9.98 783 7| 93.8 93.1 924 917 
36 18.98937| 129 |8.99 145] 12° | 1.00855] 9.99 792] 24 | | 075 1064 105°6 104.8 
37 | 8.99 066 nd 8.99 275 30 1.00 725] 9.99 791] 23 | 9 | 190.6 119.7 118.8 117.9 
38 |8.99194| 28 | 8.99405 13) |1.00595| 9.99790] 22 |”) 459 99 128127 
10 |8.09450| 2 le.o000| “2: |s.00335|9.09787| 90 [2| eo By ee 
40 | 8.99 450 | 127 | 8-35 201 | 29} 1.00209| 9.99 786| 19} 4| 520 510 512 50.8 
42 |8.99 704| 1271399 919| 123 |1.00081|9.99785| 18 | >| 959 G8 Gk0 635 
43 (8.99 830 | 2°] 9.00046] 12% | 0.99 954] 9.99 783] 17 1 7 | oro a soma 
44 |8.99956| top | 9-00 174 | jo7 | 0.99 826] 9.99782] 16 | g| 104.0 103.2 1024 101.6 
45 |9.00082| ... |9.00301 0.99 699|9.99 781 | 16 | 9! 117.0 116.1 115.2 114.3 
46 | 9.00 207 | 12° | 9.00 427] 15° | 0.99 573 | 9.99 780| 14 126 125 124128 
9:00 332 | 12519100553 | 12° |0.99447|9.99778| 13 [2| 25.2 25.0 24.8 246 
4s [9:00 436| 2 | 9.00679 P| ogy 821 OO0777| WA 8 8L8: BEGs 12 a ae) 
Diy eae GS a, : = ; 4| 50. i ; ie 
49 |9.00 581] t>9 |9-00805| j55 | 0.99 195 page i is Bs 20 its 
50 | 9.00 704} 194 | 9-00 930} 495 | 0-99 070 | one 3 7| 88.2 87.5 86.8 86.1 
51 19.00 828] 3. 9.01 055 104 0.98 945 19.99 773 9 §| 100.8 1000 99.2 984 
52 |9.00951| jos [9.01179] yo, [0.98821] 9.99772) 8 19 | isa iua5 111.6 110.7 
53 19.01 074| 222 19.01 303| 15, | 0-98 697 |9.99771| 7 ee 
122 | 5'o1 497| 124 10.98573|9.99769| 6 | —| 122 tat 
54 19.01 196] jo9 [9-01 427] 493 oe alae 7 ae aH 
S 01 80 122 | 9-01 273 | 228 10.98 397 9.99 767| 4 ail age 484) 4800 
28 15 °01.561| 12! |9:01 796} 123 |0.98 204 |9.99 765] 3 5| 61.0 60.5 60.0 
58 19.01 682 12! 19:01918] foo | 0-98 082 | 9.99 764) 2 b| Gao a 
39 |9.01 803) 224 ]9.02040| jo [0-97 960] 9.99763} 1] §) o75 g08 96.0 
7 "8 108.9 108.0 
60 | 9.01 923 9.02 162 0.97 838 9.99 761 u 9 a = 
Log Cos| d | Log Cot | cd |Log Tan Log Sin FOR: 
le} 


84 


83° 


28 6° TABLE II 
' |Log Sin| d |Log Tan|c d | Log Cot | Log Cos Prop. Parts 
0 |9.01 923 9.02 162 |5, |0.97 838 | 9.99 761 | 60 
1 | 9.02 043 re ere, 0.97 717 | 9.99 760 | 59 
9.02 163 9.02 404 0.97 596 | 9.99 75 
3 [9.02 283 Lig | 9-02 525 | j59 [0.97 475 | 9.99 757 | 57 12i_|_120 — 
4 |9.02 402] 51, | 9.02 645] 45, | 0.97 355 | 9.99 756 | 56 : oe Lye: eae 
5 | 9.02520] 415 |9.02766| 419 | 0.97 234]9.99 755] 65] 3| S6’3] 3691 357 
6 |9.02 639 | jig | 9.02 885| a9 | 0-97 115|9.99 753| 5417] 3231 fe'o| gaze 
7 |9.02 757 | s47 | 9-03.005| 419 | 0.96995 19.99 752| 53 || eae) aaah ean 
8 |9.02874| tig | 9.03 124] 135 | 0.96876 |9.99 751| 52121 vo'a| veo| via 
9 ]9.02 992 | 17 | 9.03 242) J, |0.96 758 /9.99749/ 5117 | g4°7| S40] 838 
10 |9.03 109] 447 |9.03 361] 11. |0.96 639 | 9.99748] 50] 8] 96.8] 96.0] 95.2 
11 |9.03 226 | 334 |9.03 479 jig | 0.96 521 | 9.99 747| 49 | 9 | 108.9 | 108.0 | 107.1 
12 | 9.03 342 | 115 | 9.03 397 | 317 | 0.96 403 | 9.99 745} 48 
13 |9.03 458 | 115 | 9-03 714| 345 | 0.96 286 | 9.99 744 
u 9.03 574] ti see oe Hees med : 118 | 117) 116 
9.03 690 9.03 94 0.96 052 | 9.99 7. 
16 | 9.03 805 | 115 |9.04 065] 114 [0.95935 |9.99740| 44 | 3] 12-8 pate: 
17 | 9.03 920 9.04 181 0.95819 |9.99738| 43.15| Jee) Seo | ogee 
18 | 9.04034] 315 | 9.04 297 | tig | 0.95 703 | 9.99 737| 42 | 3| 39-4] 35.1 a 
19 | 9.04 149] 173 | 9.04413] 15 [0.95 587 |9.99736| 41 | 5| Fa72| 28-81 26-8 
20 | 9.04262] ,,, | 9.04528] ,,. [0.95472] 9.99734] 40]6| 70.8] 70.2] 69.6 
21 | 9.04376 | 344 | 9.04 643 | 332 | 0.95357 |9.99733| 39 | 7] 82.6] 81.9] 81.2 
22 | 9.04 490] 3)3 | 9.04758] 333 | 0.95 242|9.99731| 38 | 8| 94.4] 93.6] 92:8 
23 | 9.04603} 345 | 9.04873} 343 | 0.95 127 | 9.99 730| 37 | 9 | 106.2 | 105.3 | 104.4 
24 |9.04715| 143 | 9.04987 | 514 [0.95013 | 9.99 728| 36 
25 | 9.04 828 9.05 101 0.94 899 | 9.99 727| 35 
26 |9.04940| 115 [9.05214] 113 | 0.94 786 | 9.99 726| 34 116 | 114 | 113 
27 |9.05 052] 115 |9.05 328| j15 | 0.94672 | 9.99 7241 33 141-4181 471.4 | as 
28 |9.05 164] 117 [9.05441 | 113 |0-94.559| 9.99 723| 32 | 3| 93'0| d2'8| one 
29 | 9.05 275 9.05 553 | 343 | 0.94447 | 9.99 721| 31 ra 
lll 113 3] 34.5] 34.2] 33.9 
30 | 9.05 386] 11, |9.05 666] ,,, [0.94334] 9.99720! 80} 4| 46.0] 45.6] 45.2 
31 | 9.05 497] 345 | 9.05778 | 355 |0.94 222] 9.99718| 29} 5| 57.5| 57.0] 56.5 
32 | 9.05 607 | 149 | 9-05 890] 745 | 0.94110] 9.99717] 28 |] 6| 69.0] 68.4] 67.8 
33 | 9.05717] 449 [9-06 002] 535 [0.93998] 9.99 716| 27] 7] 80.5] 79.8] 79.1 
34 | 9.05 827] 149 |9.06 113] 5;; | 0.93 887 | 9.99 714| 26 : 220} ote 
35 | 9.05 937] 199 | 9.06 224 51, [0.93 776|9.99713| 25 | 9! 103-5 | 102.6 | 101.7 
36 | 9.06 046] jo) |9.06 335] 155 [0.93 665 | 9.99 711] 24 
|B Gee] ie |898483| at oa 888 20) SBT aaa y ana | aro 
39 | 9.06 372] jog | 9-06 666 | 59 |0.93 334 | 9.99 707| 21 | 1| 11.2} 11.1] 11.0 
40 /9.06 481) 10 | 9.06 775] 319 | 0.93 2259.99 705] 20] 2) 22-4) 22.2) 22.0 
41 | 9.06 589 9.06 885 0.93 115 | 9.99 704] 19 : 
42 |9.06 696] jpg | 9-06 994] 1° | 0:93 006 | 9.99 702| 18 | 4| 44:8] 44-4] 44.0 
"06 804) 208 boar 1031 200 los cosa nn cae 5| 56.0] 55.5] 55.0 
43 |9.06 804| jo7 [9.07 103| {03 | 0.92 897 | 9.99 701 | 17 
44 |9.06 911) j97 {9-07 211 | ing | 0.92 789 | 9.99699] 16 | | 62-2| 66-6) 66.0 
45 | 9.07018] 49, | 9.07 320] so | 0.92 680| 9.99698] 15 | 8] 89.6] 888! sso 
| 46 | 9.07 124] j57 | 9.07 428] jg | 0.92572 | 9.99 696| 14 1 9| 100'8| 99:9| 99.0 
47 | 9.07 231] jog | 9-07 536] jpy | 0.92 464 | 9.99 695| 13 
48 | 9.07 337 | 195 | 9.07 643 | tog | 0.92 357 | 9.99 603 | 12 
49 |9.07 442 106 9.07 751 107 0.92 249 | 9.99 692] 11 109 | 108 | 107 | 106 
50 | 9.07 548 9.07 858 0.92 142] 9.99 690} 10 
31 |9.07 653| 15 | 9:07 964| 15 |O:9aage | oan oon | 29 | L| 10-9 10.8] 10.7/10.6 
52 (9.07 758| 1°5 |g‘o5on1 | 107 |9:92 93 8 2 | 21.8] 21.6| 21.4/21.2 
53 19.07 863| 25 19:98 177 | 108 | 0-01 929 | 9.99 687| 8 | 3 | 32.7] 32.4] 32.1/31.8 
54 19.07 968| 1° 19:98 995| 108 [0-21 823 |9.99 686 | 7 | 4 | 43 '6 43.2] 49.8142. 
104 | 9° 106 |9-91 717 | 9.99 684] 6 | 5 | 54'5] 54.0] 53.5153.0 
55 | 9.08072} 194 | 9.08389} 49. | 0.91 611| 9.99 683] 5 | 6 | 65.4] 64.8] 64.2/63.6 
56 |9.08 176 104 | 9-08 495 05 | 0-91 505|9.99681} 4 | 7 | 76.3) 75.6) 74.9}74.2 
57 |9.08 280] j93 | 9-08 600] 19; | 0.91 400 | 9.99 680 | 3 | 8 | 87.2] 86.4] 85.6)84.8 
58 | 9.08 383] 193 | 9-08 705 | 19; [0.91 295| 9.99678] 2 | 9 | 98.1] 97.2] 96.3/95.4 
59 | 9.08 486 | 593 | 9.08810] 552 |0.91190|9.99677] 1 
60 | 9.08 589 9.08914 0.91 086 | 9.99675] 0 
Log Cos|_d_ | Log Cot|cd|LogTan| Log Sin| ’ Prop. Parts 


LOGS OF FUNCTIONS 
Log Sin 


DIDO eww ‘1 


9 


| 


9.08 589 


9.09 506 
9.09 606 
9.09 707 
9.09 807 
9.09 907 


9. 


9. 
9. 
9. 
2; 
-10 501 
-10 599 
.10 697 
-10 795 
-10 893 
-10 990 
-11 087 
-11 184 
11 281 
11 377 
11474 
-11570 
-11 656 
11761 
-11 857 
-11 952 
-12 047 
.12 142 
12 236 
.12 331 
.12 425 
.12 519 
12 612 
.12 706 


ie 


10 006 


10 106 
10 205 
10 304 
10 402 


14 356 


Log Cos 
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9.08 914 
tog | 9-09 O19 
Jos | 9-09 123 
Joo | 9-09 227 
Io» | 9-09 330 
9.09 434 
09 | 9-09 537 
Jor | 9.09 640 
or | 9-09 742 
100 9.09 845 
9.09 947 
top {9-10 049 
too | 9-10 150 
9 | 9-10 252 
100 | 9-10 353 
9.10 454 
3 | 9.10 555 
98 9.10 656 
99 | 9-10 756 
98 9.10 856 
9.10 956 
88 | 9.11 056 
og [9-21 155 
oy | 9-11 254 
oY 19.11 353 
9.11 452 
a7 9.11551 
96 9.11 649 
o7 | 9-11 747 
og | 9-11 845 
. 19.11 943 
93 | 9.12 040 
ne }9.12 138 
95 | 9-12 235 
95 | 9-12 33: 
az | 9-12 428 
og | 9-12 525 
or (9.12 621 
or (OZ FIT 
94 [9-12 813 
9g | 9-12 909 
34 | 9-13 004 
93 | 9-13 099 
33 [9.13 194 
93 | 9-13 289 
9.13 384 
3] %8 | 91347 
bo | 9.13 573 
92 9.13 667 
9p | 9.13 761 
9.13 854 
ei 0.13 048 
by [9-14 041 
of [9.14 134 
oy (9.14 227 
oo | 9-14 320 
or | 9.14412 
oy [9.14 504 
oo | 9.14 597 
3 | 9.14 688 
9.14 780 
d | Log Cot 
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cd Log Cot | Log Cos 


0.91 086 


0.90 981 
0.90 877 
0.90 773 
0.90 670 


0.90 566 
0.90 463 


0.90 360 | 9 


0.90 258 
0.90 155 
0.90 053 
0.89 951 
0.89 850 
0.89 748 
0.89 647 
0.89 546 
0.89 445 
0.89 344 
0.89 244 
0.89 144 
0.89 044 
0.88 944 
0.88 845 
0.88 746 
0.88 647 
0.88 548 
0.88 449 
0.88 351 
0.88 253 
0.88 155 
0.88 057 
0.87 960 
0.87 862 
0.87 765 
0.87 668 
0.875 
0.87 475 
0.87 379 
0.87 283 
0.87 187 


0.87 091 
0.86 996 
0.86 901 
0.86 806 
0.86 711 
0.86 616 
0.86 522 
0.86 427 
0.86 333 
0.86 239 


0.86 146 
0.86 052 
0.85 959 
0.85 866 
0.85 773 
0.85 680 
0.85 588 
0.85 496 
0.85 403 
0.85 312 


0.85 220 


Log Tan 


9.99 675 


9.99 674 


9.99 659 
9.99 658 
9.99 656 
9.99 655 
9.99 653 
9.99 651 
9.99 650 
9.99 648 
9.99 647 
9.99 645 


9.99 643 
9.99 642 
9.99 640 
9.99 638 
9.99 637 


9.99 635 
9.99 633 
9.99 632 
9.99 630 
9.99 629 
9.99 627 
9.99 625 
9.99 624 
9.99 622 
9.99 620 


7219.99 618 


9.99 617 
9.99 615 
9.99 613 
9.99 612 
9.99 610 
9.99 608 
9.99 607 
9.99 605 
9.99 603 
9.99 601 
9.99 600 
9.99 598 
9.99 596 
9.99 595 


9.99 593 
9.99 591 
9.99 589 
9.99 588 
9.99 586 


9.99 584 
9.99 582 
9.99 581 
9.99 579 
9.99 577 


9.99 575 
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30.3 | 29.7 | 29.4 
40.4 | 39.6 | 39.2 
5 | 49.5 | 49.0 
60.6 | 59.4 | 58.8 
70.7 | 69.3 | 68.6 
80.8 | 79.2 | 78.4 
90.9 | 89.1 | 88.2 
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Log Sin 


9.14 356 


9.14445 
9.14535 


| 9.14 624 


9.14714 


9.14 803 
14891 
14 980 
-15 069 
-15 157 


15 245 
-15 333 
15 421 
.15 508 
15 596 


.15 683 
.15 770 
-15 857 
-15 944 
-16 030 


-16 116 
16 203 
16 289 
16 374 
-16 460 
-16 545 
.16 631 
.16 716 
.16 801 
-16 886 
-16 970 
17 055 
.17 139 
17 223 
.17 307 
17391 
.17 474 
.17 558 
-17 641 
17 724 


17 807 
17890 
17 973 
18 055 
18 137 
18 220 
18 302 
18 383 
18 465 
18 547 
18 628 
18 709 
18 790 
A8 871 
18 952 
9.19 033 
9.19 113 
9.19 193 
9.19 273 
9.19 353 


WOOD OOOO O DODODO OOOOH OOWOOOMO OOOOO OOOO 


9.19 433 


Log Cos 


Log Tan|cd 
9.14 780 
9.14 872 
9.14 963 | 9; 
9.15 054 | 9; 
9.15 145 | 94 
9.15 236 
9.15 327 
15417 
.15 508 
.15 598 
-15 688 | gq 
15777 90 
.15 867 89 
.15 956 
.16 046 
.16 135 
.16 224 
16312 
.16 401 
.16 489 


.16 577 
16 665 
16.753 
‘16 841 
‘16 928 
17016 
‘17 103 
‘17 190 
172771 
‘17 363 


17 450 
17 536 
‘17 622 
17 708 
"17 794 
.17 880 
17 965 
‘18 051 
‘18 136 
‘18 221 
18 306 
‘18 391 
"18.475 
18 560 
‘18 644 
8728 
‘18 812 
‘18 896 
‘18 979 
19 063 | 84 
19 146 

‘19 229 | 88 
‘19 312 e 
19 395 | $3 
‘19 478 

19 561 
‘19 643 
‘19 725 | 82 
9.19 807 
9.19 889 


9.19 971 
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Log Cos Prop. Parts 


9.99 575 
9.99 574 
9.99 572 
9.99 570 
9.99 568 


9.99 566 
9.99 565 
9.99 563 
9.99 561 
9.99 559 
9.99 557 
9.99 556 
9.99 554 
9.99 552 
9.99 550 
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-|o PNHOwWRO ON 
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LOGS OF FUNCTIONS 


.20 691 
9.20 768 
9.20 845 


9.21 610 
"21 685 
9.21 761 
9.21 836 
9.21912 
9.21 987 
9.22 062 
(22 137 
"92 211 
"22 286 
"22 361 
9.22 435 
9.22 509 
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9.20 134 
9.20 216 
9.20 297 


-20 459 

-20 540 
9.20 621 
9.20 701 
9.20 782 
9.20 862 
9.20 942 
9.21 022 
9.21 102 
9.21 182 
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9.22 670 
9.22 747 
9.22 824 
9.22 901 
9.22. 977 
9.23 054 
9.23 130 
9.23 206 
9.23 283 
9.23 359 
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.77 023 
.76 946 
-76 870 
76 794 
76 717 
.76 641 
-76 565 
-76 490 
.76 414 


ocooecseo ooocoo 


9.99 438 
9.99 436 
9.99 434 
9.99 432 
9.99 429 
9.99 427 
9.99 425 
9.99 423 
9.99 421 
9.99 419 
9.99 417 
9.99 415 


7| 9.99 413 


9.99 411 
9.99 409 
9.99 407 
9.99 404 
9.99 402 
9.99 400 
9.99 398 
9.99 396 
9.99 394 
9.99 392 
9.99 390 
9.99 388 
9.99 385 
9.99 383 
9.99 381 
9.99 379 
9.99 377 
9.99 375 
9.99 372 
9.99 370 
9.99 368 
9.99 366 
9.99 364 
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0 | 9.23 967 
1 |9.24 039 
2 |9.24110 
3 19.24181 
A |9.24 253 
5 | 9.24 324 
6 | 9.24 395 
7 |9.24 466 
8 |9.24 536 
9 | 9.24 607 
10 | 9.24 677 
11 | 9.24 748 
12 |9.24818 
13 | 9.24 888 
14 | 9.24 958 
15 | 9.25028 
16 | 9.25098 
17 |9.25 168 
18 | 9.25 237 
19 | 9.25 307 
20 | 9.25 376 
21 | 9.25 445 
99 19.25 O14: 
23 | 9.25 583 
24 | 9.25 652 | 
95 |9.25 721 
26 19.25 790 
27 19.25 858 
28 | 9.25 927 
29 |9.25 995 
30 | 9.26 063 
31 |9.26131 
32 |9.26 199 
33. | 9.26 267 
34 | 9.26 335 
35 | 9.26 403 
36 | 9.26 470 
37 |9.26 538 
38 | 9.26 605 
39 | 9.26 672 
40 | 9.26 739 
41 |9.26 806 
42 19.26 873 
43 | 9.26 940 
44 |9.27 007 
45 | 9.27073 
46 | 9.27 140 
47 | 9.27 206 
48 | 9.27 273 
49 |9.27 339 
50 | 9.27 405 
51 |9.27471 
52 |9.27 537 
53 | 9.27 602 
54 |9.27 668 
55 | 9.27 734 
56 | 9.27 799 
57 | 9.27 864: 
58 | 9.27 930 
59 | 9.27995 
60 | 9.28 060 


Log Tan 


9.24 632 


9.24 706 
9.24 779 
9.24 853 
9.24 926 


9.25 000 
9.25 073 
.25 146 
25 219 
.25 292 
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9.26 937 
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9.27 980 
9.28 049 
9.28 117 
9.28 186 
9.28 254 
9.28 323 
9.28 391 
9.28 459 
8 527 
9.28 595 
9.28 662 
9.28 730 
9.28 798 


oO 
Nw 


~~ 


9.28 865 


Log Cot 


cd 


72 | 0-74 635 
73 | 0-74 563 
75 [0.74 490 
43 | 0.74 418 
7g | 0-74 345 
72 | 0.74 273 


2 | 0.74201 
ry | 0.74 129 
7 0.74 057 
71 0.73 985 
79 |0-73 914 
iT | 0.73 842 
7) | 0.73 771 
it | 0.73 699 
“1 | 0°73 628 

71 
71 | 0-73 557 
71 | 0.73 486 
iy | 0.73415 
0 | 0.73 345 
it | 0.73 274 
79 | 0-73 203 
i | 0.73 133 
7 0.73 063 
iy | 0.72 992 
70 0.72 922 
0.72 852 
Y 1 02e2 782 
it | 0.72 712 
98 | 0.72 643 
0.72573 

69 
0.72 504 
10 | 0.72 434 
79 2fR 
69 0.72 365 
ee | 0.72 296 
ry (Ona aa 
0.72 158 
69 | 0.72 089 
te | 0.72 020 
e | 0.71 951 
69 0.71 883 
0.71814 
pe | 0.71 746 
2 | 0.71 677 
bs | 0.71 609 
bg | 0.71 541 
0.71 473 
8 | 0.71 405 
bg | 0-71 338 
og | 0-71 270 
by | 0-71 202 
| OR taas 
cd| Log Tan 


9.99 328 
9.99 326 
9.99 324 
9.99 322 
9.99:319 
9.99 317 
9.99 315 


9.99 313 
9.99 310 
9.99 308 
9.99 3Q6 
9.99 304 


9.99 301 


99 278 

99 276 
9.99 274 
9.99 271 
9.99 269 
9.99 267 
9.99 264 
9.99 262 
9.99 260 
9.99 257 
9.99 255 
9.99 252 
9.99 250 
9.99 248 
9.99 245 
9.99 243 
9.99 241 
9.99 238 
9.99 236 
9.99 233 
9.99 231 
9.99 229 
9.99 226 
9.99 224 
9.99 221 
9.99 219 
9.99 217 
9.99 214 
9.99 212 
9.99 209 


9.99 207 
9.99 204 
9.99 202 
9.99 200 
9°99 197 


9.99 195 


Log Sin 


TABLE II 


Prop. Parts 


56 
55 74 | 73 | 72 
54 1 LAT TS Fe 
53 | 2 | 14.8] 14.6 | 14.4 
52 | 3 | 22.2 | 21.9 | 21.6 
51 | 4 | 29.6 | 29.2 | 28.8 
50 | 2 | 37-0 | 36.5 | 36.0 
49 | 6 | 44-4 | 43.8 | 43.2 
ag | 7 | 51-8 | 51.1 | 50.4 
= 8 | 59.2 | 58.4 | 57.6 
46 | 9 | 66.6 | 65.7 | 64.8 
45 
44 
43 
42 
41 ya’ 70 69 
Lf cyl uhwa0) | moss 
ze 2 | 14.2] 14.0 | 13.8 
38 31 21.31 21D {26a 
37 | 4 | 28.4 | 28.0 | 27.6 
36 | 5 | 35.5 | 35.0 | 34.5 
6 | 42.6 | 42.0 | 41.4 
35 | 7 | 49.7 | 49.0 | 48.3 
34] 8 | 56.8 | 56.0 | 55.2 
9 | 63.9 | 63.0 | 62.1 
31 
30 
29 
ae 
68 | 67 | 66 
56) TLi| 26.81) GamalmoLe 
95 | 2 | 13-6] 13.4 | 13.2 
51 | 3 | 20-4 | 20-1 | 19.8 
53 | 4 127-2 | 26.8 | 26.4 
43 | 5 | 340 | 33.5] 33.0 
31.| & | 40-8 | 40.2 | 39.6 
7 | 47.6 | 46.9 | 46.2 
20} 8 | 54.4| 53.6 | 52.8 
19} 9 | 61.2 | 60.3 | 59.4 
18 
17 
16 
15 
14 
13 aR aS 
12 1 625i OLS! 
11 2 ) 1320410086 
3119.5] 0.9 
10 4 | 26.0| 1.2 
9 5 | 32.5 | 1.5 
8 6 |39.0| 1.8 
7 7145.5 | 2.1 
6 8 |52.0| 2.4 
5 9 | 58.5 | 2.7 
4 
3 
2 
1 
ms 
f Prop. Parts | 


NL 


79° 


————E 


LOGS OF FUNCTIONS 


9.28 896 
9.28 960 
15 | 9.29 024 
16 | 9.29 087 
17 | 9.29 150 
18 | 9.29 214 
19 | 9.29277 
20 | 9.29 340 
21 | 9.29 403 
22 | 9.29 466 
23 | 9.29 529 
24 19.29 591 
25 |9.29 654 
26 | 9.29716 
97 | 9.29779 
28 | 9.29 841 
29 19.29 903 
30 | 9.29 966 
31 | 9.30028 
32 | 9.30 090 
33 |9.30151 
34 19.30 213 
30 275 
.30 336 
30 395 
.30 459 
80 521 


30 582 
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cE 
oe 
9. 
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9 
9. 
9. 
9. 
vy. 
9 
9 
9 
9. 
9 


9 
9 
9: 
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Se 
Se 


25 865 
28 933 
29 000 
29 067 
29 134 


.29 201 
-29 268 
.29 335 
-29 402 
-29 468 


-29 535 


29 601 
29 668 
29 734 
29 800 


-29 866 
29 932 
-29 998 


30 064 


-30 130 
.30 195 


30 261 


-31 040 
.31 104 


.31 168 
.ol 233 
201 297 
.o1 861 
.31 425 
.31 489 
.o1 652 
31616 
.31 679 
.31 743 
.31 806 
.31 870 
.o1 933 
31/996 


32 059 


.32 122 
-32 185 
.32 248 
32 311 
32 373 


.32 436 
32 498 
.32 561 
382 623 


32 685 


32 747 


Log Cot 


a 

ce d| Log Cot | Log Cos| d 
gg | 0-71 135] 9.99 195], | 60 
67 | 0-71 087 | 9.99 192] 5 | 59 
g7 | 0-71 000 | 9.99 190] 3 | 58 
g7 | 0-20 933 | 9.99 187] § | 57 
67 | 0-70 866 | 9.99 185] 3 | 56 
67 | 0-70 799] 9.99 182] , | 55 
g7 | 0-20 732 | 9.99 180] 3 | 54 
g7 | 0-20 665 | 9.99177] 5 | 53 
g5 | 0-20598 19.99 175] 3 | 52 
g7 | 0-70.532 | 9.99172] 5 | 51 
g5 | 0-70465 | 9.99170] , | 50 
by | 0-70 399 | 9.99 167] 5 | 49 
gg | 0-70 332] 9.99 165] 3 | 48 
bg | 0-70 266 | 9.99 162] 5 | 47 
gg | 0-20 200] 9.99 160] 3 | 46 
gg | 0-70 134] 9.99 157] , | 45 
bg | 0-20 068 | 9.99 155] 3 | 44 
bg | 0-70 002] 9.99 152] 5 | 43 
be | 0.69 936] 9.99 150] 3 | 42 
bs | 0-69 870 | 9.99 147] 5 | 41 
gg | 0-69 805 | 9.99 145] , | 40 
pe | 0.69 739 | 9.99 142] 9 | 39 
te | 0.69 674] 9.99 140] 3 | 38 
66 0.69 GO9 | 9.99 137 2 37 
fe | 0.69 543 | 9.99 185] 3 | 36 
g5 | 0-69 478 | 9.99 132] . | 35 
be | 0-69 413 | 9.99 130] 3 | 34 
pe | 0.69 348 | 9.99 127] 3 | 33 
g5 | 0-69 283 | 9.99 124] 4 | 32 
pf | 0.69 218 | 9.99 122] 3 | 31 
g5 | 0-69 154] 9.99 119] . | 39 
64 0.69 O89 | 9.99 117 3 29 
| 0.69 025 | 9.99 114] 5 | 28 
64 | 0-68 960] 9.99 112] 3 | 27 
Pf [0.68 896 | 9.99 109} 3 | 26 
gg | 0-68 832 | 9.99 106}. | 25 
65 |0.68 767 | 9.99 104] 3 | 24 
bf | 0.68 703 | 9.99 101] 9 | 23 
64 0.68 639 | 9.99 099 3 22 
pt | 0.68 575 | 9.99 096 | 3 | 21 
5g | 0-68 511 | 9.99 093} » | 20 
62 10.68 448] 9.99 091] 3 | 19 
6# | 0.68 384 | 9.99 088 | 9 | 18 
63 | 0.68 321 | 9.99 086 | 3 | 17 
ff [0.68 257 | 9.99 083] 5 | 16 
1, | 0-68 194] 9.99 080 4 | 15 
64 | 968 130] 9.99078] 3 | 14 
63 1.0.68 067 | 9.99075] 3 | 13 
63 | 0.68 004 | 9.99 072] 9 | 12 
63 | 0.67 941 | 9.99070] 3 | 11 
63 | 0-67 878 | 9.99 067] 5 | 10 
63 | 0.67 815 | 9.99064] 5 | 9 
83 | 0.67 752 | 9.99062] 3 | 8 
3 | 0.67 689 | 9.99059] 5 | 7 
62 | 0.67 627 |9.99 056] | 6 
gq | 0-67 564] 9.99054] 5 | 5 

0.67 502 |9.99051] 5 | 4 
83 | 967 439 | 9.99048] 5 | 3 
62 | 967 377|9.99046|5 | 2 
62 | 0.67 315 | 9.99043 5 | 1 

0.67 253 | 9.99 040)__|_0 
cd le 


33 
Prop. Parts 
68 , 67 | 66 
1 OS G27 G26 
2 | 13.6 | 13.4 | 13.2 
3 | 20.4} 20.1 | 19.8 
4 | 27.2 | 26.8 | 26.4 
5 | 34.0 | 33.5 | 33.0 
6 | 40.8 | 40.2 | 39.6 
7 | 47.6 | 46.9 | 46.2 
8 | 54.4 | 53.6 | 52.8 
9 | 61.2 | 60.3 | 59.4 
65 | 64 | 63 
1 6.5] 6.4] 6.3 
2 | 13.0 | 12.8 | 12.6 
3 | 19.5} 19.2 | 18.9 
4 | 26.0 | 25.6 | 25.2 
5 | 32.5 | 32.0 | 31.5 
6 | 39.0 | 38.4 | 37.8 
7 | 45.5 | 44.8 | 44.1 
8 | 52.0} 51.2 | 50.4 
9 | 58.5 | 57.6 | 56.7 
62 61 60 
iP) asa) Toa Xo) 
2 | 12.4) 12.2 | 12.0 
3 | 18.6 | 18.3 | 18.0 
4 | 24.8 | 24.4 | 24.0 
5 | 31.0 | 30.5 | 30.0 
6 | 37.2 | 36.6 | 36.0 
7 | 43.4 | 42.7 | 42.0 
8 | 49.6 | 48.5 | 48.0 
9 | 55.8 | 54.9 | 54.0 
59 3 2 
i Exe On OR 
Dae Ss tOsGn) Ora: 
Sad (05951) O26 
A. || 23.6 | 1.2)) 0-8 
§ 129155) 1-5) | 160 
6 oo242 |pleos| le: 
7 | 418)| 2.0 We 
8 | 47.2 | 2.4] 1.6 
CN sye3el bl haar || alice) 
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32 960 
.33 018 
.33 075 
.38 133 
.33 190 
.33 248 
.33 305 
.33 362 
.33 420 
.83 477 
.33 534 
.33 591 
.33 647 
.33 704 
.33 761 


.33 818 
33 874 
3 931 
33 987 
.34 043 


34 100 


Ter) bo bo O92 bo bo bo bo bo G2 bo ww bo 


oe 
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d | Log Tan 
"go | 9-32 747 
5} | 9.32 810 
60 | 9.32 872 
59 | 9.32 933 
59 | 9.32 995 
59 | 9-33 057 
59 | 9.33 119 
? | 9.33 180 
9 | 9.33 242 
8 | 9.33 303 
59 | 9-33 365 
5) | 9.33 426 
58 | 9.33 487 
°8 | 9.33 548 
39 | 9-33 609 
5g | 9-33 670 
58 | 9.33 731 
8 | 9:33 792 
58 | 9.38 853 
8 | 9.33 913 
5g | 9-33 974 
8 | 9.34 034 
7 | 9.34 095 
by | 9-34 155 
8” 9.34 215 
57 | 9-34276 
> | 9134 336 
7 | 9.34 396 
3 | 9:34 456 
o” | 0134 516 
57 | 9-34 576 
o” | 9.34 635 
2° | 9.34 695 
57 | 9.34 755 
* 19134814 
5g | 9-34 874 
2 | 9.34933 
87 | 9.34 992 
°3 | 9.35051 
© 9.35 111 
50 | 9°33 999 
° | 9.35 288 
08 | 9.35 347 
3° 19.35 405 
5g | 9-35 464 
*? | 9.35 523 
°° | 9.35 581 
2? | 9.35 640 
>? | 9.35 698 

9.35 757 
% | 9135 815 
oe | 9.35 873 
> 19.35 931 
7 | 9.35 989 

9.36 047 
» | 9:36 105 
>? | 9.36 163 
°° | 9.36 221 
> | 9.36 279 

9.36 336 


d | Log Cot 


12° 


c d| Log Cot 
Gg | 0-67 258 
3 | 0.67 190 
pF | 0.67 128 
py | 0.67 067 
ty, | 0.67 005 
gq | 0-66 943 
pf | 0.66 881 
py | 0.66 820 
pF | 0.66 758 
py | 0.66 697 
g1 | 0-66 635 
by [0.66 574 
py [0.66 513 
py | 0.66 452 
py | 0-66 391 
61 | 0-66 330 
py | 0.66 269 
py | 0-66 208 
bp | 0-66 147 
py | 0.66 087 
go | 0-66 026 
pf | 0.65 966 
60 0.65 905 
pp | 0.65 845 
py | 0-65 785 

0.65 724 
ty | 0.65 664 
o) | 0-65 604 
60 0.65 544 
Of) | 0.65 484 

0.65 424 
3 | 0.65 365 
6 | 0.65 305 | ¢ 
59 | 0-65 245 | § 
| 0-65 186 
59 | 0-65 126 
3, | 0.65 067 
59 0.65 008 
ay | 0.64 949 
3 | 0.64 889 

0.64 830 
3) | 0.64771 
59 0.64 712 
2) | 0.64 653 
3, | 0.64595 
5q | 0-64 536 
og | 0.64477 
7, | 0.64 419 
3, | 0.64 360 
3 | 0-64 302 
5g | 0-64 243 
7g | 0.64 185 
7s | 0.64 127 
7 | 0.64 069 
33 | 0.64011 
5g | 0-63 953 
73 | 0.63 895 
3g | 0-63 837 
> | 0.63 779 
37 | 0.63 721 
_|0.63 664 
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Log Cos 


9.99 040 


9.99 038 
9.99 035 
9.99 032 
9.99 030 
9.99 027 
9.99 024 
9.99 022 


58 | 9.99 019 


9.99 016 


9.99 013 
9.99 O11 
9.99 008 
9.99 005 
9.99 002 


9.99 000 
9.98 997 
9.98 994 
9.98 991 
9.98 989 
9.98 986 
9.98 983 
9.98 980 
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9.98 975 
9.98 972 
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TABLE II 
Prop. Parts 
63 62 61 
1 6.3 6.2 6.1 
2 112.6) 12.4 } 12.2 
3 | 18.9 | 18.6 | 18.3 
4 | 25.2 | 24.8 | 24.4 
5 | 31.5 | 31.0 | 30.5 
6 | 37.8 | 37.2 | 36.6 
7 | 44.1 | 43.4 | 42.7 
8 | 50.4 | 49.6 | 48.8 
9 | 56.7 | 55.8 | 54.9 
60 | 59 | 58 
1 6.0| 5.9] 5.8 
2 2320-5 11.5 [yee 
3 PAS.O.P £20 Paget 
4°) 24-0.) 23.6 1232 
5 | 30.0 | 29.5 | 29.0 
6 | 36.0 | 35.4 | 34.8 
7 | 42.0 | 41.3 | 40.6 
8 | 48.0 |-47.2 | 46.4 
9 | 54.0 | 53.1 | 52.2 
57 | 656 | 55 
1 5.0 | 6 eeous 
2 | 114) 11.2) 19.0 
3 | L741 | 16.84 165 
A | 22.8 | 22.4 | 22.0 
5 | 28.5 | 28.0 | 27.5 
6 | 34.2 | 33.6 | 33.0 
7 | 39.9 | 39.2 | 38.5 
8 | 45.6 | 44.8 | 44.0 
9 | 51.3 | 50.4 | 49.5 
3 2 
2 LO 3a Oe 
2} 0.6] 0.4 
3} 0.9 |] 0.6 
4} 1.2] 0.8 
5 h1.5 | 90 
6 |) 1285 2 
© Ne 2A | ee: 
8 | 2.4 | 1.6 
94) 2.0 aes 


Prop. Parts 


LOGS OF FUNCTIONS 
Log Sin a 


0) 
ic 
2 
3 
4 
5 
6 
€ 
8 
9 
10 


11 


9.35 209 
9.35 263 
9.35 318 


36 O75 


9.36 819 
9.36 871 
9.36 924 
9.36 976 
9.37 028 


.3¢ 289 


.37 393 


9.38 317 


"36 129} 


54 
55 
55 


9.38 368 |__ 
Log Cos 


9.36 336 


9.36 394 
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.37 644 
9.37 700 
9.37 756 
9.37 812 
9.37 868 
9.37 924 
9.37 980 
9.38 035 
9.38 O91 
9.38 147 
9.38 202 
9.38 257 
9.38 313 
9.38 368 
9.38 423 
9.38 479 
9.38 534 
9.38 589 

.38 644 

38 699 

38 754 

38 808 


9 

9. 

9. 

9: 

9.38 863 
9.38 918 
9.38 972 
9.39 027 
9.39 082 
9.39 136 
9.39 190 
9.39 245 
9.39 299 
9.39 353 
9.39 407 
9.39 461 
9.39 515 
9.39 569 
9.39 623 


to to to Wo ty bo 


9.39 677 
d | Log Cot 


58 
58 
57 
57 
58 


13° 


Log Tan | cd| Log Cot | Log Cos 


0.63 664 
0.63 606 
0.63 548 
-63 491 
-63 434 


-63 376 
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SS 
nD 
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oN SS) 
— 
ww 
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0.61 965 
0.61 909 
0.61 853 
0.61 798 
0.61 743 


0.61 687 
0.61 632 
0.61 577 
0.61 521 
0.61 466 
0.61 411 
0.61 356 
0.61 301 
0.61 246 
0.61 192 
0.61 137 
0.61 082 
0.61 028 
0.60 973 
0.60 918 


0.60 864 
60 810 
60 755 
60 701 
60 647 
60 593 
60 539 
0.60 485 
0.60 431 
0.60 377 


0. 
0. 
0. 
0. 
0. 
0. 


0.60 323 


Log Tan 


9.98 872 


9.98 869 
9.98 867 
9.98 864 
9.98 861 


9.98 822 
9.98 819 
9.98 816 
9.98 813 
9.98 810 
9.98 807 


>| 9.98 804 


9.98 801 
9.98 798 
9.98 795 
9.98 792 
9.98 789 
9.98 786 


9.98 783 
9.98 780 
9.98 777 
9.98 774 
9.98 771 
9.98 768 
9.98 765 
9.98 762 
9.98 759 
9.98 756 
9.98 753 
9.98 750 
9.98 746 
9.98 743 
9.98 740 
9.98 737 
9.98 734 
9.98 731 
9.98 728 
9.98 725 
9.98 722 

9.98 719 
9.98 715 
9.98 712 
9.98 709 


9.98 706 
9.98 703 
9.98 700 
9.98 697 
9.98 694 


9.98 690 
Log Sin 
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36 14° TABLE II 
’ | Log Sin ees Log Tan |cd| Log Cot | Log Cos| d Prop. Parts 
pasate 20 e e 

38.418 | 2? | 9.39 7: 60 269 | 9.98 687 | | 
2 |9.38 469 | 2! | 9.39 785 | 23 0.60215 | 9.98 684 ; 
3 | 9.38519] 5) | 9.39 838] 54 | 0.60 162 | 9.98 681 | 3 
4 | 9.38570 | 25 | 9.39 892] 23 | 0.60 108 | 9.98 678 | 3 
5 |9.38 620] ,, | 9.39945] -, | 0.60 055 | 9.98 675 54 
3 6 50 : 55 | 9.S 5 53 | 52 
6 | 9.38 670 | 2? | 9:39 999 | % | 0.60 001 | 9.98 671| 3 | 54 | 7 salsa] 52 
7 | 9.38721 | 59 | 9-40 052] 54 | 0.59 948/ 9.98668] 3 | 53 | 2 | 10:8 | 10.6 | 10.4 
8 |9.38771] 39 | 9.40 106 | 53 | 0.59 894/9.98 665] 3 | 52 | 3 | 16.2 | 15.9 | 15.6 
9 | 9.38 821 | 5) | 9.40 159| 53 | 0.59 841 | 9.98662] 3 | 51 | 4 | 21.61 21.2| 20.8 

10 | 9.38871) 5) | 9.40212] .4 | 0.59 788|9.98659| , | 50 | 5 | 27.0 | 26.5 | 26.0 
11 | 9.38 921| 25 | 9.40 266 | 25 | 0.59 734| 9.98 656| {| 49 | 6 | 32.4] 31.8] 31.2 
12 | 9.38971] 35 |9.40319| 33 | 0.59 681 |9.93652| 3 | 48 | 7 | 37.8 | 37.1] 36.4 
13 | 9.39 021 5) | 9.40 372| 53 | 0.59 628|9.98 649] 5 | 47 | & | 43.2 | 42.4 | 41.6 

1] 35 | 9.40 425 | 35 | 0.59575 | 9.98 646| 3 | 46 | 9 | 48.6 | 47.7 | 46.8 

15 | 9.39121) 49 ]9.40 478} 55 | 0.59 522) 9.98 643] 5 | 45 

Ae - a 

16 | 9.39 170} 59 | 9-40 531 | 53 | 0.59 469] 9.08 640) 4 | 44 

18 |9:39270| © |9-40 636| © | 0-39 362 | 9:98 033| 2 | 49 
49 | 9- F 59 ¢ .98 633 | : 2 

19 | 9.39319] 5) | 9.40 689 | 25 | 0.59 311| 9.98 630| 3 | 41 51 | 50 | 49 

20 | 9.39369] 4, | 9.40742] .» | 0.59 258 | 9.98 627 5.11 5 
49 | 9-40 742 | 55 | 0.59 258 9.98 627 40 1 : 

21 | 9.39418) 49 |9.40 795 *3 |0.59 205 | 9:98 623| $ | 39 | 2 1021100] 93 
22 | 9.39 467] 55 | 9.40 847| 33 | 0.59 153| 9.98 620] 3 | 38 | 3 | 15.3 | 15.0] 14.7 
23 | 9.39517 49 | 9.40 900] 55 | 0.59 100] 9.98617] 3 | 37 | 4 | 20-4 | 20.0 19.6 
24 | 9.39 566] 49 | 9.40 952] 55 | 0.59 048 | 9.98 614] | | 36 | 5 | 25.5 | 25.0 | 24:5 
25 | 9.39615} yg |9.41 005] 55 |0.58995|9.98610] 5 | 35] & | 30-6 | 30.0 | 20.4 
26 | 9.39 664] 49 | 9.41 057 | 55 | 0.58 943] 9.98 607] 3 | 34] 7 [35-7 | 35.0 | 34.3 
27 | 9.39713 | 4g | 9.41 109] 59 | 0.58 891] 9.98 604] 5 | 33 | 8 | 40-8 | 40.0 | 39.2 
28 |9.39 762 | 4g | 9.41 161] 53 | 0.58 8399.98 601] y | 32 | 9 145.9] 45.0 | 44.1 
: 9.39 811] 49 | 9.41 214] 35 | 0.58786 | 9.98597 | 3 | 31 

9.39 860] 4. | 9.41 266 58 7: 85 

31 | 9.39 909 | 7? 0-41 318| © [0.58682 | 9-08 201 ° | 29 
32 | 9.39 958 | 43 | 9.41 370 | 25 | 0.58 630 | 9.98588] > | 28 
33 [9/40 006| 48 |9.41 422 | ® | o-s8578| 9.98 s84| 4 | op 
BF le aaoee| 22 |g gee| 82 | Cos ers] See SRE | ae 48 | 47 
: E 5] 4g | 9-41 474] 55 | 0.58 526 | 9.98 581 3 | 26 1 Ae Dil easy. 
- ae 49 oe 52 | 0-58 4741 9.98 578] 4 | 26 2 | 9.6) 9.4 
38 | 9-40 152) gg | 9-41 578] 5) | 0.58 422 19.98 574] 5 | 24 3 | 14.4] 14.1 
She eee aie 9.41 629] 55 | 0.58 371] 9.98 571] 5 | 23 419.2 | 18.8 
aS aor 4g | 9-41 681] 55 | 0.58 319 | 9.98 568 3) 22 5 | 24.0 | 23.5 
ms . its 49 | 9-41 733 | 5) | 0.58 267 19.98 565] 4 | 21 6 | 28.8 | 28.2 

40 346] 4, | 9.41784] ., |0.58 216]9.985 @ | 33.6 | 32.9 
40346 | 4g 84] 59 |0.58216]9.98561|,| 20]  % | 33-6] 32 

41 |9.40 394] 45 | 9.41 836] 5; |0.58164]9.98558| 3 | 19} § | $53 | 34-8 
2 | 9.40 442 9.41 887] >, | 0.58 113| 9.98 31 ag 9 143.2 | 42.3 
43 |9.40 490| #8 | 9:41 939| © |0’58.061| 9.98 551 | 2 | 17 
44 | 9.40 538} 4g | 9.41 990] © | 0:58 010 9.08 54812 | 14 
45 19.40 586 9.420 5 8 : 

46 | 9.40 634| 48 | 9:4 003|  |oey oor leg ety | ¢ | 20 
47 | 9.40 682| #8 | 9/49 144| © | 0:57 856| 9.08 538 | 3 | 13 ae 
48 | 9.4073 2195] >! | 0.578051 9.98 5 : Té Her 
49 |9-40778| 8 Sees st {0-57 805 | 9.98 535 | 4 | 12 1] 04] 0.3 
alpen 47 ‘ a ©] 51 0.57 754] 9.98 531 3 | ll 2 | O:8a TP 0s6: 

51 |9.40 873 | “8 |9-49 a45| & |o'or cea looeere| a 20 a|te| 3 
52 |9.40 921 | #8 94> 300| © lo:sy eollooscar| + | & 5| 20 | 15 
53 |9.40968| {| 9°49 450] * |o:s7 sao (sos ery| 3 | 8 24 | 1s 
88 [8-40 808 | 4a |9-42 450] 5) | 0.57 550/9.98518| 3 | 7 6 | 2.4) 18 
eee al? 2501] 5, |0.57499|9.98515]2] 6 hee a pee 

41 06: 42 552 57 448 
= palit © | 9.42 603 a Le ene : BS apd 
‘41 158 9.42 653 0.57 347 | 9.98 : 

58 | 9.41 205| #7 | 9.4: 1 | 9 80 ee : 

39 [9.41 a05| 27 [ote oes | Bt | 9-52 206 | 9-98.501| 5 | 2 

80 | 9.41300] ]9.42805 _|0.57195|9.98.494 0 

Log Cos| d | Log Cot |cd|LogTan| Log Sin| d| ’ 


75° 


Prop. Parts 


LOGS OF FUNCTIONS 


0 | 9.41 300 
1 | 9.41 347 
2 |9.41 394 
3 |9.41 441 
4 |9.41 488 
5 | 9.41535 
' 6 | 9.41582 
4 7 19.41 628 
8 |9.41 675 
9 |9.41 722 
10 | 9.41768 
11 | 9.41 815 
12 | 9.41 861 
13 |9.41 908 
14 | 9.41 954 
; 15 | 9.42001 
16 | 9.42 047 
17 | 9.42 093 
18 | 9.42 140 
19 | 9.42 186 
20 | 9.42 232 
21 | 9.42 278 
22 | 9.42 324 
23 | 9.42370 
24 |$.42 416 
25 | 9.42 461 
26 | 9.42 507 
27 | 9.42 553 
28 | 9.42 599 
29 | 9.42 644 
30 19 
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36 | 9.42 962 
37 | 9.43 008 
38 | 9.43 053 
39 | 9.43 098 
40 | 9.43 143 
41 |9.43 188 
42 | 9.43 233 
43 | 9.43 278 
44 | 9.43 323 
45 | 9.43 367 
46 | 9.43 412 
47 19.43 457 
48 | 9.43 502 
49 | 9.43 546 
50 | 9.43 591 
51 | 9.43 635 
52 | 9.43 680 
53 | 9.43 724 
54 | 9.43 769 
55 | 9.43 813 
56 | 9.43 857 
57 |9.43 901 
58 | 9.43 946 
59 | 9.43 990 


’ | Log Sin 


9.42 805 


9.42 856 
9.42 906 
9.42 957 
9.43 007 


9.43 057 
9.43 108 
9.43 158 
9.43 208 
9.43 258 
9.43 308 
9.43 358 
9.43 408 
9.43 458 
9.43 508 
9.43 558 
9.43 607 
9.43 657 
9.43 707 
9.43 756 
9.43 806 
9.43 855 
9.43 905 
9.43 954 
9.44 004 
9.44 053 
9.44 102 
9.44151 
9.44 201 
9.44 250 
9.44 299 
9.44 345 
9.44 397 
9.44 446 
9.44 495 
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0 (9.44034 |"4, [9.45 750 | 47 | 0.04 250 | 9.98 284 |", 
1 | 9.44078] 44 | 9.45 797 | 4g | 0.54 203 | 9.98 281 | 4 
2 | 9.44 122] 4, | 9.45 845 | 47 | 0.54 155 | 9.98 277 | 4 
3 | 9.44 166] 44 | 9.45 892 | 4g | 0.54 108 | 9.98273 | 5 
4 | 9.44210] 43 | 9.45 940] 4, | 0.54 060 | 9.98 270 | 4 
5 | 9.44253] 4, |9.45 987] 4. | 0.54 013 | 9.98 266 | , 48 | 47 | 46 
6 | 9.44 297 | 4, | 9.46 035 | 47 | 0.53 965 | 9.98 262 | 5 1| 48] 4.7| 46 
7 | 9.44341 | 47 | 9.46 082| 4 | 0.53 918 | 9.98 259 | 4 2| 96| 9.4] 92 
8 | 9.44 385 | 43 | 9.46 130] 47 [0.53 870 | 9.98 255 | 4 3 }14.4| 14.1 | 13.8 
9 | 9.44 428] 47 19.46 177 | 47 | 0.53 823 | 9.98 251 | 3 4 | 19.2| 18.8 | 18.4 
10 | 9.44472] 4, |9.46 224] 4, |0.53 776 | 9.98 248 5 | 24.0135) 2" 
11 |9.44.516| 45 | 9.46 271| 44 | 0.53 729 | 9.98 244 | 4 6 | 28.8 | 28.2 | 27.6 
12 | 9.44559 | 45 | 9.46 319| 47 | 0.53 681 | 9.98 240| 5 A ps tek bred SS 
13 | 9.44 602] 44 | 9.46 366] 4> | 0.53 634 | 9.98 237 | 4 8-| 338.4 | 37-6) 60s 
14 | 9.44 646 | 45 | 9.46 413 | 47 | 0.53 587 | 9.98 233 | | 9 | 43.2 | 42.3 | 41-4 
15 |9.44 689] ,, |9.46 460] ,- | 0.53 540/ 9.98 229 | , 
16 | 9.44 733 | 43 | 9.46 507 | 7 10.53 493 | 9.98 226 | { 
17 |9.44.776| 45 | 9.46 554| 4° |0.53 446 | 9.98 222 | 7 
18 |9.44 819] 45 | 9.46 601| 4/ |0.53 399| 9.98218] 3 | 4: 
19 | 9.44 862 | 45 | 9.46 648] 46 | 0.53 352 | 9.98 215| 7 | 41 45 | 44 | 43 
20 | 9.44905] 4, |9.46 694] ,, |0.53 306]9.98211] ,| 40] 1] 45) 44| 43 
21 |9.44 948] 44 | 9.46 741| 47 | 0.53 259] 9.98207| 3 | 39 | 2] 9.0] 88| 8.6 
22 |9.44 992] 4 | 9.46 788| 4) 10.53 212 |9.98204| | 38 | 3 | 13.5 | 13.2 | 12.9 
23 |9.45 035 | 45 | 9.46 835 | 44 10.53 165|9.98200| { | 37 | 4 | 18.0 | 17.6 | 17.2 
24 |9.45 077 | 43 | 9.46 881| 47 | 0.53 119] 9.98196] 4 | 36 | 5 | 22.5 | 22.0 | 21.5 
25 |9.45 120] ,, [9.46928] ,, [0.53072] 9.98192] , | 35] & | 27.0 | 26-4 | 25.8 
26 | 9.45 163 | 43 |9.46 975] 4, | 0.53 025|9.98 189] 41 34] 213476 | 35°59 | 34, 
27 | 9.45 206 | 43 | 9.47 021| 47 | 0.52 979 | 9.98 185| 4 | 33 | 8 | 3e-2 | 90-2 | 38.4 
28 |9.45 249| 73 | 9.47 068| 47 |0.52 932 | 9.98 181| 4 | 32 5 Tea 
29 |9.45 292] 45 | 9.47 114| 4° | 0.52 886 | 9.98177 | 3 | 31 
30 | 9.45 334] ,, | 9.47 160] 4, |0.52 840 | 9.98 174] , | 30 
31 | 9.45 377 | 45 | 9.47 207 | 44 | 0.52 793 | 9.98170] f | 29 
32 |9.45 419] 45 | 9.47 253 | 42 | 0.52 747 | 9.98 166| 4 | 28 
33 | 9.45 462] 45 | 9.47 299] 7° | 0.52 701 | 9.98 162] 3 | 27 42 | 41 
34 [9.45 504 | 43 | 9.47 346 | 4 | 0.52654 | 9.98159] 4 | 26] 1] 42) 41 
35 | 9.45 547] ,. | 9.47 392] ,, | 0.52 608] 9.98155] , | 25 ofp sig Che 
36 | 9.45 589] 45 | 9.47 438 | 92 [0.52 562|9.98 151] 7 | 24 3) 12.6) 123 
37 | 9.45 632] 4 | 9.47 484 4° [0.52 516 | 9.98 147| 4 | 23 4 | 16.8 | 16.4 
38 | 9.45 674] 45 | 9.47 530 | 1? [0.52 470] 9.98 144] 3 | 22 rd gd bee 2 
39 | 9.45716] 45 | 9.47 576 | 45 | 0.52 4249.98 140| f | 21 Ca eee 
40 | 9.45 758] 4, |9.47 622] ,, | 0.52378] 9.98 136] , | 20 A leealaas 
41 |9.45 801] 45 | 9.47 668 | 48 | 0.52 3329.98 132] $ | 19 9 | 37.8 | 36.9 
42 |9.45 843 | 4) | 9.47 714| 7° | 0.52 286 | 9.98 129 | 3 | 18 or ape 
43 | 9.45 885 | 45 | 9.47 760 | 7? | 0.52 240 | 9.98 125] 4 | 17 
44 |9.45 927 4) |9.47 806] 45 [0.52 194] 9.98 121] {| 16 
45 | 9.45969} ,) | 9.47 852] ,, | 0.52 148] 9.98 117] , | 15 
46 |9.46 011] 45 | 9.47 897 | 72 | 0.52 103] 9.98 113| 4 | 14 
47 | 9.46 053 | 45 | 9.47 943 | 4? |0.52057]9.98110|2 | 13 | —| 4 | 3 _ 
48 |9.46 095] 47 | 9.47 989 | 48 |0.52011| 9.98 106] 4 | 12 1/04] 0.3 
49 | 9.46 136 | 4, | 9.48 035 45 | 0-51 965 | 9.98 102] 4 | 11 z 0.8 | 0.6 
50 | 9.46 178] 4 | 9.48080] ,, [0.51920] 9.98098] , | 10 Patri 
51 |9.46 220| {> | 9.48 126| $8 |o.51874|9.98004| 4] 9 | 4 | 3:6] 12 
52 |9.46 262] 4) | 9.48171] 4? | 0.51 829 | 9.98 090 8 Oy br 
53 | 9.46 303 | 45 | 9.48 217 | 4° | 0.51783 |9.98087| 3 | 7 Ci tale 
54 | 9.46 345 | 4) | 9.48 262| 72 10.51 738/9.98083|4 | 6 oe 
SSAA 9-48 307 | 4g | 0.51 693 | 9.98079) 4 | 5 9 |. 3.608o% 
28 41 |9-48353) 75 |0.51 647 /9.98075| 4 | 4 
57 | 9.46 469 | 4) | 9.48 398] 4° 10.51 602/9.98071| 4 | 3 
58 | 9.46511} 4; | 9.48 443 | 9° 1.0.51 557| 9.98 067| 4 | 2 
59 | 9.46 552] 4o | 9.48 489 | 45 ]0.51511|9.98063| $ | 1 
60_| 9.46594) |] 9.48534] | 0.51 466] 9.98 060 0 
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t 42 20° TABLE II | 


( 
] ’ | Log Sin | d | Log Tan|cd| Log Cot | Log Cos | d Prop. Parts 
t 0 |9.53 405 | y, | 9.96 107 | gq | 0.43 893 | 9.97 299| ; | 60 
|_| S/F pate (oat le sl |g 
i v9. o| 34 a) 2 | gg | U-4 oO} 9. J} 4 08 
| 3 |9.53 509 | 24 | 9.56 224| 23 [0.43 776 | 9.97 285 | 5 | 57 
; 4 |9.53 544 | 3° | 9.56 264 | 39 | 0.43 736 | 9.97 280| 4 | 56 
6 |9.53 578] 4, |9.56 303 | 4, | 0.43 697 |9.97 276 | ; | 55 
i 6 | 9.53 613 | 3 | 9.56 342 39 [0.43 658| 9.97 271] 5 | 54 
| 7 |9.53 647 | gs | 9.06381) 59 |0-43 619 | 9.97 266 | 4 | 53 
| 85 | 956 420 | 39 | 0.43 580 | 9.97 262] 5 | 52 
} 9 |9.53716| 34 | 9.56459 | 39 | 0.43 541 | 9.97 257 | 5 | 51 40 | 39 | 38 
10 |9.53 751| 5, |9-56 498] 3, |0.43 502|9.97 252], | 50] 1| 4.0/ 3.9] 38 
TRE a [oan otassatgis| say | 2) S81 78) 74 
2 2 35 | 9-065 3q | 0-43 424 | 9. 7 243 5 | 48 3 | 12.0) 11.7) 11.4 
13 [9.53 854| $; [9.56 615] 3, [0.43 385 |9.97 238] 4 | 47 | 4 | 16.0 | 15.6 | 15.2 
14 [9.53 888 | $4 | 9:56 654 | 33 | 0.43 346 | 9.97 234] 5 | 46 | 5 | 20.0| 19.5 | 19.0 
15 |9.53 922] 5, | 9.56 693 9. | 0.43307 |9.97229] , | 45 | § | 38-0 | 33.3 | 22.8 
16 |9.53 957 | °° | 9.56 732 | 22 | 0.43 268 | 9.97 224] 4 | 44 | 2 | 28-0 | 27-3 | 28-6 
17 |9.53 991 | 34 | 9.56 771 | 32 | 0.43 229| 9.97220] 5 | 43 | § | 32-0 | 31-2 | 20-8 
18 | 9.54 025 | 34 | 9.56 810 | 39 | 0.43 190| 9.97215] 3 | 42 | 9 | 36-01 30.1) 34.2 
19 | 9.54 059 | 34 | 9.56 849 | 33 0.43 151 | 9.97 210] 4 | 41 
20 | 9.54093] 5, | 9.56 887] 39 | 0.43 113] 9.97 206] 5 | 40 
21 |9.54 127 | 44 | 9.56 926 | 59 | 0.43 074 | 9.97 201] 5 | 39 
2 [i 18 | 24] 390s] [sagas |. aan] | as 
54 |9.54 290 | & [9.57 042 | 88 |ocaa aos | 9.07 187 | © | 3¢ 
34 | 9-07 042 | 3 | 0.42 958 | 9.97 187) 5 | 36 
25 | 9.54263] 4, | 9.57081] 4. |0.42919| 9.97182] , | 35 
CL Rieti So Bee bees ash eae ry | 
BASIE] ae OF SS | ¢] | at | a 
2 at [9.57 158| 36 [0.42842 | 9.97173]? | 33 | 1 | 3.7/3.5) 34 
28 | 9.54 365 | $f | 9.57 197 | 88 | 0.42 803 | 9.97 168| 2 | 32 | 2] 7-4] 7.0] 68 
29 | 9.54 399 | 3 | 9.57 235 | 38 10.42 765| 9.97 163| {| 31 | 3 | 11.1] 10.5] 10.2 
30 |9.54 433] 4, | 9.57 274| 4, | 0.42726 |9.97159|, | 30 | 4% | iss | tog | 136 
31 | 9.54 466 | 33 | 9.57 312| 38 |0.42 688 | 9.97 154|2 | 29 | 2 | 38-3] 37-3 | 37-8 
32 | 9.54 500| #4 | 9.57 351 | 32 | 0.42 6499.97 149| 3 | 28 | 9 | 35-3 | 31-2 | 20-8 
33 | 9.54 534| 3 | 9.57 380 | $8 |0.42611| 9.97 145| § | 27] § | 50'6| sag | ors 
34 | 9.54 567 | 33 | 9.57 428| $8 | 0.42.572|9.97140/2 | 26 | § | 33°0 | So | 34: 
35 | 9.54601] 4, |9.57 466 3. [0.42 5349.97 135| 5 | 25 ere | 
36 | 9.94 635) 33 | 9.57 504 39 | 0.42 496] 9.97 130] 4 | 24 
38 | 0.54 703 = 0.57 581 = 0:42 419 | 9.07 121 : > 
- nee - a 35 | 0.42 381 | 9.97 116| 3 | 21 
a : 2 342 Fd 
a1 | 9°54 802 | 83 [9:37 696 | 88 | 0:42 304 | 9-97 107 || 79 
42 |9.54 836 | 2¢ | 9:57 734| °8 | 0:42 266 | 9:97 102| 5 | 18 
43 |9.54 869 | $3 |9.57 772 | 38 0.42 298| 9.07 097 | © | 17 ood eG 
- 9.54 903 | 53 | 9.57 810] 3, eg hous SFied.2 a 0.5 | 0.4 
. 9.54 936 | 95 |9.57 849 | 4g | 0.42 151 | 9.97 087 Sool awe 
i 33 liters zlo . ‘ 15 ‘ 
' 46 |9.54 969 | 5) |9.57 887 8 | 0.42 113|9.97083| 2 |'14.| 2 |ae9 (arene 
47 19-55 003 | 33 | 9.57 925] 55 |0.42.075|9.97078| 5 | 13 | 5 | 16:5 | 2'5 oe 
48 | 9.55 036 | 33 | 9.97 963] 55 | 0.42 037 |9.97073| 5 | 12 | § | 19°8 | 3.0 er 
55 069 | 33 | 9.58001 | 38 | 0.41 999] 9.97068|2 | 11] 7] 533 | 3'5 | og 
60 | 9.55 102) 5, | 9.58 039] 5, | 0.41 961|9.97 063] 4 | 10 | & | 26.4 4.0 | 3.2 
51 wae 33 | 9-58 077 | 33 |0.41 923 |9.97059| | 9 | 9 129.7] 4.5 | 3.6 
33 5: 38 8. .97 049 7 
54 | 9.55 235 | $3 | 9.58 191 | 38 | 0.41 809 | 9.9 H 
5 
57 | 9.55 334| 33 | 9.58 304 | 32 ogee 9.97030|°| 3 
58 | 9.55 367 | 33 | 9.58342 | 38 |0.41 658 9.07 025|5] 3 
59 | 9.55400 | 33 | 9.58 380 | 33 | 0.41 620| 9.97020] 2 | 1 
60_|9.55433|__|9.58418| | 0.41582] 9.97 015 0 
Log Cos ee Log Cot er Log Tan! Log Sin| d| ’ Prop. Parts 


5 
5 

-55 695 
5 


61 
93 
26 
58 
91 


nr Ororororor 
OMoINI A 


¢ tn trontrontn 


9.56 215 
9.56 247 
9.56 279 
9.56 311 
9.56 343 
9.56 375 
.06 408 
.56 440 
.56 472 
.56 504 
.56 536 
.56 568 
.56 599 
.56 631 
.56 663 
.56 695 
.56 727 
9.56 759 

6 hos 

6 822 

6 B64 


a5) 

5 

oO 

.56 886 
.56 917 
.06 949 
-56 980 
.57 012 
5) 
5) 
5 
5 
5 
5 
5 


21° 43 
ff | Log Tan | cd| Log Cot | Log Cos| d Prop. Parts 
33 | 9-58 418] ., | 0.41 582 9.97 015| , | 60 | 
33 | 9-08 455 | 3. | 0.41 545 / 9.97010] > | 59 
33 | 9-08.493 | 3. | 0.41 507 | 9.97 005] ® | 58 
32 | 9-58 531 | 35 | 0.41 469 | 9.97 001| * | 57 
33 | 9-58 569 | 37 | 0.41 431 | 9.96 996 | > | 56 

9.58 606 | 4. | 0.41394] 9.96 99 
33 3S : 91 
33 | 9-58 644 | 3> | 0.41 356 | 9.96 986 | ° a 
3 |9-58 681] 35 [0.41319 / 9.96 981] 2 | 53 
33 | 9-58 719 | 3g | 0.41 281 | 9.96 976 | > | 52 
33 | 9-98 757 | 57 0.41 243 | 9.96 971] 2 | 51 38 | 37 | 36 
9.58794] 2. |0.41206/9.96 966] , | 50 

32 | 9-08 1 i 1 : 
22 |9 58.832 | 88 0-41 168| 9:96 90214 | 49| 2| 76| Fal a3 
32 | 9-58 869 | 35 | 0.41 131] 9.96957|2 | 48 | 3 | 11-4| 11:1] 10:8 
33 | 9-58 907 | 3> [0.41093] 9.96 952|2 | 47] 4 | 15.2] 14.8 | 14/4 
3p | 9-58 944] 37 | 0.41 056 | 9.96947]? | 46] 5 | 19.0] 18:5] 18.0 
33 |9-58.981] 4. | 0.41019] 9.96942] , | 45 | & | 22-8 | 22.2 | 21.6 
39 | 9-59 019| 57 | 0.40 981 | 9.96 937] > | 44] 7 | 26.6 | 25.9 | 25.2 
33 | 9-59 056 | 3 | 0.40 944 9.96 932] > | 43 | 8 | 30.4 | 29.6 | 28.8 
32 [9-59 094 | 3- |0.40 906 | 9.96 927| > | 42 4 9 184.21 33.3 | 32.4 
3 |9-59 131] 37 | 0.40869] 9.96 922] > | 41 
33 | 9-59 168] 57 | 0.40832] 9.96917] , | 40 
3 | 9-59 205 | 32 | 0.40795 | 9.96 912] > | 39 
so [9-59 243 | 3° | 0.40 757 | 9.96 907 | ° | 38 
33 | 9-59 280 | 34 | 0.40720 | 9.96 903 | £ | 37 
32 | 9-59 317 | 34 | 0.40 683 | 9.96 898 | 2 | 36 
» |9.59 354 | 4, |0.40 646 | 9.96 893] , | 35 
35 | 9-59 391 | 3 | 0.40 609 | 9.96 888 BBA 33_ | 32 | 31 
32 | 2-99 429 | 37 | 0.40 571) 9.96 883] 5 | 33 | 1] 3.3) 3.2) 3.1 
39 | 9-59 466 | 37 | 0.40 534 /9.96 878), | 32 | 2 | 6.6) 6.4] 6.2 
33 | 9-09 503 | - | 0.40 497 | 9.96873]? | 31] 3] 9.9] 9.6] 9.3 
an : 4 | 13.2 | 12.8 | 12.4 
az | 9-5 ee el 6 ed) © 419.8 ).10.21 13,6 
32 | 9-59 614 | 37 10.40 386 | 9.96 858| > | 28 
2 19.59.651| °” |0.40349|9.96853|5| 27) 2 | 23-1 | 22-4) 21-2 
aa be: ee eis) oh) 8 | 26.4 | 256) et 8 
32 9.59 688 37 0.40 312 | 9.96 848 5 26 9 29.7 98.8 27.9 
31 | 9-39 725 | 97 | 0.40275] 9.96 843 , | 26 
3 | 9.59 762 | 2” | 0.40 238 | 9.96 838 | > | 24 
35 19.59 799 | 37 | 0.40 201 | 9.96 833 | ? | 23 
92 | 9-59 835 | 97 | 0.40 165 | 9.96 828 | § | 22 
39 | 9-09 872 | 32 | 0.40 128 | 9.96 823 | 2 | 21 
39 | 9-59 909 | 47 | 0.40 091] 9.96 818] , | 20 
37 | 9.59 946 | 27 | 0.40 054] 9.96 813 | 2 | 19 
jo | 9.59 983 | 3, | 0.40017 | 9.96 808] 2 | 18 ea ee 
3 [9.60 019 | 32 | 0.39 981 | 9.96 803 | & | 17 
ag | 9-60 056 | $7 |0.39 9449.96 708] 5 | 16 | 2) 0-8 | 0.5 | 08 
31 | 9-60 093 | a7 [0.39 907 | 9.96793], | 18] 3] 18] 1.5 | 12 
3! | 9.60 130] 37 |0.39 870] 9.96 788] 2] 14] 4 | 9.4] 2:0 | 16 
22 | 9-60 166 | 3° | 0.39 834] 9.96 783]7 | 13] 5 | 3.0 | 2.5 | 2.0 
1 | 9.60 203 | 2” | 0.39 797 |9.96778| ¢ | 12] 6 | 3.6] 3.0 | 2.4 
22 | 9.60 240 | 37 10.39 760/ 9.96772] 5 | 11] 7] 4.2] 3.5 | 2.8 
31 | 9-60 276 | a7 | 0.39 724|9.96 767], | 10] 8 | 4.8] 4.0) 3.2 
31 | 9.60 313 | 37 | 0.39 687|9.96 762|2| 9] 91 5.4] 4.51 3.6 
3 | 9.60 349 | 37 10.39 651] 9.96 757|5 | 8 
31 {9.60 386 | 34 [0.39614 | 9.96 752] 5 | 7 
3) | 9.60422 | 37 | 0.39578 | 9.96 747| 5 | 6 
31 | 9-60.459| 3g | 0-39 541] 9.96 742], | 5 
3) | 9.60 495 | 37 [0.39 505 | 9.96 737] 5 | 4 
3? | 9.60 532 | 34 | 0.39 468 | 9.96 732] 5] 3 
21 | 9.60 568 | 37 | 0.39 4329.96 727/ 5 | 2 
3) | 9-60 605 | 34 | 0.39 395 | 9.96 722] 5 | 1 
Peron iooaecoe 717), | 50) 
d | Log Cot |cd|LogTan| Log Sin|d| ’ Prop. Parts 
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|__| Log Cos | d | Log totic eee. 


TT 


9.57 358 
9.57 389 
9.57 420 
9.57 451 


oO 
NQ 
iN 
lo.¢) 
bo 


.o7 514 
57 545 
.57 576 
.57 607 
.O7 638 


WOODOOO © 


.57 669 
-57 700 
07 731 
OT 762 
57 793 


NelelNekiejie} 


57 824 
.O7 855 
.O7 885 
.57 916 
.O7 947 


.57 978 
.58 008 
-58 039 
9) 
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8 070 
$101 
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8 162 
8 192 
8 223 
8 253 


woOnonnnd 


moOnonnwo 


9.5 
9) 
9) 
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09 


9.59 188 
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Log Sin | d 


31 
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31 
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9.60 641 


.61 076 
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.61 256 
1 292 
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1 687 
iL f22 
1758 
1 794 
1 830 
1865 
9.61 901 
9.61 936 
9.61 972 
9.62 008 
9.62 043 
9.62 079 
9.62 114 
9.62 150 
9.62 185 
9.62 221 
9.62 256 
9.62 292 
9.62 327 
9.62 362 
9.62 398 
9.62 433 
9.62 468 
9.62 504 
9.62 539 
9.62 574 
9.62 609 
9.62 645 
9.62 680 
9.62715 
9.62 750 
9.62 785 
Log Cot 


cd 
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Log Cot 


0.39 359 


0.39 323 
0.39 286 
0.39 250 
.o9 214 


9177 
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-39 069 
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0.37 250 


0.37 215 
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9.96 717 
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LOGS OF FUNCTIONS 


23° 


a. | DB OUD OAD POD MNMD HMWIRMMAA AMAA Ii Anan ann nMAnAan anann anaoanae wuoanen OOD CTO OID Gr OI | a 


‘ | Log Sin | d | Log Tan|cd| Log Cot | Log Cos 
0 / 9.59 188] 35 | 9.62 785 | 35 |0.37 215 | 9.96 403 
1 |9.59 218 | 59 | 9.62 820 3; | 0.37 180 | 9.96 397 
2 | 9.59 247 | 35 | 9.62 855 | 35 | 0.37 145 | 9.96 392 
3 | 9.59 277 | 35 | 9.62 890 | 35 | 0.37 110 | 9.96 387 
4 | 9.59 307 | 5, | 9-62 926 | 3; | 0.37 074 | 9.96 381 
5 | 9.59 336 9.62 961] 35 | 0.37 039 | 9.96 376 
6 | 9.59 366 | 3° | 9.62 996 | 3? | 0.37 004 | 9:96 370 
7 |9.59 396 | 5 | 9.63 031 | 33 | 0.36 969 | 9.96 365 
8 | 9.59 425 | 35 | 9.63 066 | 35 | 0.36 934 | 9.96 360 
9 | 9.59 455 | 59 | 9.63 101 | 3; | 0.36 899 | 9.96 354 
10 | 9.59484] ., |9.63 135] 3, | 0.36 865 | 9.96 349 
11 |9.59514| 59 | 9.63 170 | 33 | 0.36 830 | 9.96 343 
12 | 9.59 543 | 35 | 9.63 205 | 32 | 0.36 795 | 9.96 338 
13 |9.59 573 | 59 | 9-63 240 | 33 | 0.36 760 | 9.96 333 
14 [9.59 602 | 35 | 9-63 275 | 33 | 0.36 725 | 9.96 327 
16 | 9.59 632] 9 | 9.63310] 3, | 0.36 690 | 9.96 322 
16 | 9.59 661 | 59 | 9-63 345 | 34 | 0.36 655 | 9.96 316 
17 |9.59 690 | 39 | 9-63 379 | 35 | 0.36 621 | 9.96 311 
18 |9.59 720 | 59 | 9.63 414 | 32 | 0.36 586 | 9.96 305 
19 | 9.59 749 | 5) | 9.63 449 | 32 | 0.36 551 | 9.96 300 
20 |9.59778]| 39 | 9-63 484 | 5 | 0.36 516 | 9.96 294 
21 | 9.59 808 | 59 | 9-63 519 | 34 | 0.36 481 | 9.96 289 
22 | 9.59 837 | 99 | 9.63 553 | 35 | 0.36 447 | 9.96 284 
23 | 9.59 866 | 99 | 9.63 588 | 3, | 0.36412 | 9.96 278 
24 | 9.59 895 | 59 | 9.63 623 | 34 | 0.36 377 | 9.96 273 
25 | 9.59 524| 9, | 9.63 657 | 35 | 0.36 343 | 9.96 267 
26 | 9.59 954 | 59 | 9.63 692] 34 | 0.36 308 | 9.96 262 
27 | 9.59 983 29 9.63 726 | 3 | 0.36 274 | 9.96 256 
28 | 9.60 012] 59 | 9.63 761 | 35 | 0.36 239 | 9.96 251 
29 | 9.60041 | 99 | 9.63 796 | 34 | 0.36 204 | 9.96 245 
30 | 9.60070] 99 | 9-63 830| 9; | 0.36 170 | 9.96 240 
31 | 9.60 099 | 94 | 9.63 865 | 34 | 0.36 135 | 9.96 234 
32 | 9.60 128] 99 | 9.63 899 | 35 | 0.36 101 | 9.96 229 
33 | 9.60 157 | 59 | 9.63 934 | 54 | 0.36 066 | 9.96 223 
34 |9.60 186 | 55 | 9.63 968 | 35 | 0.36 032 | 9.96 218 
35 | 9.60 215] 9 | 9.64003 | 44 | 0.35 997 | 9.96 212 
36 | 9.60 244 | 95 | 9.64 037 | 35 | 0.35 963 | 9.96 207 
37 | 9.60 273 | 99 | 9.64 072 | 34 | 0.35 928 | 9.96 201 
38 | 9.60 302 | 99 | 9.64 106 | 34 | 0.35 894 | 9.96 196 
39 | 9.60 331] 9g | 9.64 140 | 35 | 0.35 860 | 9.96 19 
40 | 9.60359 | 99 | 9.64175 | 94 | 0.35 825 | 9.96 185 
41 |9.60388| 59 | 9.64209 | 34 | 0.35 791 | 9.96 179 
42, | 9.60 417 | 59 | 9.64 243 | 35 | 0.35 757 | 9.96 174 
43 | 9.60 446 | 9 | 9.64 278 | 34 | 0.35 722 | 9.96 168 
44 |9.60 474 | 59 | 9.64312 | 34 | 0.35 688 | 9.96 162 

9.60 503 | 99 | 9.64 346 | 95 | 0.35 654 | 9.96 157 
46 | 9.00 332 29 | 9.64 381 | 34 | 0.35 619 | 9.96 151 
47 |9.60 561 | 99 | 9.64 415 | 34 | 0.35 585 | 9.96 146 
48 | 9.60 589 | 59 | 9.64 449 | 94 | 0.35 551 | 9.96 140 
49 |9.60 618] 53 | 9.64483 | 94 | 0.35 517 | 9.96 135 

60 646 | 9 |9.64.517| 35 | 0.35 483 | 9.96 129 
a 360 675 29 | 9.64 552 | 3; | 0.35 448 | 9.96 123 
52 | 9.60704 | og | 9.64 586 | 34 | 0.35 414 | 9.96 118 
53. | 9.60 732 | 99 | 9-64 620 | 34 | 0.35 380 | 9.96 112 
54 |9.60 761 | 59 | 9-64 654 | 34 | 0-35 346 | 9.96 107 

60 789 | 94 | 9.64 688 | 34 | 0.35 312 | 9.96 101 
28 | 9.60 818 29 | 9.64 722 | 34 | 0.35 278 | 9.96 095 
57 | 9.60 846 | 59 | 9-64 756 | 34 | 0.35 244 | 9.96 090 
58 | 9.60875 | 5g | 9-64 790 | 34 | 0-35 210 | 9.96 084 
59 | 9.60 903 | 32 | 9.64 824 | 34 | 0.35 176 | 9.96 079 
60 |9.60931|__| 9.64858) __| 0.35 142] 9.96 073 

Log Cos| d | Log Cot |cd| Log Tan Log Sin 


66° 


ity 


Re 
|c PNW ONWOO 


Prop. Parts 


36 35 34 
hi) S05 leo 
BN PONG 66 
3 | 10.8 | 10.5 | 10.2 
4 | 14.4| 14.0 | 13.6 
5 | 18.0 | 17.5 | 17.0 
6 | 21.6 | 21.0 | 20.4 
7 | 25.2 | 24.5 | 23.8 
8 | 28.8 | 28.0 | 27.2 
9 | 32.4 | 31.5 | 30.6 

30 29 28 
1 {i300} 2a tes 
2| 6.0] 5.8] 5.6 
3°] 90 | B27) 84 
4112.0 11.61 11.2 
5 | 15.0 | 14.5 | 14.0 
6 | 18.0 | 17.4] 16.8 
7 | 21.0 | 20.3 | 19.6 
8 | 24.0 | 23.2 | 22.4 
9 | 27.0 | 26.1 | 25.2 

6 5 
1| 0.6 | 0.5 
914.2 (baled 
eee | oie 
ANG 2 OG 
5 | 3.0 | 2.5 
6 | 3.6 | 3.0 
7k 128.5 
8 | 4.8] 4.0 
9| 5.4] 4.5 


Prop. Parts | 


| 46 


{| Log Tan|cd 
| 0 |9.60 931 | 5, | 9.64 858 | 5, | 0.30 142 
it 1 | 9.60 960 | 5 | 9.64 892 | 54 | 0.35 108 
} 2 | 9.60 988 | 9g | 9.64 926 | 5, | 0.35 074 
\| 3 |9.61016| 94 | 9.64 960 | 5, | 0.35 040 
il 4 |9.61045| 5, | 9.64994 | 5, | 0.35 006 
| 5 | 9.61073] og | 9.65028 | 2, | 0.34 972 
1H 6 |9.61 101 | 9. | 9.65 062 | 3, | 0.34 938 
7 |9.61 129] 55 | 9.65096 | 34 | 0.34 904 
8 |9.61 158 | 5, | 9.65 130] 34 | 0.34 870 
9 | 9.61 186 | 9. | 9-65 164 | 55 | 0.34 836 
10 | 9.61 214] 9, | 9.65197 | ,, | 0.34 803 
11 | 9.61 242] 5. |9.65 231 | 3, | 0.34 769 
12 | 9.61 270| 53 | 9.65 265 | 5, | 0.34735 
13 | 9.61298] 5. |9.65 299 | 3, | 0.34 701 
14 | 9.61 326] 52 |9.65 333 | 33 | 0.34 667 
15 |9.61 354] 9. | 9.65 366 | ,, | 0.34 634 
16 | 9.61 382 | 55 |9.65 400 | 3, | 0.34 600 
17 |9.61411] 5, | 9.65 434] 3, | 0.34 566 
18 | 9.61438 | 5. | 9.65 467 | 3) | 0.34 533 
19 | 9.61 466 | 53 | 9.65 501 | 3, | 0.34499 
20 |9.61 494] .. | 9.65 535] 4. | 0.34 465 
21 |9.61 522| 99 | 9.65 568 | 34 | 0.34 432 
22 | 9.61 550] 53 | 9.65 602 | 3, | 0.34 398 
23 | 9.61 578] 93 | 9.65 636 | 3, | 0.34 364 
24 | 9.61 606 | 5, | 9.65 669 | 34 | 0.34 33 
25 |9.61 634] 5. | 9.65 703 | 4, | 0.34 297 
26 | 9.61 662 | 5, | 9.65 736 | 34 | 0.34 264 
27 |9.61 689 | 5. | 9.65770 | 3, | 0.34 23 
28 | 9.61717 | 9g | 9-65 803 | 34 | 0.34 197 
29 [9.61745 | 53 | 9.65 837 | 35 |0.34 163 
30 | 9.61773] 5, [9.65870] 5, | 0.34 130 
31 | 9.61 800] 5, | 9.65 904] 3, | 0.34 096 
32 | 9.61 828 | 99 | 9.65 937 | 5, | 0.34 063 
33 | 9.61856 | 57 | 9.65971] 3, | 0.34 029 
34 |9.61 883 | 5 | 9.66 004] 3) | 0.33 996 
35 |9.61911] 5. | 9.66 038] ., | 0.33 962 
36 | 9.61939] 57 | 9.66 071] 33 | 0.33 929 
37 | 9.61 966 | 5 | 9.66 104 | 3) | 0.33 896 
38 | 9.61 994] 57 | 9.66 138 | 33 | 0.33 862 
39 | 9.62021] 9. | 9.66171] 33 | 0.33 829 
40 | 9.62049] ,, | 9.66 204] ,, | 0.33 796 
41 |9.62076| 5. | 9.66 238 | 3, | 0.33 762 
42 |9.62 104] 57 | 9.66 271] 33 | 0.33 729 
43 | 9.62131] 52 | 9.66 304] 33 | 0.33 696 
44 |9.62 159] 57 | 9.66 337 | 3) | 0.33 663 
} 45 | 9.62 186] 9. | 9.66 371] 25 | 0.33 629 
| 46 | 9.62 214] 57 | 9.66 404] 53 | 0.33 596 
47 | 9.62 241] 57 | 9.66 437 | 33 | 0.33 563 
48 | 9.62 268 | 5. | 9.66 470 | 33 | 0.33 530 
49 | 9.62 296 | 57 | 9.66 503 | 34 | 0.33 497 
50 | 9.62 323 | 47 | 9.66 537 | 4. | 0.33 463 
51 | 9.62 350] 57 | 9.66 570} 33 | 0.33 430 
52 | 9.62 377 | 5¢ | 9.66 603 | 33 | 0.33 397 
53 | 9.62 405 | 57 | 9.66 636 | 33 | 0.33 364 
54 | 9.62 432 | 57 | 9.66 669 | 33 | 0.33 331 
55 | 9.62 459] 4, | 9.66 702] 4, | 0.33 298 
56 | 9.62 486 | 57 | 9.66 735 | 33 | 0.33 265 
57 | 9.62 513 | 52 | 9.66 768 | 33 | 0.33 232 
58 | 9.62 541 | 57 | 9.66 801 | 33 | 0.33 199 
59 | 9.62 568 | 57 | 9.66 834 33 | 0.33 166 
60 _| 9.62595) | 9.66867} _| 0.33 133 
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2 6.8] 6.6] 5.8 
3 11024 9-0 een 
4 113.6 | 13.2 | 18-6 
5 | 17.0 | 16.5 | 14.5 
6 | 20.4} 19.8 | 17.4 
7 | 23.8 | 23.1 | 20:3 
8 | 27.2 | 26.4 | 23.2 
9 | 30.6 | 29.7 | 26.1 
__ | Be ya 
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TABLE II 


32 | 31 | 26 
i} 33) 32) oe 
2) 6.44) 6S) ie 
3| 9.6] 9.3] 7.8 
4 |12.8|12.4| 10.4 
5 | 16.0 | 15.5 | 13.0 
6 | 19.2 | 18.6 | 15.6 
7 | 22.4 | 21.7 | 18.2 
8 | 25.6 | 24.8 | 20.8 
9 | 28.8 | 27.9 | 23.4 
25 | 24 
i | -25) oa 
2| 5.0] 4.8 
3) Teese 
4|10.0| 9.6 
5 | 12.5 | 12.0 
6 | 15.0 | 14.4 
7 | 17.5] 16.8 
8 | 20.0 | 19.2 
9 | 22.5 | 21.6 
7 6 
1 | 0.7 | 06 
2 14.112 
S| Sai bales 
42.2 poe 
5 S60 
6| 4.2] 3.6 
7) 49 | 22 
8| 5.6] 4.8 
9| 6.3 | 5.4 
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LOGS OF FUNCTIONS 


’ | Log Sin 
0 | 9.65 705 
1 | 9.65 729 
2 | 9.65 754 
3 | 9.65 779 
4 | 9.65 804 
5 | 9.65 828 
6 | 9.65 853 
7 19.65 878 
8 |9.65 902 
9 | 9.65 927 
19 | 9.65 952 
11 | 9.65 976 
12 | 9.66 001 
13 | 9.66 025 
i4 | 9.66 050 
15 | 9.66 075 
16 | 9.66 099 
17 | 9.66 124! 
18 | 9.66 148 
19 | 9.66173 
20 | 9.66 197 
21 | 9.66 221 
22 |9.66 246 
23 | 9.66 270 
24 | 3.66 295 
25 | 9.66 319 
26 |9.66 343 
27 | 9.66 368 
28 | 9.66 392 
29 | 9.66 416 
30 | 9.66 441 
31 | 9.66 465 
32 19.66 489 
33 19.66 513 
34 | 9.66 537 
35 | 9.66 562 
36 | 9.66 586 
37 | 9.66610 
38 | 9.66 634 
39 | 9.66 658 
40 | 9.66 682 
41 | 9.66 706 
42 | 9.66731 
43 | 9.66 755 
44 | 9.66779 
45 | 9.66 803 
46 | 9.66 827 
47 |9.66 851 
48 19.66 875 
49 | 9.66 899 
50 | 9.66 922 
51 | 9.66 946 
52 | 9.66970 
53 |9.66 994 
54 | 9.67 018 
55 | 9.67 042 
56 | 9.67 066 
57 | 9.67 090 
58 |9.67113 
59 | 9.67 137 
60¥| 9.67 161 
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35 | 9.70 748 
3s | 9.70 779 
35 | 9.70 810 
34 | 9-70 841 
95 | 9.70 873 
35 | 9.70 904 
34 | 9.70 935 
35 | 9.70 960 
35 | 9.70 997 
94 | 9-71 028 
3s | 9-71 059 
3a | 9-71 090 
os [9-71 121 
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9.71 184 
55 (9.71 215 
33 | 9.71 246 
55 (9.71277 
3, | 9-71 308 
og |9-71 339 
35 | 9-71 370 
x {9.71 401 
os (9.71431 
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94 | 9-71 493 
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TABLE II 
Prop. Parts 
OL [a0 28 
1 3.1 3.0| 2.9 
2 6.2) 6:0) 5.8 
34 9.31 °9.0) Sea 
4 | 12.4] 12.0} 11.6 
5 1115.5 | 15.0 | 14.5 
6 | 18.6 | 18.0 | 17.4 
7 2L4 1 21.0) 2035 
8 | 24.8 | 24.0 | 23.2 
9 | 27.9 | 27.0 | 26.1 
24 23 22 
1 2A) 2.3 1" 22 
2 4.8} 4.6] 4.4 
3 12.) 629/66 
4 96| 9.2] 8.8 
5 | 12.0] 11.5 | 11.0 
6 | 14.4 | 13.8 | 13.2 
7 (416.8 | 1604154 
8 , 19.2 | 18.4 | 17.6 
9 | 21.6 | 20.7 | 19.8 
if 6 
1 OF74 MOG 
2 1.4 1.2 
Sy RZ tales 
4} 2.8 | 2.4 
5 | 3.5} 3.0 
6 | 4.21 1326 
7 | 4.9 | 4.2 
8} 5.6 | 4.8 
9 | 6.3 | 54 


Prop. Parts 


/ 


4 LOGS OF FUNCTIONS 29° il 
" | Log Sin| d | Log Tan|cd| Log Cot | Log Cos | d Prop. Parts 
0 | 9.63 557 | 5, 9.74 375| g, | 0.25625 | 9.04 182|, | 60 
1 | 9.68 580 | 53 | 9.74 405 | 39 | 0.25595 | 9.94175] 7 | 59 
| 3 |o.6s625| 2 | ora 463 | 2° |0.25.595 | 9:04 161 | 2 | 37 
4 |9.68648| 22 19.74 494 | 29 | 0.25 506 | 9.9 7 
68 648 | 55 |9.74 494 3? | 0.25 506| 9.94 154| 7 | 56 
5 | 9.68671] 5, |9.74.524] 3, | 0.25476] 9.94 147] , | 55 
TE Ca ea ee 
8 | 9:68 739 | 23 | 9:74 613 | 39 | 0:23 387 | 9.94 126| 7 | 52 
9 9.68762 | 22 19:74 643 | 2 |0 28.357 19.94119| 2 | B1 
| 68 762 | 3 | 9.74 643 | $9 | 0.25357 | 9.94119] 7 | 51 
10 | 9.68 784) >, | 9.74 673] 9 | 0.25327] 9.94 112) 7 | 50 
1 | 9.68 807 | 32 | 9.74 702| 39 [0.25 298| 9.94105] 7 | 49 
12 | 9.68 829 | 22 | 9:74 732 | 2° 0.25 208 | 9:94 098| 2 | 48 
| 13 | 9.68 852] 93 | 9.74 762 | 99 | 0.25 238 | 9.94090) 7 | 47 BAtion 
4 '9.68 875] 5, | 9.74 791 30 0.25 209 | 9.94 083 7 | 46 
9.68 897 | 5. |9.74 82 0.25 179 | 9.94 076 45] 1] 3.0) 2.9] 2.3 
lose oms| 2 loracet = 028 149 | 9.94 069 7) 44| 2] 60] 5.8] 4.6 
17 |$.68 942 | 22 |974 ss0| 2° | 0.25 120| 9.94062| 7] 43] 3] 9.0/ 8.7] 6.9 
13 | 9.68 965 | 35 | 9.74 910 | 39 |0.25090| 9.94055] 7 | 42 | 4 | 12.0] 11.6] 9.2 
19 |9.68 987 | 35 | 9.74939 | 35 | 0.25061 /9.94048| 7 | 41 | 5 | 15.0 | 14.5 | 11.5 
20 | 9.69010] ,, |9.74.969} 5. |0.25031|9.94041] 7} 40] 7 | 5379 | 0'3 | 16:1 
‘ Ra ceo |e 4 | 29 25 002 | 9.94 034 7 39 Ss 5 é 
21 | 9.69 032 | 93 | 9.74 998 | 39 | 0.25 002 | 9.04 0341 7 | 39 | 8 | 24.0 | 23.2 | 18.4 
22 |9.69 055 | 5) | 9.75 028] 3p [0.24972] 9.94027] 71 381 9 | 97'0 | 26:1 | 20.7 
23 | 9.69 077 | 35 | 9.75 058] 3 | 0.24 942 | 9.94 020] g | 37 
24 |9.69 100] 33 | 9.75 087 | 2? |0.24913 | 9.94012] 7 | 36 
| 25 | 9.69 122] 95 |9.75117| 9 | 0.24883 | 9.94005] 7 | 36 
37 |oc09 107 | 2 |o-73176| 22 0.24824 9:03 901] 4 | 33 
28 9.69 189 23 9.75 205 30 eee bee 7 
29 | 9.69 212) 99 | 9.75 235] 99 0.24 765 | 9.93 977 | 7 
| 80 | 9.69 234 | 99 | 9.75 264| 5, | 0.24 736 | 9.93 970] 7 | 30 
3b |§:60 279 | 2 [9:73 a23| 22 |o.24077 [9.93 955| 8 | 28 
« . ae ~ 22 x cides Sips’ 30 a ; Tar : < 
33 9.69 301 29 9.75 353 29 0.24 647 ee 7 ah 
34 | 9.69 323 | > |9.75 382| 5° | 0.24 618 | 9.93 941 7 | 2 
35 |9.69345 | 95 |9.75411| 5p | 0.24589 9.93 934) 7 | 25 
36 To 24 55$ 93 92 2 
» | 3 18:83 300 2 | 9:75 470 | 22 | 0:24 330 | 9:93 920 el (ee fake a 
38 |9.69 412 | 22 |9.75 500| 20 0.24 500] 9.93 912| 7 | 22 | 1 |" 2.2) 0.8 | 0.7 
39 | 9.69 434| 5) |9.75 529] 9 |0:24471]9.93 905] 7 | 21) 2] 44) 1.6 | 1.4 
oe rer ‘ 2QR ¢ é oY « 
ol ee a ea A Bl eee elt a0 4| 881282 | 2.8 
41 9.69 479 oy) 9.75 588 29 ae ee ont Dh 511101 401-35 
42 | 3-60 293 | 2 | ove 647 | °° | 0.24 353|9.03 876] | 17] 8 | 132 ans 
ee | ae oO | 2 ee eee avon 86 7|15.4| 5.6 | 4. 
44 |9.69 545 | 39 | 9.75 676 | 99 | 0.24 324 | 9.93 869| 7 i 2a eR ee 
45 | 9.69 567) 99 |9.75 705} ap | 0.24 205 | 9.98 8621 7 15} 9 |i9.8| 72 | 63 
49 |9:69611| 2 | 9:75 764 | 22 | 0.24 236) 9.93 847| > | 13 
48 | 9:60 633 | 2 | 9:75 793 | 22 [0.24 207 | 9.93 840| 7 | 12 
| 49 | 9.69 655] 32 | 9.75 822 39 | 0.24 178] 9.93 833] 7 o 
so |aconz| [acess m|aatislaggee| | 
22 | 8-60 va1 | 2 | 9:73 910| 29 [0.24 090| 9.93 811|$| 8 
22 | 3-69 443 | 2 [9:75 939 | 22 [0.24061 |9.93 804| 7 | 7 
7 A ) . 30 “4 . 
54 |9.69 765 | 5» | 9.75 969| 99 at eee : : 
| B5 | 9.69787 | a» [9.75998] np |0-24002)9.93789) 7 | & 
56 | 9.69 809 | 55 | 9.76027) 9, |0.23973 | 9.93 782] 7 | 4 
7 | 3-00 35 | 22 [9:76 086 | 22 |0.23914|9.93 768| 4] 2 
22 Sea ea eed pape 
59 | 9.69 875| 27 |9.76115| 55 | 0.23 885 | 9.93 760 | 7 | 
| 60 |9.69807| | 9.76144] __|0.23856) 9.93753) | 0} __ 
| Log Cos| d | Log Cot |cd Log Tan | Log Sin | d | Prop. Parts 
60° 


Prop. Parts 


52 30° TABLE II 
’ | Log Sin | d | Log Tan) cd| Log Cot | Log Cos|d Prop. Parts 

0 | 9.69 897 | 55 | 9-76 144| 94 | 0.23 856 | 9.93 753 [7 | 60 

1 |9.69 919 55 |9.76 173 | 99 | 0.23 827 | 9.93 746 | ¢ | 59 

2 | 9.69 941 | 55 | 9.76 202] 55 | 0.23 798 | 9.93 738| 7 | 58 

3 | 9.69 963 | 5} | 9.76 231 | 35 | 0.23 769 | 9.93 731| 7 | 57 

4 | 9.69 984 55 |9.76 261] 59 | 0.23 739 | 9.93 724| 7 | 56 

B | 9.70006} 95 | 9.76 290] 59 | 0.23 710] 9.93717] . | 55 

6 | 9.70 028 | 595 | 9.76319] 54 | 0.23 681] 9.93 709 | > | 54 

7 | 9.70 050 | 595 | 9.76 348| 59 | 0.23 652| 9.93 702| 4 | 53 

8 | 9.70 072| 5; | 9.76377 | 95, | 0.23 623 | 9.93 695| 2 | 52 

9 | 9.70093 | 55 | 9.76 406 | 59 | 0.23 594| 9.93 687] > | 51 30 | 29 | 28 
10 | 9.70 115] 95 |9.76 435] 99 | 0.23 565|9.93680|,| 50] 1| 3.0] 2.9] 28 
11 | 9.70 137 | 55 | 9.76 464 | 95 | 0.23 536 | 9.93 673| 4] 49 | 2| 6.0] 5.8] 5.6 
12 | 9.70 159] 5; | 9.76 493 | 55 | 0.23 507|9.93665| >| 48] 3| 9.0] 8.7] 84 
13 | 9.70 180 | 55 | 9.76 522 | 55 |0.23 478|9.93 658] ¢ | 47 | 4 | 12.0| 11.6] 11.2 
14 | 9.70 202 | 95 | 9.76 551 | 99 | 0.23 449 |9.93 650] 7 | 46 | 5 | 15.0 | 14.5] 14.0 
15 | 9.70224] 5, |9.76580| 5, |0.23 420/ 9.93643], | 45] & | 18-0| 17.4) 16.8 
16 | 9.70 245] 9, | 9.76 609 | 39 | 0.23 391|9.93 636] § | 44] 2 | 31-0 | 39:3 | 23-6 
17 } 9.70 267 | 9; | 9.76 639 | 59 | 0.23 361| 9.93 628] 7 | 43 | § | 37-0 | 33-2 | 22-4 
18 | 9.70 288 | 55 | 9.76 668 59 | 0.23 332 | 9.93 621] 7 | 49 . =< 
19 | 9.70 310] 55 | 9.76 697 | 93 | 0.23 303 | 9.93614] ¢ | 41 

20 | 9.70 332] 9, |9.76 725] 99 | 0.23 275] 9.93 606] , | 40 

21 | 9.70 353 | 55 |9.76 754 | 59 | 0.23 246 | 9.93 599] 2 | 39 

22 | 9.70 375 | 9; | 9.76 783 | 59 | 0.23 217| 9.93 591| > | 38 

23 | 9.70 396 | 55 | 9.76 812 | 95 | 0.23 188 | 9.93 584| 7 | 37 

24 |9.70 418] 9) |9.76 841 | 55 |0.23 159| 9.93577] ¢ | 36 

25 | 9.70439] 55 |9.76 870] 99 | 0.23 130] 9.93 569] , | 35 291 O14 

26 | 9.70 461] 5; | 9.76 899 | 55 | 0.23 101 | 9.93 562| 2 | 34 

27 | 9.70 482] 55 | 9.76 928 | 95 | 0.23 072| 9.93 554| § | 33 1| 22| 21 
28 | 9.70 504] 5) | 9.76 957 | 55 [0.23 043 | 9.93 547] ¢ | 32 2] 44] 4.2 
29 | 9.70 525] 95 | 9.76 986 | 55 | 0.23 014 | 9.93 539] 7 | 31 3] 6.6] 6.3 
80 | 9.70547} 5, |9.77015] 95 | 0.22985] 9.93 532| _ | 30 area 
31 | 9.70 568] 95 | 9.77 044 | 95 | 0.22 956 | 9.93 525| 2 | 29 elite 
32 | 9.70 590] 91 | 9.77 073 | 93 | 0.22 927 | 9.93 517| 8 | 28 7 \isalisy 
33 | 9.70611] 95 [9.77 101] 59 | 0.22899] 9.93 510] 2 | 97 s | 17.61 168 
34 | 9.70 633 | 9; |9.77 130] 95 [0.22 870] 9.93 502] § | 26 9 | 19:8 | 18:9 
35 | 9.70654] 9, |9.77 159] 95 | 0.22841] 9.93 495] , | 25 

36 | 9.70675 | 55 | 9.77 188 | 95 | 0.22 812 | 9.93 487| § | 24 

37 | 9.70 697 | 5; | 9.77 217 | 95 | 0.22 783 | 9.93 480| 7 | 93 

38 | 9.70718] 5; | 9.77 246 | 59 | 0.22 754 | 9.93 472| 8 | 99 

39 | 9.70 739 | 55 | 9.77 274 | 99 | 0.22 726 | 9.93 465] ¢ | 21 

40 | 9.70 761} 9; | 9.77 303] 59 | 0.22 697| 9.93 457] , | 20 

41 | 9.70 782] 9; | 9.77 332 | 55 | 0.22 668 | 9.93 450| 2 | 19 

42 | 9.70 803 | 9; | 9.77 361 | 59 | 0.22 639 | 9:93 442| § | 18 817 

43 | 9.70 824] 95 | 9.77 390 | 55 |0.22 6109.93 435| 7 | 17} —{ 8 _|_7_ 
44 | 9.70 846] 9; | 9.77 418] 55 | 0.22 582 | 9.93 427 7 | 16 1 | 0.8:) 70.7 
45 |9.70 867] 5, |9.77 447] 5, | 0.22 553] 9.93 420 15 3 oe sa 
46 | 9.70 888] 51 [9.77476 | 58 | 0.22524] 9.93 412| 8 | 14 bol 35 loos 
47 | 9.70 909] 55 | 9.77 505 | 52 |0.22 495] 9.93 405| 7 | 13 5| 401 35 
48 | 9.70 931 | 5) | 9.77 533 | 59 | 0.22 467 | 9.93 397| § | 19 6 | aeons 
49 | 9.70952] 9, | 9.77 562} 59 | 0.22 438| 9.93 390] 2 | 11 7'| Be lea 
50 | 9.70973} », |9.77 591] 55 | 0.22 409] 9.93 382], | 10 81 641 5.6 

51 | 9.70 994] 5, | 9.77 619 | 55 |0.22 381 | 9.93 375| 2 | 9 9 br V2 186.8 

52 | 9.71015] 9, | 9.77 648 | 55 |0.22.352|9.03 367/8 | 8 

53 | 9.71 036 | 5) |9.77 677 9 | 0.22 323 |9.93 360] 7 | 7 

54 | 9.71 058) 9; | 9.77 706 | 95 | 0.22 294] 9.93 352] 8 | 6 

55 | 9.71079] », |9.77 734} 9 |0.22266]9.93344|, | 5 

56 |9.71 100] 5, | 9.77 763 | 58 | 0.22 237 | 9.93 337 4 

57 |9.71 121] 5, | 9.77791 | 55 | 0.22 209|9.93329|8 | 3 

58 |9.71 142] 5) | 9.77 820 | 3) | 0.22 180 | 9:93 322|7 | 2 

59 | 9.71 163 | 9; | 9.77 849 | 55 |0.22151|9.93314|8 | 7 

60_| 9.71184] _| 9.77877 0.22 123 | 9.93 307 0 
09 | 9.71184 ma Se Se SO eee 

Log Cos| d_| Log Cot|cd|LogTan| Log Sin| d| ’ 


59° 


LOGS OF FUNCTIONS 


’ | Log Sin 

0 |9.71 184) 5, | 9-77 877 
1) 874 208] 2 | 877 06 
3 |9.71247| 2! | 9:77 963 
4 [971.268 | 2! |9:77 992 

-71 268 | 5; | 9. 

6 Jocri aio| 2! [ozs oa9 
ocho 391 | filo rear 
7 19.71331] 9; | 9.78 077 
8 9.71 352 21 9.78 105 
9 | 9.71 373 99 | 9-78 135 
10 | 9.71 393 91 | 9-78 163 
11 |9.71 414] 5, | 9.78 192 
12 | 9.71 435 | 5, | 9.78 220 
13 |9.71 456 | 5, | 9.78 249 
14 | 9.71477) 5; | 9.78 277 
15 |9.71 498| ,, |9.78 306 
16 |9.71 519] 55 | 9.78 334 
17 9.71 539 21 9.78 363 
18 |9.71 560] 5, | 9.78391 
19 | 9.71581 | 5, | 9.78 419 
20 | 9.71 602] 99 | 9.78 448 
21 | 9.71 622| 5, | 9.78 476 
22 | 9.71 643] 5, | 9.78 505 
23 |9.71 664] 5, | 9-78 533 
24 |9.71 685] 5, , 9.78 562 
25 |9.71 705] 5, |9.78590 
26 |9.71726| 5; | 9.78618 
27 | 9.71747 | 55 | 9.78 647 
28 | 9.71 767! 5, | 9.78 675 
29 | 9.71788] 9, | 9.78 704 
30 | 9.71809] ,, | 9.78 732 
31 | 9.71829] 5, | 9.78 760 
32 | 9.71 850 | 55 | 9.78 789 
33 |9.71 870] 5, | 9-78 817 
34 [9.71 891] 5, | 9.78 845 
35 | 9.71911] 4, |9.78 874 
36 |9.71932| 5, | 9.78 902 
37 |9.71 952] 5, | 9.78 930 
38 | 9.71973] 5, | 9.78 959 
39 | 9.71 994 20 9.78 987 
40 | 9.72014] 4. | 9.79 015 
41 |9.72034| 5; | 9.79 043 
42 |9.72 055 | 5 | 9.79 072 
43 |9.72075| 5, | 9.79 100 
44 | 9.72096 | 5, | 9.79 128 
45 | 9.72116 21 9.79 156 
46 |9.72 137 | 5 | 9.79 185 
47 |9.72 157 | 5) | 9.79 213 
48 | 9.72177 | 9, | 9.79 241 
49 |9.72 198] 5, 9.79 269 
60 |9.72 218] , | 9.79 297 
51 | 9.72 238] 5; | 9.79 326 
52 |9.72 259| 5, | 9.79 354 
53 | 9.72 279| 55 | 9.79 382 
54 |9.72 299] 5, | 9.79 410 
55 | 9.72 320 29 9.79 438 
56 | 9.72 340| 5) | 9.79 466 
57 | 9.72360] 9, 9.79 495 
58 | 9.72 381 | 9 9.79 523 
59 | 9.72 401 | 9 9.79 551 


Log Cos 


OZA2N | 9.79 579 0.20421 
d | Log Cot |cd| Log Tan 


cd 


31° 53 


Log Cot 


0.22 123 


0.22 094 
0.22 065 
2 037 
008 


980 
951 
923 
894 
865 


837 
780 


751 
1723 


eng RR eee DOL 


0. 
0. 
0. 
0.2 
0. 
0.: 
0. 
0. 
0.% 
0. 
0. 
0.: 
0. 


oto wieivivty Nel ivivt 


for) 
Oo 
n= 


0.21 666 
0.21 637 
0.21 609 
0.21 581 
0.21 552 
3 21 524 


a er rr 
no . 
fon) 
co 


.21 126 


ot Nhhbb doth ww bo 


0.20 985 
0.20 957 
0.20 928 
0.20 900 
0.20 872 


.20 731 


808 | 9 


Log Cos a Prop. Parts 
9.93 307 | 
9.93 299 | 
9.93 291 | 7 
9.93 284 | 3 
9.93 276] 7 
9.93 269] . 
9.93 261] ¢ 
9.93 253 | 7 
9.93 246 | 
9.93 238 | 
9.93 230] » 
9.93 223 | 5 
9.93 215 8 
9.93 207 

7 
9.93 200] 5 | 46 29 | 98 | 21 
9.93 192 45 |- al 
9.93184|2 | 44] 2] 2-2] 2:3) 2-1 
9.93177|/ | 43] 2| 5:8} 56) 4.2 
9.93109) ) 42) 4 litelita| 84 
9.93161) 7/41] 5 | 14’5 | 14.0] 10:5 
9.93154]. | 40] 6 | 17.4| 16.8] 12.6 
9.93146]. | 39 | 7 | 20.3| 19.6 | 14.7 
9.93138] 7 | 38] 8 | 23.2 | 22.4] 168 
9.93131] 3 | 37] 9 | 26.1 | 25.2] 18.9 
9.93 123] 3 | 36 
9.93115] 7 | 35 
9.93 108] 3 | 34 
9.93 100] 5 | 33 
9.93092] g | 32 
9.93 084] 7 | 31 
9.93077] g | 30 
9.93 069| g | 29 
9.93061] g | 28 
9.93053| 7 | 27 
9.93 046| 3 | 26 
9.93038] | 25 
ee 
ele ee | t-atc eerie 
9.93014] 7 | 22] 1 | 2.0] 0.8] 0.7 
9.93007] 3 | 21] 2 ao Me Sy 
9.929991, ] 20] 4] g'o| 3'2 | 2's 
9.92991) 3/19] 5 110.0] 4.0 | 3.5 
9.92983) 7] 18] 6 |12.0] 4.8] 42 
9.92976) 3) 171 7/1140] 5.6] 4.9 
9.92968) 3] 16] 8116.0] 6.4 | 5.6 
9.92960} ,}]15} 9118.0] 7.2] 6.3 
9.92952| g | 14 
9.92944] 9 | 1: 
9.92 936 | 7 
9.92 929 | ¢ 
9.92921] ¢ 
9.92913] ¢ 
9.92 905 | ¢ 
9.92 897 | s 
9.92 889 | ¢ 
9.92 881 
9.92 874 ¢ 
9.92 866 | 3 
9.92 858 | ¢ 
9.92 850 | ¢ 


Prop. Parts 


| 54 
' | Log Sin | d | Log Tan|cd 
| 0 | 9.72 421 | 5, | 9-79 579 | 9 
Lut) eeu 
3 | 9.72 482| >) | 9.79 663 | 55 
4 |9.72 502| 72 |9.79 691| 5 
| 20 5, 28 
| 5 | 9.72522} 5) 9.79 719| og 
7 | 9173 962 | 22 |o:z9 776 | 22 
9 OO fen ena 28 
8 | 9.72 582| 50 |9.79 804 | 33 
9 | 9.72 602| 5) | 9.79 832 | 53 
10 | 9.72 622] 4, | 9.79 860] 9 
See EAR 
13 | 9.72 683 | 2) |9.79 944 | 33 
= 20 7 979 28 
i 14 | 9.72 703 | 37 |9.79 972 | 35 
Be | )9278| olson: 
| 17 | 9.72 763 | 2° | 9.80 056 | 33 
| sea GS Fog [2-0 UO! aa 
18 | 9.72 783 | 5) | 9-80 084] 93 
72 803 | 3° |9.80 112 | 53 
20 | 9.72 823] 4, | 9.80 140] 9 
| 21 | 9.72 843 | 5 | 9-80 168 | 57 
EGA SARASE 
; 24 | 9.72 902 | 3° | 9:80 251 | 5° 
| = 21 99 80 251] 98 
A) 25 | 9.72922] ,, | 9.80279] . 
! 
Hl 26 | 9.72 942 | > | 9.80 307 | 53 
i 27 | 9:72 962 | 35 | 9-80 335 | 9¢ 
| 28 |9.72 982| 99 | 9.80 363 | 9¢ 
i 29 | 9.73 002 | 5) | 9.80391 | 55 
i 30 | 9.73 022] 49 |9.80419] 9 
| 31 | 9.73 041 | 59 | 9.80 447 | 57 
i 82 |9.73 061 | 95 |9-80 474 | og 
|! .73 081 | 59 | 9-80 502 | og 
A 34 [9.73 101 | 59 | 9.80 530 | 9 
iH, 35 |9.73 121 | 19 {9-80 558] 99 
fe REED) ote) 8 
i 38 [9°73 180 | 2 | 9.80 642 | 22 
| 39 |9.73 200 | 22 | 9.80 669 | 22 
FI BO CAA ay ek 28 
_ 40 |9.73219| 59 | 9.80 697] og 
41 |9.73 239 | 99 | 9-80 725] 95 
Relates grat tel eco ees 
.73 278 | 5p, | 9-80 781 | 97 
44 |9.73 298 | 5) | 9.80 808 | 55 
Bye oro iae parece) a6 
(73 337 | 5) | 9.80 864] 55 
ee 
49 |9.73 396 | !° | 9/80 947 | 28 
: 20 : 28 
60 |9.73 416 | 15 | 9.80975] og 
51 | 9.73 435 | 55 |9.81 003 97 
| 52 |9.73 455] 19 |9-81 030] 95 
53 |9.73474| 95 | 9.81 058 | 35 
54 | 9.73 494 7) | 9.81 086 | 5° 
36 (9:73 333| 2 [erst ai | 2 
37 |9.73 552| 9 |9:81 169 | 28 
38 | 9.73572 |  |o's1 196 22 
eee 19) pace aieses|( 28 
59 |9.73591| 5, |9.81 224| 58 
60 |9.73611| _| 9.81 252 
Log Cos | d | Log Cot |cd 


32° 


Log Cot | Log Cos 
0.20 421 | 9.92 842 
0.20 393 | 9.92 834 
0.20 365 | 9.92 826 
0.20 337 | 9.92 818 
0.20 309 | 9.92 810 
0.20 281 | 9.92 803 
0.20 253 | 9.92 795 
0.20 224 | 9.92 787 
0.20 196 | 9.92 779 
0.20 168 | 9.92 771 
0.20 140 | 9.92 763 
0.20 112 | 9.92 755 
0.20 084 | 9.92 747 
0.20 056 | 9.92 739 
0.20 028 | 9.92 731 
0.20 000 | 9.92 723 
0.19 972 | 9.92 715 
0.19 944 | 9.92 707 
0.19 916 | 9.92 699 
0.19 888 | 9.92 691 
0.19 860 | 9.92 683 
0.19 832 | 9.92 675 
0.19 805 | 9.92 667 
0.19 777 | 9.92 659 
0.19 749 | 9.92 651 
0.19 721 | 9.92 643 
0.19 693 | 9.92 635 
0.19 665 | 9.92 627 
0.19 637 | 9.92 619 
0.19 609 | 9.92 611 
0.19 581 | 9.92 603 
0.19 553 | 9.92 595 
0.19 526 | 9.92 587 
0.19 498 | 9.92 579 
0.19 470 | 9.92 571 
0.19 442 | 9.92 563 
0.19 414 | 9.92 555 
0.19 386 | 9.92 546 
0.19 358 | 9.92 538 
0.19 331 | 9.92 530 
0.19 303 | 9.92 522 
0.19 275 | 9.92 514 
0.19 247 | 9.92 506 
0.19 219 | 9.92 498 
0.19 192 | 9.92 490 
0.19 164 | 9.92 482 
0.19 136 | 9.92 473 
0.19 108 | 9.92 465 
0.19 O81 | 9.92 457 
0.19 053 | 9.92 449 
0.19 025 | 9.92 441 
0.18 997 | 9.92 433 
0.18 970 | 9.92 425 
0.18 942 | 9.92 416 
0.18 914 | 9.92 408 
0.18 887 | 9.92 400 
0.18 859 | 9.92 392 
0.18 831 | 9.92 384 
0.18 804 | 9.92 376 
0.18 776 | 9.92 367 
0.18 748 | 9.92 359 
Log Tan | Log Sin 
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LOGS OF FUNCTIONS 


’ | Log Sin| d | Log Tan|cd| Log Cot 
0 | 9.73611] , | 9-81 252| 57 iS 
1 | 9.73 630 | 55 | 9-81 279 | 34 
2 | 9.73 650 | 45 | 9.81 307| 53 
3 | 9.73 669] 59 | 9.81 335 | 3 
4 | 9.73 689 | 45 | 9-81 362 | 34 
5 | 9.73 708 | 49 | 9.81390] 9 
6 |9.73 727 | 95 |9.81418| 97 
Bing etd ON be nd 
Blo tract bons ol at 
9 | 9.73785 | 59 | 9-81 500 | 9 
ae el Eee AE 
12 19.73 843 | 29 |ovst ses | 2 
12 (ae 20 ee 28 
ot bac eed PE bee ed 
j4 of SZ 19 -81 638 28 
15 | 9.73 901 99 | 9.81 666 | 
16 aren 19 2-81 693 28 
Lh Beene) Lge 97 
19 vo. ize. 19 9.81 776 7 
20 | 9.73 997 | 99 | 9-81 803 | 9g 
Ree et & 
53 [9.74 055 | 29 19:81 886 | 23 
34 |oc74074| 1 |o's1913 | 2 
24 |9.7 7 19 | 9:3 98 
25 |9.74 093 | op | 9.81 941 | 97 
26 |9.74 113] 49 | 9.81 968 | 9g 
27 |9.74 132] 19 | 9.81 996 | 97 
lees seal Pio esoct | 2 
29 |9.74170] j9 | 9.82051] 97 
80 |9.74 189] j9 | 9.82078] 9g 
31 | 9.74 208 | 15 | 9-82 106| 97 
ei aie} x0 | Pee 229 | 2a 
hy ard Gad ee 
34 |9.74 260 | 59 | 9.82 188 | 97 
eis be paren 
37 [9.74 322| 19 | 9°52 270| 2 
38 [9.74 341| 19 | 9:52 208 | 3 
38 | 9.74341 | 39 | 9.82 298 | 97 
39 | 9.74 360 | 35 | 9.82325 | 57 
ES Te 
49 |9:74417| 9 |9’s2 407 | 2 
43 | 9.74 436 | 1 | 9'52 435 | 2 
43 ; 19 | 9-82 435 | 97 
44 |9.74 455 | 39 | 9.82 462 | 97 
a eae 
47 |9.74512| 19 |9.82 544 | 2% 
48 |9.74531| 1 |9's2571| 
oP ee ia 19-8204 | 3¢ 
49 | 9.74 549 | 49 | 9.82599 | 97 
50 | 9.74 568] 4, | 9.82626] 97 
51 | 9.74 587 | 19 | 9-82 653 | 93 
52 | 9.74 6064 49 | 9-82 681 | 97 
53 | 9.74 625 | 9 {9.82708 | 97 
54 | 9.74 644 | 39 | 9.82738 | 97 
BB | 9.74 662 | 4 | 9-82 762 | 9¢ 
56 | 9.74 681 | 39 | 9-82 790 | 97 
57 |9.74700| 39 | 9-82 817 | 97 
58 |9.74719| ig | 9-82844 | 97 
59 | 9.74737 | 49 | 9-82871 | 99 
60 | 9.74756] _| 9.82899 |__ 
Log Cot 


33° 


-18 748 
18 721 
-18 693 
-18 665 
.18 638 
-18 610 
-18 582 
-18 555 
-18 527 
-18 500 
18 472 
.18 444 
-18 417 
.18 389 
-18 362 
.18 334 
.18 307 
-18 279 
18 252 
.18 224 
.18 197 
-18 169 
-18 142 
18114 
-18 087 
-18 059 
-18 032 
-18 004 
AT OTT 
.17 949 


17 922 
17 894 


oOoooo Goce o cOooco ooeoo ocoedo coco e 


.17 867 
-17 339 
.17 812 
17 785 
17757 
17 730 
-17 702 
-17 675 
.17 648 
-17 620 
17 593 
-17 565 
-17 538 
17 511 
17 483 
-17 456 
.17 429 
.17 401 


17 374 
17 347 
.17 319 
.17 292 
.17 265 


0.17 238 
0.17 210 
0.17 183 
0.17 156 
0.17 129 


ooooco 


OSoaqce Coca€e GOgeoeo Goose 


0.17 101 
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9.92 136 
9.92 127 
9.92 119 
9.92 111 
9.92 102 
9.92 094 
9.92 086 
9.92 077 
9.92 069 
9.92 060 
9.92 052 
9.92 044 
9.92 035 
9.92 027 
9.92 018 
9.92 010 
9.92 002 
9.91993 


9.91 985 
9.91 976 
9.91 968 
9.91 959 
9.91 951 
9.91 942 
9.91 934 
9.91 925 
9.91 917 

-91 908 


9 

9.91 900 
9.91 891 
9.91 883 
9.91 874 
9.91 866 


9.91 857 


Log Sin 
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lo BPNUWRO QNWO 


55 
Prop. Parts 
28 20 20 
1 2.8 PGE 2.0 
2 5.6 5.4 4.0 
3 8.4] 8.1] 6.0 
AS | AT. | 1068 8.0 
5 | 14.0 | 13.5 | 10.0 
6 | 16.8 | 16.2: |) 12.0 
7 | 19.6 | 18.9 | 14.0 
8 | 22.4 | 21.6 | 16.0 
9 | 25.2 | 24.3 | 18.0 
19 18 
1 1.9 1.8 
2 3.8 || 3.6 
3 5.d,)|| 0.4 
A Wee eOr iad 
51 159.57) 90 
6 | 11.4 | 10.8 
Galati sronl2eG 
8 | 15.2 | 14.4 
cD fa! bre Gal) a aie 
9 8 
| OLS8 | ORS 
PAA Use| alta 
Si leaeee |e re 
ANE SO) i oie 
Dilleaeoe |. 
6| 5.4 | 4.8 
A || xe | todo 
8} 7.2 | 6.4 
Oa Srl eae 


SS ee 
_Prop. Parts 


7 
7 
7 
7 
75 017 
7 
a 
75 073 
7 
ih 
7 
7 
75 165 
75 184 
fh 
7 
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7 
7 
ah 
7 
7 
7 
7. 
7 
7 
GG 
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5331 
5 350 
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9.82 899 | 97 


9.82 926 | 97 
9.82 953 | 97 
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34° 
Log Cot | Log Cos 
0.17 101 | 9.91 857 
0.17 074| 9.91 849 
0.17 047 | 9.91 840 
0.17 020 | 9.91 832 
0.16 992 | 9.91 823 
0.16 965 | 9.91 815 
0.16 938 | 9.91 806 
0.16 911] 9.91 798 
0.16 883 | 9.91 789 
0.16 856 | 9.91 781 
0.16 829 | 9.91 772 
0.16 802 | 9.91 763 
0.16 775 | 9.91 755 
0.16 748 | 9.91 746 
0.16 720 | 9.91 738 
0.16 693 | 9.91 729 
0.16 666 | 9.91 720 
0.16 639 | 9.91 712 
0.16 612 | 9.91 703 
0.16 585 | 9.91 695 
0.16 558 | 9.91 686 
0.16 530 | 9.91 677 
0.16 503 | 9.91 669 
0.16 476 | 9.91 660 
0.16 449 | 9.91 651 
0.16 422 | 9.91 643 
0.16 395 | 9.91 634 
0.16 368 | 9.91 625 
0.16 341 | 9.91 617 
0.16 314 | 9.91 608 
0.16 287 | 9.91 599 
0.16 260 | 9.91 591 
0.16 232 | 9.91 582 
0.16 205 | 9.91 573 
0.16178 | 9.91 565 
0.16 151 | 9.91 556 
0.16 124 | 9.91 547 
0.16 097 | 9.91 538 
0.16 070 | 9.91 530 
0.16 043 | 9.91 521 
0.16 016 | 9.91 512 
0.15 989 | 9.91 504 
0.15 962 | 9.91 495 
0.15 935 | 9.91 486 
0.15 908 | 9.91 477 
0.15 881 | 9.91 469 
0.15 854 | 9.91 460 
0.15 827 19.91 451 
0.15 800 | 9.91 442 
0.15 773 | 9.91 433 
0.15 746 | 9.91 425 
0.15 720 | 9.91 416 
0.15 693 | 9.91 407 
0.15 666 | 9.91 398 
0.15 639 | 9.91 389 
0.15 612 | 9.91 381 
0.15 585 | 9.91 372 
0.15 558 | 9.91 363 
0.15 531 | 9.91 354 
0.15 504 | 9.91 345 
0.15 477 | 9.91 336 
Log Tan| Log Sin 
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Prop. Parts 


TABLE II 
Prop. Parts 
28 | 27 | 26 
1 2.8) 2:7 | 236 
2] 5.6) 54) 52 
3°) SA Seas 
4 | 11.2] 10.8] 10.4 
§ 1, 14.0'] 135 | 13-0 
6 | 16.8 | 16.2 | 15.6 
7 | £9.61 18.9 [18:2 
8 | 22.4 | 21.6 | 20.8 
9 | 25.2 | 24.3 | 23.4 
19 | 18 
1 1.9 1.8 
2 3.8 | 3.6 
3 5.7 5.4 
AV EO ee 
5} 9.5] 9:0 
6 | 11.4] 10.8 
Css 236 
8 | 15.2] 14.4 
9 | 17.1 | 16.2 
pas 
1 0.9 | 0.8 
2 1.8 1.6 
am loeearedih eae) 
4 | 3:6 |e oes 
5 | 4.5 | 4.0 
6} 54] 4.8 
«186.30 |— 5-6 
S| 7.25664 
Or Sale ie2, 


LOGS OF FUNCTIONS 3a. 57 


/ . 
Log Sin el Log Tan cd Log Cot | Log Cos| d Prop. Parts 
ES ee EE 60 
2 19-75 877 | 19 | 9-84 550 | 29 | 0.15 450/ 9.91 328) | 59 
2 {9-75 305) sq 19 84576 | 27 0.15 424]9.91319| 9 | 58 
3 |9.75 913 | 1g | 9.84 603 | 27 0.15 397| 9.91310] 9 | 57 
ap ig | 9-84 630| 57 | 0.15370) 9.91301] 9 | 56 
.75 949 | 13 | 9.84 657 | 97 | 0.15 343 | 9.91 292 
vei 18 2 2 27 . 2) -91 292 55 
618-26 B67 | ax | 9-98 624| 27 | 0.18316 9.91283] 9 | 54 
7 |9-75 985! 19 | 9.84 711 | 97 | 0.15 289 9.91274] 3 | 53 
S {9-76 003 1g | 9.84 738 | 2g 0.15 262 9.91 266] 9 | 52 
“cl pen Be .84 764 | 57 | 0.15 236 | 9.91 257] 9 | 51 27 | 26 | 18 
76 0: 9.84791] 9, | 0.15 209 | 9.91 248 5 2.7) : 
re & 18 : ak 0 2 ve t0) 1 aul 2.6 1.8 
11 | 9-76 057 | jg | 9-84 818 27 | 0.15 182| 9.91239] | 49] 2] 5.4] 5.2] 3.6 
2 | 9.76 075 | 3g | 9.84845 | 597 | 0.15155|9.91230] g| 48} 3] 81) 7.8) 5.4 
13 | 9.76 093 | 3, | 9.84.872| 597 | 0.15128|9.91221| g| 47] 4/ 10.8) 10.4) 7.2 
ie 9.76111] jg | 9.84899 | 9, |0-15 101} 9.91212) 9| 46] 5 | 13.5) 13.0) 9.0 
6 | 9.76129] ,- |9.84925| ,, | 0.15075 Geb Pee eee 
7 17 | 9-84 92: .15 075 | 9.91 203 45} -~ 140 ; : 
16 |9.76 146| 12 | 9:84.952| 27 |0.15048| 9.91194] 5] 44] & | 536 | 50:8 | 14.4 
17 |9:76 164| 18 | 9:84 979| 37 |0.15021| 9.91185] | 43] 9 | 24°3 | b3:4 | 16.2 
18 | 9.76 182! 3 | 9-85 006| 57 |0.14.994/ 9.91176] 9 | 42 peacalies SNES 
19 | 9.76 200| jg | 9.85 033 | 5, | 0.14 967 | 9.91167] g | 41 
20 | 9.76 218] 1, | 9.85059) 97 | 0.14941} 9.91 15 
: 76 2) 1g | 9-85 02 3 .91 158 40 
21 | 9.76 236] 47 | 9.89 086 27'10.14914| 9.91 149| 3 | 39 
es) is | 985118 | 2 0.14 887/ 9.91141] g | 38 
oe aa ae 18 9.89 140 26 0.14 860 9.91132) 9} 37 
76 289 | {3 | 9-85 166| 97 | 0.14 834} 9.91123] 9 | 36 
25 | 9.76 307| ,7 | 9.85193] 57 | 0.14 807 | 9.91 114 35 
26 |9.76 324] 1g | 9.89 220 a7 | 9.14780] 9.91105| | 34} —|7 | 10 
27 | 9.76 342 | 1g | 9.85 247 | 94] 0.14753] 9.91096) 9 | 33 1} 17) 1.0 
28 |9.76 360] 1g | 9-85 273 | 597} 0.14727 | 9.91 0S7| 9 | 32 2] 3.4) 2.0 
29 | 9.76 378} j7 | 9.85 300] 57 | 0.14700} 9.91078} g | 31 3] 5.1) 3.0 
30 |9.76 305] ;, | 9.85 327| o7 | 0.14673 | 9.91069] | 30 Blip ae 
31 | 9.76 413] 13 | 9-85 354 | 95 | 0.14 646 | 9-91 060] 9 | 29 6 lgoe 
32 |9.76 431] 47 | 9-85 380 | 97 | 0.14620} 9.91051) g | 28 7111.9! 7.0 
33 | 9.76 448 | 32 9.85 407 | 57 0.14593 |9.91042] 9 27 8 13.6 8. 
9.76 466| 18 | 9.85 434| 2” |0.14566|9.91033| | 26] 9 [15:3] 9.0 
9.76 484] 47 | 9.85460 | 57 | 0.14540) 9.91023] 9 | 26 
9.76 501 45 9.85 487 | 27 0.14513] 9.91014] 9 | 24 
76 519 | 13 | 9.85 514 94 | 0-14 486 / 9.91005] 9 | 23 
9.76 537 | 17 | 9-85 540 | 97 [0.14 460 | 9.90 996) 9 | 22 
9.76 554 | 4g | 9-85 567 | 97 | 0.14 433 | 9.90 987] 9 | 21 
9.76 572| 4g | 9-85 594 94 | 0-14 406 | 9.90978] g | 20 
9.76 590 | 37 | 9-85 620 | 97 | 0-14 380 | 9.90969) 9 | 19 
9.76 607 | ig | 9-85 647 | 97 | 0-14 353 | 9.90960] 9 | 18 918 
9.76 625 | 1% | 9.85 674 | 94 | 0-14 326|9.90951] 9] 17) | p95 ]oe 
9.76 642 | jg | 9-85 700 | 57 | 0-14 300 | 9.90 942| 9 | 16 Sai eee 
9.76 660| 17 | 9-85 727 | 97 | 0.14273] 9.90933] g | 15 3 | 2.7| 2.4 
9.76 677 | 3g | 9-85 754 | 9g | 0-14 246 | 9.90924] 9 | 14 4| 3.6 | 3.2 
9.76 695 | j7 | 9-85 780 | 97 | 0.14 220 | 9.90915] 9 | 13 5 | 4.5 | 4.0 
9.76 712| 4g | 9-85 807 | 97 | 0-14 193 | 9.90 905 | jp | 12 6| 54| 4.8 
9.76 730 | 37 | 9-85 834 | 9 | 0-14 166 | 9.90 896) “| 11 7| 68 | 5.6 
9.76747 | 4g | 9-85 860 | 97 | 0-14 140] 9.90 887) 4g | 10 8 | 7.2 | 6.4 
9.76 765 | 37 | 9.85 887 | 9g | 0-14 113 | 9.90878] 9} 9 9] 8.1 | 7.2 
9.76 782 | 1g | 9-85 913 | 97 | 0-14 087 | 9.90869] 9| 8 
9.76 800| j7 | 9-85 940 | 97 | 0.14060] 9.90860] g| 7 
9.76 817 | 4g | 9-85 967 | 9g | 0.14033] 9.90851] | 6 
9.76 835| 17 | 9.85993 | 97 | 0.14 007 | 9.90842) 4, | 5 
9.76 852 | 1g | 9-86 020 | 9g | 0.13 980 | 9.90 832] “g| 4 
9.76 870 | 47 | 9.86 046 | 57 | 0.13 954] 9.90823} 9) 3 
9.76 887 | {7 | 986.073 | 97 | 0-13 927)9.90814/ g| 2 
9.76 904 | 3g | 9-86 100| 94 | 0-13 900] 9.90805} 9) 1 
9.76922] __|9.86126]__|0.13 874) 9.90796 _|_O)_______ 
Log Cos| d | Log Cot Log Tan| Log Sin| d Prop. Parts 
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Log Cot | Log Cos} d 

0.13 874|9.90 796] 9 | 60 
0.13 847 | 9.90 787 190 | 29 
0.13 821|9.90777| g | 58 
0.13 794 | 9.90 768} g | 57 
0.13 768 | 9.90759} 9 | 56 
0.13 741]9.90750| 4 | 55 
0.13 715 | 9.90 741] 49 | 54 
0.13 688 | 9.90731 | 9 | 53 
0.13 662 | 9.90 722 g| 52 
0.13 635 | 9.90 713 g | ol 
0.13 608 | 9.90704] 1, | 50 
0.13 582 | 9.90 694 | “g | 49 
0.13 555 | 9.90 685 g | 48 
0.13 529 | 9.90676} g | 47 
0.13 502 | 9.90 667 | 45 | 46 
0.13 476 | 9.90 657] 9 45 
0.13 449 | 9.90 648] g | 44 
0.13 423 | 9.90 639] 9g | 43 
0.13 397 | 9.90 630 10 | 42 
0.13 370 | 9.90 620} 9 | 41 
0.13 344)9.90611]| g 40 
0.13 317 | 9.90 602 | 49 | 39 
0.13 291 | 9.90 592) 9 | 38 
0.13 264 9.90 583] 9 | 37 
0.13 238 | 9.90574) 9} 36 
0.13 211] 9.90 565| 49 | 35 
0.13 185 | 9.90 555 | 9 | 34 
0.13 158 | 9.90 546] 9} 33 
0.13 132 | 9.90 537 io | 32 
0.13 106 | 9.90 527 g| 3l 
0.13 079} 9.90518] 9g 30 
0.13 053 | 9.90 509 | 19 | 29 
0.13 026 | 9.90 499 g| 28 
0.13 000 | 9.90 490 10 | 27 
0.12 973 | 9.90 480} 9 | 26 
0.12 947 | 9.90471] 9 25 
0.12 921 | 9.90 462] 49 | 24 
0.12 894) 9.90 452 | “g | 23 
0.12 868| 9.90 443| 9 | 22 
0.12 842 | 9.90 434 | ,5 | 21 
0.12 815 | 9.90 424] 9 20 
0.12 789 | 9.90 415 10 | 19 
0.12 762 | 9.90 405 | “9 | 18 
0.12 736 | 9.90 396 | 45 | 17 
0.12710 | 9.90 386 | “9 | 16 
0.12 683 | 9.90377} 9 15 
0.12 657 | 9.90 368 | 45 | 14 
0.12 631 | 9.90 358 g| 18 
0.12 604 | 9.90349] 45 | 12 
0.12 578 | 9.90 339] “9 |} 11 
0.12 552 | 9.90 330] 49 | 10 
0.12 525 | 9.90 320 9 9 
0.12 499|9.90311] | 8 
0.12 473]9.90301| | 7 
0.12 446 | 9.90 292] 45] 6 
0.12 420 | 9.90 282 9 5 
0.12 394|9.90273| 19 | 4 
0.12 367 | 9.90 263 g| 3 
0.12 341 | 9.90 254 10 2 
0.12 315 | 9.90 244 9 1 
0.12 289 | 9.90 235 0 
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Prop. Parts 
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OWNAN =e a 


Sissy 


CmnnMn MmOwnwm 
ew me 
vy He © 
© “I 


COmMmmnwm 
S Ce 

sag 

Ww 


00 00 
oO 
Ww 


TNS Sats Satya ty 


9.78 445 
9.78 461 
9.78478 
9.78 494 
9.78 510 
9.78 527 
9.78 543 
9.78 560 
9.78 576 
9.78 592 

-78 609 

.78 625 

78 642 


7 
rai 
7 
7 
-78 821 
7 
7 
7 


9.78 934 


Log Cos 
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LOGS OF FUNCTIONS 


Log Sin | d | Log Tan 
Pea Cesgonl 


9.87 738 
9.87 764 
.87 790 
.87 817 


843 
869 
95 


100000 


ON] epi nies 


8 
922 
948 
974 


oo OCOOOO OO 


20000 Oo 


35000 
9.88 027 
9.88 053 
9.88 079 
9.88 105 
9.88 131 
9.88 158 
9.88 184 
9.88 210 
9.88 236 
9.88 262 
9.88 289 
9.88 315 
9.88 341 
9.88 367 
9.88 393 
2.88 420 
9.88 446 
9.88 472 
9.88 498 
9.88 524 
9.88 550 
9.88 577 
9.88 603 
9.88 629 
9.88 655 
9.88 681 
9.88 707 
9.88 733 
9.88 759 
9.88 786 
9.88 812 
9.88 838 
9.88 864 


cd| Log Cot 
Dy | 0.12 289 
3y | 0.12 262 
3g | 0-12 236 
57 | 0-12 210 
94 | 0-12 183 
9g | 0-12 157 
9g | 0-12 131 
97 | 0-12 105 
54 | 0-12 078 
33 | 0-12 052 
5, | 0.12 02 
2U0 
97 | 0-12 000 
34 | 0.11 973 
3 [0-11 947 
3g [0-11 921 
0.11 895 
* 0.11 869 
3 | 0.11 842 
oe | O-11 816 
3g | O-L1 790 
oa | 0-11 764 
oy | 0.11 738 
og |O-11 711 
3 | 0-11 685 
Bm ¢ 
36 | 0-11 659 
9g | 0-11 633 
o7 | O11 607 
5, | 0-11 580 
26 0.11 554 
28 0.11 528 
0.11 502 
op | 0.11 476 
oy | 0.11 450 
5g | 0-11 423 
26 0.11 397 
0.11371 
36 10.11 345 
op (O.11 319 
5p | O-11 293 
oy | O.L1 267 
0.11 241 
oq |O-11 214 
oy | OuL1 188 
6 | O-11 162 
5p | OuLL 136 
0.11 110 
6 | 0-11 084 
3g | 0-11 058 
og | O-11 032 
5p | 0.11 006 
9g | 0-10 980 
57 | 0-10 954 
54 | 0.10 927 
3g [0-10 901 
3g | 0-10 875 
96 | 0-10 849 
36 | 0-10 823 
96 | 0-10 797 
9g, (0-10 71 
5g | 0-10 745 
0.10 719 
cd| Log Tan 


9.90 235 


738 | 9.90 034 


7 | 9.89 985 


9.89 653 


Log Cos 


9.90 225 
0 216 


WCODOO OM: 


0 082 
0072 
90 063 
9.90 053 


9.90043] 


WOOO OOOO 
i 
— 
S) 
= 


9.90 024 
9.90 014 
9.90 005 


9.89995] 5, 


9.89 976 
9.89 966 
9.89 956 
9.89 947 | 1 
9.89 937 

9.89 927 
9.89 918 
9.89 908 
9.89 898 
9.89 888 
9.89 879 
9.89 869 
9.89 859 
9.89 849] 
9.39 840 | 45 
9.89 830 
9.89 820 
9.89 810 | 79 
9.89 801| 1, 
9.89 791 | 45 


3 | 9.89 781] 45 


9.89771 | 49 
9.89 761 | “5 


9.89 752] 19 
9.89 742 | 15 
9.89 732 | 35 
9.89 722 | 19 
9.89 712 | 45 
9.89 702] 
9.89 693 | 15 
9.89 683 | 49 
9.89 673 | 19 
9.89 663 | 49 


Log Sin} d 


i=) So) 


SOrNVWRAANWO 


~ 


Prop. Parts 


27 | 26 
2 72865 
2| 54] 5.2 
Ores Lalas 
4 | 10.8 | 10.4 
5 | 13.5 | 13.0 
6 | 16.2 | 15.6 
C1829 Ss. 2 
8 | 21.6 | 20.8 
9 | 24.3 | 23.4 

16 | 10 
1 1-6) 1.0 
2] 3.2} 2.0 
3 | 4.8] 3.0 
4} 64] 4.0 
5 | 8.0] 5.0 
sy |) Kast) eia0) 
Bean 768) 
8 | 12.8] 8.0 
9 |14.4| 9.0 


59 
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Prop. Parts 


60 

’ | Log Sin 
0 | 9.78 934 
1 | 9.78 950 
2 | 9.78 967 
3 | 9.78 983 
4 |9.78 999 
5 19.79 015 
6 |9.79 031 
7 19.79 047 
8 |9.79 063 
9 |9.79 079 
10 | 9.79095 
11 |9.79 111 
12 |9.79 128 
13 |9.79 144 
14 |9.79 160 
15 | 9.79176 
16 | 9.79 192 
17 | 9.79 208 
18 | 9.79 224 
19 | 9.79 240 
20 | 9.79 256 
21 | 9.79 272 
22 |9.79 288 
23 |9.79 304 
24 |9.79319 
25 |9.79 335 
26 | 9.79 351 
27 |9.79 367 
28 | 9.79 383 
29 |9.79 399 
30 | 9.79 415 
31 |9.79 431 
32 | 9.79 447 
33 | 9.79 463 
34 | 9.79 478 
35 | 9.79 494 
36 |9.79 510 
37 |9.79 526 
38 | 9.79 542 
39 |9.79 558 
40 | 9.79 573 
41 |9.79 589 
42 |9.79 605 
43 |9.79 621 
44 |9.79 636 
45 | 9.79 652 
46 | 9.79 668 
47 |9.79 684 
48 |9.79 699 
49 |9.79 715 
50 | 9.79 731 
51 |9.79 746 
52 |9.79 762 
53 | 9.79 778 
54 | 9.79 793 
55 | 9.79 809 
56 | 9.79 825 
57 | 9.79 840 
58 |9.79 856 
59 |9.79 872 
60 | 9.79 887 
Log Cos 


9.89 281 | 95 


9.89 307 | 9¢ 
9.89 333 | 58 
9.89 359 | 96 
-89 385 | 95 
-89 411 
89 437 | 3° 
89 463 | 98 
89 489 | 35 
.89 515 

26 


89 541 

'89 567 | 3¢ 
'89 593 | 3p 
'89 619 | 3p 
-89 645 | 96 


89 671 

'89 697 | 3 
89 723 | 96 
89 749 | 3¢ 
89775 | 96 


89 801 

89 827 | 3p 
-89 853 | 96 
89 879 | 56 
‘8 


00 7 0 00 GO 0 0 G0 G0 G0 G9 00 00 00 G0 Go 


9905 | 95 


89931] 96 
89 957 | 96 
89 983 | 36 
90 009 | 96 
90 035 | 936 


ee ae WoOooo WODODOO ODOOOHO DOODOO Ooooo wooono WHOOOO OOOOO O¢ 


O08 52 
9.90 553 : 
9.90 578 
9.90 604 


Log Cot | cd 


38° 

Log Tan|cd| Log Cot | Log Cos| d 
0-10 719 | 9.89 653 | 49 
0.10 693 | 9.89 643 | 45 
0.10 667 | 9.89 633 9 
0.10 641 | 9.89 624} 4, 
0.10 615 | 9.89 614| 55 
0.10 589 | 9.89 604 | 15 
0.10 563 | 9.89 594 | 4, 
0.10 537 | 9.89 584] 5, 
0.10 511 | 9.89 574 | 39 
0.10 485 | 9.89 564 | 55 
0.10 459 | 9.89 554 | 45 
0.10 433 | 9.89 544 | 15 
0.10 407 | 9.89 534 | 35 
0.10 381 | 9.89 524] 45 
0.10 355 | 9.89 514 | 45 
0.10 329 | 9.89504] 4, 
0.10 303 | 9.89 495 | 45 
0.10 277 | 9.89 485 | 55 
0.10 251 | 9.89 475 | 45 
0.10 225 | 9.89 465 | 55 
0.10 199 | 9.89 455] 45 
0.10 173 | 9.89 445 | 15 
0.10 147 | 9.89 435 10 
0.10 121] 9.89 425] 35 
0.10 095 | 9.89 415] 55 
0.10 069 | 9.89 405 | 55 
0.10 043 | 9.89 395 | 55 
0.10 017 | 9.89 385] 5, 
0.09 991 | 9.89 375 ll 
0.09 965 | 9.89 364] 55 
0.09 939 | 9.89 354] 55 
0.09 914 | 9.89344] 5, 
0.09 888 | 9.89 334] 55 
0.09 862 | 9.89 324 10 
0.09 836 | 9.89 314 10 
0.09 810} 9.89 304 10 
0.09 784 | 9.89 294 10 
0.09 758 | 9.89 284] 5 
0.09 732 | 9.89 274 10 
0.09 706 | 9.89 264 10 
0.09 680 | 9.89 254 10 
0.09 654 | 9.89 244 ll 
0.09 629 | 9.89 233 10 
0.09 603 | 9.89 223 10 
0.09 577 | 9.89 213 10 
0.09 551 | 9.89 203 10 
0.09 525 | 9.89 193 10 
0.09 499 | 9.89 183 10 
0.09 473 | 9.89 173 u 
0.09 447 | 9.89 162 10 
0.09 422 | 9.89 152 10 
0.09 396 | 9.89 142 10 
0.09 370} 9.89 132 10 
0.09 344 | 9.89 122 10 
0.09 318 | 9.89 112 ul 
0.09 292] 9.89 101 10 
0.09 266 | 9.89 091 10 
0.09 241 | 9.89 081 10 
0.09 215 | 9.89 071 u 
0.09 189 | 9.89 060 10 
0.09 163 | 9.89 050 
Log Tan| Log Sin | d 


51° 


TABLG I 
Prop. Parts 
26 25 sie 
1 2.6 2.5 Ley 
Z 5.2 5.0 3.4 
3 7:84 225 |) ek 
4 | 10.4] 10.0 6.5 
5 | 13.0:] 12.5 |) Bx 
6. | 15.6): 15.0 | 162 
7 *is.2t iva 
8 | 20.8 | 20.0 | 13.6 
9 | 23.4 | 22.5) 15335 
16 15 aig 
1 1.6 1.5 Ey 
2 3.2 a0 22 
3 4.8| 4.5] 3.3 
4 6.4] 6.0] 4.4 
5 8.0)" feo aoe 
6 9.6| 9.0] 6.6 
1 Vist 405 ‘ded 
8 | 12.8]12.0] 8.8 
9 |14.4]138.5| 9.9 
ail 10 9 
Li 220 Oro 
2 2.0) 1 ales 
3) S10) pear 
4] 4.0 | 3.6 
5: | -5.01 485 
6) 620/35 
CANO Ox 
81 LS ONleee 
OF 9:0 SSL 
Prop. Parts 


LOGS OF FUNCTIONS 39° 61 
Log Sin} d | Log Tan|cd Log Cot | Log Cos| d Prop. Parts 
ak ee |_ Prop. Parts 
9-79 887) 1; | 9-90 837 | 9, |0-09 163 /9.89 050| ,. | 60 
9.79 903] 15 | 9.90863] 55 | 0-09 137| 9.89 040 | 12 | 59 
9:70038| 16 18:90 914 | 2 | 6:09 008 [sg ooo 10 | 38 
Reece fae he 26 | eet ii 
9.79 950 | 45 | 9.90 940] 95 |. 0.09 060| 9:89 009 | 1! | 56 
9.79 965 | 15 | 9.90 966] 5, | 0.09 034] 9.88999] |, | 55 
9.79 981 15 | 9-90 992} 95 | 0.09 008 ]9.88 989 | 19 | 54 
$008) 2] SS1e] e|aeeie lei | 8 
9.80012] 18 | 9. 9g | 0-08 957 | 9.88 968] 1° | 59 
9.80 027 | 1 | 9.91 069] 95 | 0.08 931] 9.88 958| 1° | 51 
9.80 043 | 5 |9.91 095] 5, | 0.08 905} 9.88948] ,, | 50 
9.80 058 | 13 | 9.91 121 | 3° 0.08 879 9.88 937 49 
9.80074 | 3, | 9.91 147 | 3° | 0.08 853 | 9:88 92 
9:80 089 | 18 | yor 172 36 | 0.08 828 | 9.88 917 | 1 | 47 
9.80 105} 5; | 9.91 198 96 | 0-08 802 | 9.88 906 19 | 46 26 25 16 
9.80 120] 1g | 9-91 224| 5, | 0.08776 | 9.88 896] ,, | 45 |1|~2.0 | 3.8 | 716] 
9.80 136 | 15 | 9.91 250 35 [0.08 750] 9:88886| 12| 44 | 2 5.2} 5.0} 3.2 
9.80 151 | 15 | 9.91 276| 3 |0.08724| 9.88875| 1] 43| 3] ?76| 23] 3:2 
9.80 166! 1 | 9.91 301 | 5° 10.08 699 | 9.88 865 10 | 42 | 4 | 10-4] 10.0] 64 
9.80 182] 15 | 9.91 327 | 3° | 0.08 673 | 9.88 855 u| 41 | 5113.0] 12'5| 8/0 
9.80 197] 15 | 9-91 353| 5, |0.08647| 9.88 844] ,, | 40 See ee 
9-80 213 | 45 | 9-91 379 | 95 | 0.08 621 | 9.88834] 19 | 39 | 7 | 18-2] 17.5 | 11.2 
9-80 228 | 16 | 9-91 404 | 2g | 0.08 596 | 9.88 824] 17 | 38 | 8 | 20.8 | 20.0 | 12.8 
9 $0 244) 15 |9-01 430) 95 | 0.08 570 |9.88 813] 1 7 
9.80 259 | 35 | 9.91 456 96 | 0-08 544) 9. 31 10 = 
9.80 274| 1, |9.91 482] 5. |0.08 518 | 9.88 793 
9:80 290 15 | 9-91 507 | 55 | 0.08 493 | 9.88 782 1] 3a 
9.80 305 | 45 | 9.91 533] 55 | 0.08 467 9.88772] 11 | 33 
2-80 320] 15 |9-91 559 | 9g | 0.08 441| 9.88761) 1g | 32 
9.80 336 | 15 | 9.91 585| 95 | 0.08 415] 9.88 751 1° - 
80351] ,; | 9.91610] ,, | 0.08390 | 9.88 741 
9.80306 | 1° |9:91 636 2° | 0.08 36s | 9:58 730 1 | 29 
9/80 382 | 2° | 9:01 662 25 | 0:08 358 | 9:88 720 | 1° | 3a 
9:80 397 | 15 | 9-01 oss | 2° [0-08 319 | 9:08 fos lee 
9.80 412| 13 | 9:01 713 | 23 | 0.08 287 | 9:88 699 | 2° | 26 
28 | 1, |9-91 739] 9, |0.08 261 | 9.88688] ,, | 25 
36, |.00.400| 1 |o.o4 foe 35 | 0.08 235 | 9.88 678 | 1°] 24 
37 | 9.80458] 12 | 9.91 791 | 3° | 0.08 209| 988 668 | 2° | 93 15 NLT 0 
38 | 9.80473 | 14 | 9.91 816 55 | 0.08 184] 9.88 657| 14 | 22 |-|= 5 1.0 
39 |9.80489| 15 | 9.91 842] 5° |0.08 158} 9.88647| 12) 21] 4] 15) 14 2.0 
3: B| 4.63.8) 8: 
504| 1, |9.91 868] 9, |0.08 132] 9.88636] ,,| 20] 3 
ee eleiamiecer a et 2]. 48) 44) i 
42 |9.80 534] 75 | 9.91 919 | 95 |0.08 081 | 9.88 615] 14 5] 5.5) 5.0 
30 55 5 3055 | 9.88 60. 17| 6 | 9.0] 6. 
44 |9:80.565 | 1° |9:91971| 2° |o:o8 029 | 9.88504| 2116) 2 l108| er | So 
44 | 9.80565 | 12 | 9: pe ee ee a lveleas ‘ 
9.91 996 | 5, | 0-08 004] 9.88 5 gall ie, 
26 | 9.80 505| © | 9:02 033| 2° |ocor ors | ocosors a ee 
47 [9.80610 | 3 | 9:92 048 | 2° | 0:07 952 | 9:88.563 13 
4 |9:80 625 | | 9:92 073 5 (0.07 927 | 9.88552| 11 | 15 
: a go 6 e ¢ 
49 | 9.80 641| {5 | 9.92 099| 54 | 0.07 901 | 9.88 542 | 1? * 
2125] 9, | 0.07 875| 9.88 531 
31 {9.80 671 - 9.92 150 3 | 0.07 850 9.88 521 - 9 
33 [9:80 701 | 15 | 9:92 202 | 2° |o:07 798 | 9-88 409 | | 7 
53 | 9.807 92 07 798 | 9. 
34 {9.80716 13 | 9.92 227 | 39 | 0.07 773 fre . ; 
8 
80 731| ;; | 9.92 253| 9, | 0.07 747] 9.88478] 4, 
36 [9:80 746 18 | 9.92 279 | 3s 0.07 721) 9.88 468] 11 | 4 
57 |9.80762| j¢ | 9.92304 | 5° | 0. 0) 3 
92 330 | 5¢ | 0.07 670 | 9.88 447 | 1! 
39 | 9.80 793 zo 9.02 356 os | 0.07 644 | 9.88436 | 11 | 1 
60 |9.80807|  |9.92.381| — |o.07 619 9.88425] _|_O- 
a Rea aa i / Prop. Parts 
Log Cos] d | Log Cot |cd| Log Tan| Log Sin | d op 
|__| Log Cos| d | Log Cot|cd|LogTan| Log Sin| d |’ | Prop. Parts | 


Log Sin | d 


9.80 807 
9.80 822 
9.80 837 
9.80 852 
-80 867 


.80 882 
.80 897 
-80 912 
80 927 
-80 942 


.80 957 
.80 972 
.80 987 
1002 
1017 


1032 
1047 
1061 
1076 
1091 


1106 
ial 
1136 
81151 
$1166 


1180 
81195 
1210 
1 225 
‘81 240 
9.81 254 
9.81 269 
9.81 284 
9.81 299 
9.81314 
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9.81 694 
Log Cos 


Log Tan 


9.92 407 
9.92 433 
5 9.92 458 
» | 9.92 484 


9.92 510 
9.92 535 
9.92 561 
9.92 587 
9.92 612 
9.92 638 


9.93 303 
9.93 329 
9.93 354 
- | 9.93 380 
9.93 406 
9.93 431 
9.93 457 
9.93 482 
9.93 508 


9.93 533 
9.93 559 
9.93 584 
9.93 610 
9.93 636 


14 | 9-93 661 

9.93 687 
9.93 712 
15 | 9-93 738 
15 | 9-93 763 
9.93 789 
9.93 814 
1 | 9-93 840 

9.93 865 
ty | 9-93 891 

9.93 916 


d | Log Cot 


9.92 381 
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Log Cot 


| 0.07 619 


0.07 593 
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0.06 109 


0.06 084 


Log Tan 
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rt PI 
wmwooo MOOoowo oc 


| Log Cos 


9.88 425 
9.88 415 
9.88 404 
9.88 394 
9.88 383 


9.88 372 


5 | 9.88 362 


9.88 351 
9.88 340 
9.88 330 
9.88 319 


7 | 9.88 308 


9.8 298 


wows 
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87811 
9.87 800 
9.87 789 


9.87 778 


Log Sin 


49° 


TABLE If 
Prop. Parts 


26 | 25 | 15 
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Prop. Parts 


; 


LOGS OF FUNCTIONS 


9.82 026 
9.82 041 


82 055 
-82 069 
82 084 
-82 098 
.82 112 
-82 126 
.82 141 
.82 155 
-82 169 
9.82 184 
9.32 198 
9.82 212 


Neiek elie) 


| 9.82 226 


9.82 240 
9.82 255 


ie) 
bo 
is 
oO 
rae 


9.82 551 
Log Cos} d | Log Cot 


COWD OMOwWO? 
ee 
° 
© 
iS) 


4197 


ooo oO 
ad 

“NJ 

pee 


4 248 
4273 


4324 


4375 


9.94477 
9.94 503 
9.94 528 
9.94 554 
9.94 579 
9.94 604 
9.94 630 
9.94 655 
9.94 681 
9.94 706 
9.94 732 
9.94 757 
9.94 783 
9.94 808 
9.94 834 
9.94 859 
9.94 884 
9.94 910 
9.94 935 
9.94 961 
9.94 986 
9.95 012 
9.95 037 
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LOGS OF FUNCTIONS 43° 65 


’ | Log Sin| d | Log Tan Log Cot Prop. Parts 
0 | 9.83378 |], |9.96960| 5, |0.03 034 | 9.86413 
1 | 9.83392] 73 |9.96 991 | 3° | 0.03 009 | 9.86 401 
13 25 
2 |9.83 405] 77 | 9.97016 | 5° | 0.02 984 | 9:86 389 
3 |9.83 419] 13 | 9.97 042| 5° | 0.02 958 | 9:86 377 
4 | 9.83 432 | 14 | 9.97 067 | 5° | 0.02 933 | 9:86 366 
5 | 9.83 446| ,, |9.97092] 5. |0.02 908 | 9.86 354 
6 |9.83 459| 7 | 9.97 118| 5? | 0.02 882 | 9.86 342 
7 | 9.83 473 | 53 | 9.97 143| 5° | 0.02 857 | 9.86 330 
8 | 9.83 486 | jf | 9.97 163 5° | 0.02 832 | 9.86 318 
9 |9.83 500 | 13 | 9.97 193 | 5° | 0.02 807 | 9.86 306 
10 | 9.83 513] ,, |9.97 219] 9. |0.02 781 | 9.86 295 
11 | 9.83 527 | 33 | 9.97 244| 52 | 0.02 756 | 9.86 283 
12 [9.83 540| 14 | 9.97 269| 5° | 0.02 731 | 9.86 271 
13 | 9.83 554| 13 | 9.97 295 | 3° | 0.02 705 | 9.86 259 
14 | 9.83 567| tf | 9.97 320] 32 | 0.02 680 | 9.86 247 Pee ee el 
15 |9.83581] ,, |9.97 345! 5, | 0.02 655 | 9.86 235 1| 26| 2.5) 14 
16 |9.83 594 | 13 | 9'97 371 | 29 | 0:02 629 | 9:86 233 2) 5.2] 5.0] 2.8 
17 | 9.83 608 | 53 | 9.97 396 | 5; | 0.02 604 | 9.86 211 3] 7.8) 7.5) 4.2 
18 | 9.83 621] 13 | 9.97 421 | 5° | 0.02 579 | 9.86 200 4] 10.4] 10.0 | 5.6 
19 | 9.83634] 13 | 9.97 447 | 52 | 0.02 553 | 9.86 188 0} 12.5] 7. 
14 25 
20 | 9.83 648| ,, | 9.97472] 5, | 0.02 528| 9.86 176 Plage Wet oe 
21 | 9.83 661| 13 | 9.97 497 | 5¢ | 0.02 503 | 9.86 164 ee nee 
13 26 8 | 20.8 | 20-0 | 11.2 
22 | 9.83 674| 13 | 9.97 523 | 5° | 0.02 477 | 9.86 152 Biber eee laa 
23 | 9.83 688 | }3 |9.97548| 52 | 0.02 452 | 9.86 140 
24 |9.83701| 13 | 9.97 573| 55 | 0.02 427 | 9.86 128 
25 | 9.83715! ,. |9.97598| 9, | 0.02 402 | 9.86 116 
26 |9.83728| 13 | 9.97 G24 | 3s | 0.02 376 | 9.86 104 
27 19.83 741| 13 | 9.97 649| 3 | 0.02 351 | 9.86 092 
28 | 9.83755 | 1% | 9.97 674 | 34 | 0.02 326 | 9.86 080 
29 |9.83 768 | 13 | 9.97 700 | 32 | 0.02 300 | 9.86 068 
30 | 9.83781] ,, !9.97725] 9; | 0.02 275] 9.86 056 
31 | 9.83 795| 1% | 9.97 750 | 5, | 0.02 250 | 9.86 044 
32 |9.83 808| 13 | 9:97 776 | 95 | 0.02 224 | 9.86 032 
33 | 9.83 821 | 13 | 9.97 801 | 52 | 0.02 199 | 9.86 020 
34 | 9.83 834| 13 | 9.97 826 | 5: | 0.02 174 | 9.86 008 
35 |9.83 848] ,, | 9.97851] 9, | 0.02 149 | 9.85 996 
36 | 9.83 861| 13 | 9:97 877| 5, | 0.02 123 | 9.85 984 
37 | 9.83 874| 13 | 9.97 902} 95 | 0.02 098 | 9.85 972| 4) | 23 13) 4374 
38 | 9.83 887 | 13 19:97 927 | 35 | 0.02073] 9.85 960] 15 | 22 | -|-q.3 "12 | 14 
39 | 9.83 901 13 9.97 953 25 0.02 047 | 9.85 948 12 21 9 2.6 2.4| 2.9 
02022] 9.85936] .| 20] 3] 3.9] 3.6] 3.3 
41 | 9.83 927| 2 | 9:08 003 S 0.01997 | 9.83924] 2] 19 | 4 5.2| 4:8] 4.4 
42 | 9.83 940| 13 |9:98029| 55 |0.01971| 9.85912] 45/18] 5 | 6.5] 6.0] 5.5 
43 |9.83.954| 15 [9.93054] 95 |0.01946|9.85900] j)| 17] 6 | 7-8] 7.2] 6.6 
44 | 9.83 967 | 13 | 9.98079] 93 | 0.01921] 9.85888] j)| 16] 7) 91) 84| 7.7 
45 |9.83 980] , |9.98104| 9, | 0.01 896 / 9.85876] yo] 15] § | 17-7 | 10's | 9°9 
46 |9.83993| 33 | 9.98 130] 95 | 0.01 870| 9.85 864| 3 | 14 
47 |9:84.006| 1f | 9.98155] 595 | 0.01 845] 9.85 851] 1) | 13 
48 | 9.84020] 15 | 9.98 180 | 55 | 0.01 $20] 9.85 839] jp | 12 
49 |9.84.033| 13 | 9.98206 | 9; | 0.01 794 | 9.85 827 | 45 
9.84046 | ,, |9.98 231] 95 | 0.01 769 | 9.85815] 4, | 10 
Bt [9.84059 18 | 9.98 253] 5 |0.01 744|9.85 803 | jo | 9 
52 |9.84.072| 12 19.98 281 | 33 | 0.01 719 | 9.85 791| 5] 8 
53 |9.84 085 | 13 | 9-98 307 | 55 |0.01 693 |9.85 779] y3 | 7 
54 | 9.84098 | 17 [9.98382] 55 | 0.01 668 | 9.85 766 | 15 
5B |9.84112| 45 | 9.98357 | 9g | 0.01 643 | 9.85754] 1] 5 
56 | 9.84 125| 1s |9.98383 | 95 | 0.01 617]9.85 742] 1] 4 
37 |9.84 138 | 13 |9.98.408| 53 |0.01 592) 9.85730] 15 | 3 
58 | 9.84 151| 12 |9:98.433 | 32 | 0.01 567 | 9.85718] 4) | 2 
59 |9.84164| 12 | 9.98458] 55 [0.01 542] 9.85 706 | 13 | 1 
60_|9.84177|__|9.98484| __|0.01516| 9.85603] |_O ———— 
Log Cos| d | Log Cot |cd| Log Tan| Log Sin | d Prop. Parts 
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9.98 635 | 55 
9.98 661 | 5: 
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9.98711 | 96 
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TABLE II 


Prop. Parts 
26 25 14 
ch 2.6 2.5 1.4 
2 5.2 5.0} 2.8 
3 7.8 7.5) 4.2 
4]}10.4]10.0] 5.6 
5) 13.0 (2S ee 
6 |15.6}15.0] 8.4 
7 | 1822 [a5 958 
8 | 20.8 | 20.0 | 11.2 
9 | 23.4 | 22.5 | 12.6 
a3 12 
1 1.3 1.2 
2 2.6 2.4 
3: )) 8.9) Moo 
4 5.2] 4.8 
Dh, 6-Sal B60) 
61) TS) wz 
7 | Ose} ee 
8 |}10.4] 9.6 
95] Aa OLS 
Prop. Parts 
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VALUES 
OF THE 
TRIGONOMETRIC FUNCTIONS 
TO 


FIVE DECIMAL PLACES 
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.01018 


047 
076 
105 
135 


01164 


193 
222 
251 
280 


.01309 


338 
367 
396 
425 


01455 


484 
513 
542 
571 


.01600 


629 
658 
687 


Cot 


3437.7 
1718.9 
1145.9 
859.44 
687.55 
572.96 
491.11 
429.72 
381.97 


343.77 


312.52 |. 


286.48 
264.44 
245.55 


229.18 |. 


214.86 
202.22 
190.98 
180.93 
171.89 
163.70 
156.26 
149.47 
143.24 
137.51 
132.22 
127.32 
122.77 
118.54 
114.59 
110.89 
107.43 
104.17 
101.11 
98.218 
95.489 
92.908 
90.463 
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57.290 |.99985 


NATURAL A 
TUNCTIONS 2 o 69 


: == Tan Cot Cos "i Tan Cot 
103490 |-03492 | 28.636 |.99939| 60 ) 05241 | 19.081 53 | 60 
1] 519] 521] 399] 938] 59 1 *970| 18.970" 861 | $9 
2] 548| 550/28.166] 937] 53 2 299| 871 58 
3] 577| 579|27.937| 936] 57 3 328| .768 57 
; 606] 609] .712| 935] 56 4 357| .666 56 

.03635 |.03638 | 27.490 |.99934 55 5 .05387 | 18.564 
6| 664) 667] .271| 933] 54 6 416] 1464) - 
7| 693} 696]27.057} 932] 53 7 445| .366 53 
8 | 723] 725/26.845| 931] 52 8 474| 1268 52 
752| 754] .637| 930] 51 9 503) 171 51 

0 |.03781 |.03783 | 26.432 |.99929| 60 10 .05533 | 18.075 
11} 810] 812] .230] 927] 49 11 562] 17.980] - 
12 | 839] 842/26.031] 926] 48 12 591|  .886 48 
13 | 868] 871] 25.835] 925] 47 13 620} .793 47 
i4| 897] 900] .642| 924] 46 14 649] :702 46 
15. |.03926 |.03929 | 25.452 |.99923| 45 15 .05678 |.17.611 |. 45 
16 | 955] 958} .264| 922] 44 16 708} .521 44 
17 |.03984|.03987 | 25.080] 921] 43 17 737| 431 43 
18 | 04013 |.04016| 24.898] 919] 42 18 766| .343 42 
19 | 042] 046] .719] 918] 41 19 795| 1256 41 
80 |.04071 |.04075 | 24.542 |.99917| 40 20 .05824 | 17.169]. 40 
21| 100] 104] .368| 916| 39 21 854 | 17.084 39 
22 | 129] 133] 196] 915] 38 22 883 | 16.999 38 
23 | 159] 162]24.026| 913] 37 23 912] 915 37 
24| 188] ~191/23.859| 912] 36 24 941| .832 36 
25 |.04217 |.04220 | 23.695 |.99911| 35 25 .05970 | 16.750 |. 35 
261} 246] 250] .532} 910] 34 26 '05999|  .668 34 
27 | 275) 279| :372| 909] 33 27 ‘06029|  .587 33 
23 | 304; 308| .214] 907] 32 98 058| 507 32 
29 | 333| 337/23.058| 906] 31 29 087] .428 31 
30 |.04362 |.04366 | 22.904 |.99905 | 30 30 .06116 | 16.350]. 30 
31 | 391] 395] .752| 904] 29 31 145|  .272 29 
32 | 420] 4241) 602] 902] 28 39 175| .195 28 
33 | 449] 454] 454] 901| 27 33 204] 119 27 
3 478| 483| .308! 900| 26 34 233 | 16.043 26 
35 |.04507 |.04512 | 22.164 |.99898| 25 35 .06262 | 15.969 |. 25 
36 | 536] 541/22.022| 897| 24 36 291|  .895 24 
37 | 565| 570/21.881| 896] 23 37 321] .821 23 
38 | 594] 599| .743| 894] 22 3 350| .748 22 
39 | 623] 628] .606| 893] 21 39 379| .676 21 
40 |.04653 |.04658 | 21.470 |.99892 | 20 40 ,06408 | 15.605 |. 20 
41 |- 682| 687] .337| 890] 19 41 438|  .534 19 
42 | 711) 716} .205| 889] 18 42 467| .464 18 
43 | 740| 745/21.075| 888] 17 43 496| .394 17 
44 | 769| 774/20.946| 886] 16 44 525) .325 16 
45 |.04798 |.04803 | 20.819 |.99885 | 15 45 06554 | 15.257]. 15 
46 | 827| 833] .693| 883] 14 46 584] .189 14 
47 | 856| 862| .569| 882] 13 47 613| .122 13 
4g | 885| 891| .446| 881] 12 48 642 | 15.056 12 
49 | 914] 920] .325| 879] 11 49 671] 14.990 11 
50 |.04943 |.04949 | 20.206 |.99878| 10 50 06700 | 14.924 |. 10 
51 |.04972 |.04978 | 20.087| 876] 9 51 730} 860 9 
52 |.05001 |.05007]19.970| 875] 8 59 759| .795 8 
53 | 030| 037] .855| 873] 7 53 788| .732 7 
54 | 059| 066] .740| 872| 6 54 817| .669 6 
55 |.05088 |.05095 | 19.627 |.99870| 5 55 .06847 | 14.606 |. 5 
5a | 117|, 124). .516| 869} 4 5G 876]  .544 4 
57 | 146| 153) .405| 867] 3 37 905| 482 3 
53! 175| 182] .296| 866] 2 58 934] .421 2 
5 205] 212| 188] 864] 1 59 963] .361 1 
60 |.05234 |.05241 | 19.081 |.99863 | 0 g0 |.06976 |.06993 | 14.301]. #0? 
Cos Cot Tan Sin ‘i Cot Tan i 
a ee ete | ee Cot "en 
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.10011 } 9. 9893 
040} .9601 


.10069 | 9.9310 |}. 
099} .9021 
128] .8734 
158 | °.8448 
187] .8164 

-10216 | 9.7882 |. 
246] .7601 
275| .7322 
305] .7044 
334] .6768 


-10363 | 9.6493 |. 
393 | .6220 
422] .5949 
452] .5679 
481] .5411 


-10510 | 9.5144 |. 


Tan 


OrPnwNwhRaoanno 


84° 


NATURAL «! i 
FUNCTIONS 6 7 71 


“ar. Sin | Tan Cot Cos Tan Cot Cos 

0 |.10453 |-10510 | 9.5144 |99452 12278 | 8.144 255 | 60 
i| 482] 540] .4878| 449 308 oe be os 
2; 511] 569] .4614] 446 338| .1054] 248] 58 
3 540| 599] .4352] 443 367] .0860| 244] 57 
4| 569] 628] .4090] 440 397] .0667| 240] 56 
5 |.10597 |.10657 | 9.3831 |.99437 .12426 | 8.0476 |.99237] 55 
6 626] 687] .3572] 434 456] .0285| 233] 54 
vi 655} 716] .3315| 431 485]8.0095| 230] 53 
8 | 684] 746] .3060| 428 515|7.9906] 226] 52 
9 | 713) 775| .2806| 424 544] .9718| 222] 51 


10 |.10742 }.10805 | 9.2553 |.99421 
Bi ga 834] .2302 418 
12 800 863 | .2052 415 
vey 829 893] .1803 412 
14 858 922) .1555 409 
15 |.10887 |.10952 | 9.1309 |.99406 
16 916 ].10981} .1065 402 
17 945].11011] .0821 399 
i8 |.10973 040} .0579 396 
19 j-11002 070! .0338 393 


20 |.11031 |.11099 | 9.6098 |.99390 
21 060 128 | 8.9860 386 
22% 089 158} .9623 383 
23 118 187 | .9387 380 
24 147 ZZ} .9152 377 
25 |.11176 |.11246 | 8.8919 |.99374 
26 205 276] .8686 370 
27 234 305] .8455 367 
28 263 335| .8225 364 
29 291 364| .7996 360 
30 |.11320 |.11394 | 8.7769 |.99357 
31 349 423 7542 354 
32 378 452} .7317 351 
33 407 482] .7093 347 
34 436 511] .6879 344 
35 |.11465 1.11541 | 8.6648 |.99341 
p10) 494 570| .6427 Jol 
37 523 600} .6208 334 
38 552 629| .5989 Bol 
39 580. 659| .5772 oat 
40 |.11609 |.11688 | 8.5555 |.99324 
41 638 718] .5340 320 
42 667 747 \ .5126 317 
43 696 777| .4913 314 
44 725 806} .4701 310 
45 |.11754 |.11836 | 8.4490 |.99307 
46 °783 865] .4280 303 
47 812 895] .4071 300 
48 840 924] .3863 297 
49 869 954] .3656 293 
60 |.11898 }.11983 | 8.3450 |.99290 
51 927 |.12013| .3245 286 
o2 956 042} .3041 283 
53 |.11985 072} .2838 279 
54 |.12014 101] .2636 276 


55 |.12043 |.12131 | 8.2434 |.99272 
56 071 160} .2234 269 
57 100 190} .2035 265 
58 129 219} .1837 262 
59 158 249} .1640 258 


60 |.12187 12278 8.1443 1443 |.99255 14054 | 7.1154 |.99027 
i OSE eee | Cot. "Tan. Sin Cot Tan Sin 
are 82° 


.12574 | 7.9530 |.99219} 50 
603] .9344| 215| 49 
633| .9158] 211] 48 
662] .8973| 208] 47 
692| .8789| 204] 46 

.12722 | 7.8606 |.99200 | 45 
751| .8424] 197| 44 
781] .8243] 193| 43 
810] .8062} 189] 42 
840] .7882] 186] 41 

.12869 | 7.7704 |.99182] 40 
899} .7525] 178| 39 
929] .7348| 175| 38 
958] .7171] 171] 37 

.12988| .6996] 167| 36 


3 1.13017 | 7.6821 |.99163 | 35 
047| .6647 160] 34 
O76] .6473 156] 33 
106] .6301 152] 32 
136} .6129 148] 31 

.13165 | 7.5958 |.99144 | 30 
195] .5787 141} 29 
224) .5618 137 | 28 
254| .5449 133 | 27 
284| .5281 129 | 26 

.13313 | 7.5113 |.99125 | 25 

343 | .4947 122) 24 

372| .4781 118] 23 

402] .4615 114] 22 

432] .4451 110) 21 

13461 | 7.4287 |.99106 | 20 

491} .4124 102] 19 

521} .3962 098} 18 

550} .3800 094 | 17 

580 | .3639 O91} 16 

.13609 | 7.3479 |.99087 | 15 

639| .3319 083] 14 

669] .3160 079} 13 

698} .3002 075] 12 

728| .2844 Ose eel 

.13758 | 7.2687 |.99067 | 10 

787] .2531 063} 9 

817] .2375 059| 8 

846} .2220 055| 7 

876] .2066 051) 6 

.13906 } 7.1912 |.99047 : 

3 
2 
1 
0 
ahi 


935| .1759 043 
965} .1607 039 
.13995| .1455 035 
.14024] .1304 031 


72 8° 
C2 ie oe aa ee 
4 Sin | Tan ae ae 
0 |.13917 |.14054 .99027 | 60 
{| 946 084 023 | 59 
2 |.138975 113 019] 58 
3 |.14004 143 015} 57 
4 033 iio O11} 56 
5 |.14061 |.14202 99006 | 55 
6 090 232 99002 | 54 
iG 119 262 98998 | 53 
8 148 291 994 | 52 
9 177 321 990] 51 
10 |.14205 |.14351 98986 50 
11 234 381 982} 49 
12 263 410 978] 48 
13 292 440 973 | 47 
14 320 470 969 | 46 
15 |.14349 |.14499 98965 | 45 
16 378 529 961] 44 
176 A07 559 957 | 43 
18 436 588 953 | 42 
19 464 618 948| 41 
20 |.14493 |.14648 98944 | 40 
21 522 678 940} 39 
22 551 707 936] 38 
23 580 Lore 931] 37 
24 608 767 927 | 36 
25 |.14637 |.14796 .98923 | 35 
26 666 826 919] 34 
27 695 856 914] 33 
28 723 886 910} 32 
29 752 915 906] 31 
80 |.14781 |.14945 .98902 | 30 
31 810 |.14975 897 | 29 
32 838 |.15005 893 | 28 
33 867 034 889} 27 
34 896 064 884} 26 
35 |.14925 |.15094 -98880} 25 
36 954 124 876 | 24 
37 }|.14982 153 871] 23 
38 }.15011 183 867 | 22 
39 040 213 863 | 21 
40 |.15069 |.15243 98858 | 20 
41 097 272 854| 19 
42 126 302 849] 18 
43 155 332 845] 17 
44 184 362 841] 16 
45 |.15212 |.15391 98836 | 15 
46 241 421 832} 14 
AT 270 451 827} 13 
48 299 451 823] 12 
49 327 511 818] 11 
60 |.15356 |.15540 98814] 10 
51 385 570 809 9 
52 414 600 805 8 
53 442 630 800 v6 
54 471 660 796) 6 
55 |.15500 |.15689 98791 5 
56 529 719 787) 4 
(ari 557 749 782 3 
58 586 779 (hsy)) 
59 615 809 Mie) 1 
60 |.15643 |.15838 | 6.3138 |.98769}] 0 
Cos Cot Sin é 
81° 


He 
HOODMNOAM wenomisl me 


12 


Sin Tan 
.15643 |.15838 
672 868 
701 898 
730 928 
758 958 
15787 |.15988 
816 |.16017 
845 O47 
873 O77 
902 107 
15931 |.16137 
959 167 
15988 196 
16017 226 
046 256 
16074 |.16286 
103 316 
132 346 
160 376 
189 405 
16218 |.16435 
246 465 
275 495 
304 525 
333 555 
16361 |.16585 
390 615 
419 645 
447 674 
476 704 
16505 |.16734 
533 764 
562 794 
591 824 
620 854 
.16648 |.16884 
677 914 
706 944 
734 |.16974 
763 |.17004 
.16792 |.17033 
820 063 
849 093 
878 123 
906 153 
.16935 |.17183 
964 213 
-16992 243 
.17021 273 
050 303 
.17078 |.17333 
107 363 
136 393 
164 423 
193 453 
.17222 |.17483 
250 513 
279 543 
308 573 
336 603 
.17365 |.17633 
Cos Cot 


80° 


TABLE III 


9° 
Cot Cos 
6.3138 |.98769 | 60 
.3019 764| 59 
.2901 760} 58 
.2783 755 | 57 
.2666 751) 56 
6.2549 |.98746 | 55 
.2432 741) 54 
.2316 731) 53 
.2200 732 | 52 
.2085 728) 51 
§.1970 |.98723 | 50 
.1856 718] 49 
.1742 714| 48 
-1628 709 | 47 
1515 704! 46 
6.1402 |.98700} 45 
.1290 695| 44 
-1178 690} 43 
-1066 686 | 42 
.0955 681] 41 
6.0844 |.98676 | 40 
.0734 671] 39 
0624 667] 38 
.0514 662 | 37 
.0405 657 | 36 
5 | 6.0296 |.98652 |] 35 
-0188 648] 34 
6.0080 643 | 33 
5.9972 638] 32 
-9865 633 | 31 
5.9758 |.98629 | 30 
-9651 624] 29 
-9545 619] 28 
-9439 614| 27 
-9333 609 | 26 
5.9228 |.98604| 25 
9124 600 | 24 
.9019 595] 23 
5915 590] 22 
-Soll 585] 21 
5.8708 |.98580 | 20 
-8305 575| 19 
-5502 570| 18 
.8400 565 | 17 
.8298 561] 16 
5.8197 |.98556| 15 
.5095 551] 14 
.7994 546! 13 
.7894. 541] 12 
7794 536] 11 
5.7694 |.98531 | 10 
-7594 526 9 
.7495 §21 8 
.7396 SLG eZ 
-7297 511 6 
5.7199 |.98506| 5 
-7101 501 4 
-7004 496| 3 
.6906 491 2 
-6809 486 1 
5.6713 |.98481 0 
Tan Sin 4 


NATURAL 
FUNCTIONS 10° 1% 73 


/ Sin | Tan | Cot Cos , Sin | Tan | Cot Cos 

0 |.17365 |.17633 | 5.6713 |.98481 60 0 |.19081 |.19438 | 5.1446 |.98163 | 60 
x 393 663 | .6617 476| 59 1 109 468] .1366 157] 59 
2 422 693} .6521 471] 58 2 138 498] .1286 152] 58 
3 451 723| .6425 466] 57 = 167 529) .1207 146] 57 
4 479 753 | .6329 461] 56 4 195 559} .1128 140} 56 
5 |.17508 |.17783 | 5.6234 |.98455 55 5 |.19224 |.19589 | 5.1049 |.98135 | 55 
6 537 813} .6140 450] 54 6 252 619] .0970 129] 54 
7 565 843] .6045 445] 53 A 281 649] .0892 124) 53 
8 594 873 0951 440} 52 8 309 680 | .0814 118) 52 
9 623 903] .5857 435] 51 9 338 710| .0736 112) 51 
10 17651 -17933 | 5.5764 |.98430]| 50 10 |.19366 |.19740 | 5.0658 |.98107] 50 
li 680 963 .5671 425] 49 11 395 770| .0581 101} 49 
12 708 |.17993 | .5578 420] 48 12 423 801] .0504 096] 48 


13 737 |.18023 | .5485 414] 47 
14 766 053; .5393 409] 46 
15 |.17794 |.18083 | 5.5301 |.98404] 45 
16 823 113] .5209 399] 44 
17 852 143] .5118 394] 43 


452| 831] .0427| 090] 47 
481| 861] .0350] 084] 46 
)|.19891 | 5.0273 |.98079 | 45 
538| 921] .0197] 073] 44 
566] 952] .0121| 067| 43 


or 
(all seal meni perl aed 
NIGQ OH OO 

~ 

© 

or 

on) 

© 


18 880 173 | .5026 389} 42 18 595 |.19982 | 5.0045 061] 42 
19 909 203 | .4936 383 | 41 19 623 |.20012 | 4.9969 056] 41 
20 .17937 .18233 | 5.4845 |.98378]| 40 20 |.19652 |.20042 | 4.9894 |.98050] 40 
21 966 263 | .4755 Sis 39 21 680, 073) .9819 044] 39 
22 17995 293 | .4665 368] 38 22 709 103| .9744 039} 38 
23 |.18023 Sod) ATS 362] 37 23 toL 133 | .9669 033 | 37 
24 052 353 | .4486 357 | 36 24 766 164] .9594 027 | 36 
25 |.18081 |.18384 | 5.4397 |.98352] 35 25 |.19794 |.20194 | 4.9520 |.98021] 35 
26 109 414| .4308 347| 34 26 823 224) .9446 O16] 34 
27 138 444| .4219 341| 33 a 851| - 254| .9372 010] 33 
28 166 474] .4131 336 | 32 28 880 285! .9298|.98004 | 32 
29 195 504] .4043 sal] 31 29 908 315| .9225).97998| 31 
30 |.18224 |.18534 | 5.3955 |.98325] 30 30 |.19937 |.20345 | 4.9152 |.97992| 30 
31 252 564] .3868 320] 29 31 965 376| .9078 987 | 29 
32 281 594] .3781 SLD lf 2s 32 |.19994 406] .9006 981] 28 
ae 309 624} .3694 B10) 27 33 |.20022 436| .8933 O75 27 
34 3388 654} .3607 304] 26 3 051 466 | .8860 969 | 26 
35 |.18367 |.18684 | 5.3521 |.98299} 25 35 |.20079 |.20497 | 4.8788 |.97963 | 25 
36 395 714] .3435 294] 24 36 108 527| .8716 958 | 24 
37 424 745 | .3349 288 | 23 BU 136 557 | .8644 952 | 23 
38 452 775 | .38263 283 | 22 38 165 588 | .8573 946 | 22 
39 481 805| .3178 DIT 21 39 193 618} .8501 940] 21 
40 |.18509 |.18835 | 5.3093 |.98272] 20 40 |.20222 |.20648 | 4.8430 |.97934 | 20 
41 538 865 | .3008 267| 19 4l 250 679 | .8359 928] 19 
42 567 895 | .2924 261] 18 42 279 709} .8288 922) 18 
43 595 925] .2839 256 17 43 307 739| .8218 916] 17 
44 624 955| .2755 250| 16 44 336 770| .8147 910] 16 
45 1.18652 |.18986 | 5.2672 |.98245]| 15 45 |.20364 |.20800 | 4.8077 |.97905 | 15 
46 681 ].19016| .2588 240] 14 46 393 830 | .8007 899} 14 
AT 710 046 | .2505 234| 13 A7 A421 861| .7937 893 | 13 
48 738 076| .2422 229) 12 48 450 891] .7867 887 | 12 
49 767 106| .2339 223 11 49 478 921| .7798 881] 11 
60 |.18795 |.19136 | 5.2257 |.98218] 10 60 |.20507 |.20952 | 4.7729 |.97875| 10 
51 824 166| .2174 212 9 51 535 |.20982| .7659 869 9 
52 852 197} .2092 207 8 52 563 |.21013] .7591 863 8 
53 Siler oOll | e201 || 7 53.| 592] 048] .7522| 857| 7 
54 | 910] 257] .1929| 196| 6 54 | 620] 073] .7453| 851] 6 
55 |.18938 |.19287 | 5.1848 |.98190 5 55 |.20649 |.21104 | 4.7385 |.97845|] 5 
56 967 Sah! SibrAalyl 185 4 56 677 134) E77 839} 4 
57 |.18995 347] .1686 179| 3 57 706 164 .7249 833] 3 
58 |.19024 378} .1606 174) 2 58 734 195} .7181 827) 2 
59 052 408] .1526 168 1 59 763 225] .7114 821 1 
60 |.19081 |.19438]5.1446 |.98163| 0 60 |.20791 |.21256 | 4.7046 |.97815 PALE 
Cos Cot Tan Sin ui Cos Cot Tan Sin i 


eee UU UUEE EE EIS EEEESSREREEEeeeeeeeme! 


78° 


21985 
.22013 
041 
22070 
098 
126 
155 
183 
.22212 
240 
268 
297 
325 
22353 
382 
410 
438 
467 
.22495 


Cos 


ci. 


ia 
Tan Cot Cos 
21256 | 4.7046 |.97815 
286 | .6979 809 
316| .6912 803 
347 | .6845 797 
377 | .6779 791 
.21408 | 4.6712 |.97784 
438 | .6646 778 
469 | .6580 “ie 
499| .6514 766 
529] .6448 760 
.21560 | 4.6382 |.97754 
590] .6317 748 
621] .6252 742 
651] .6187 735 
682} .6122 729 
.21712 | 4.6057 |.97723 
743} .5993 (ONG. 
773\ .5928 711 
804] .5864 705 
834] .5800 698 
.21864 | 4.5736 |.97692 
895| .5673 686 
925] .5609 680 
956} .5546 673 
.21986| .5483 667 
.22017 | 4.5420 |.97661 
047) .03857 655 
O78| .5294 648 
108 | .5232 642 
139| .5169 636 
.22169 | 4.5107 }.97630 
200] .5045 623 
231] .4983 617 
261| .4922 611 
292] .4860 604 
.22322 | 4.4799 |.97598 
353} .4737 592 
383] .4676 585 
414] .4615 579 
444] .4555 573 
.22475 | 4.4494 |.97566 
505] .4434 560 
536] .4873 553 
567] .4313 547 
597} .4253 541 
.22628 | 4.4194 |.97534 
658 | .4134 528 
689 | .4075 521 
719| .4015 515 
750| .3956 508 
.22781 | 4.3897 |.97502 
811] .3838 496 
842] .3779 489 
SYP) ey 483 
903] .38662 476 
.22934 | 4.3604 |.97470 
964! .3546 463 
22995} .3488 457 
.23026| .3430 450 
056) 83872 444 
.23087 | 4.3315 |.97437 
Cot Tan i 


is TABLE IIL 

é Sin Tan Cot Cos 
0 |.22495 |.23087 | 4.3315 |.97437 | 60 
1 523 LIZ |) Beak 430] 59 
ve 552 148} .3200 4241! 58 
3 580 179| .3143 AAT | -5v 
4 608 209} .3086 411] 56 
5 |.22637 |.23240 | 4.3029 |.97404 | 55 
6 665 271) 2972 398] 54 
vs 693 301] .2916 S01 Ss 
8 722| 332] .2859] 384] 52 
9 750 363] .2803 378 | 51 
10 |.22778 |.23393 | 4.2747 |.97371| 50 
11 807| 424] .2691] 365] 49 
12 835| 455] .2635| 358] 48 
is 863 485] .2580 351 | 47 
14 892| 516] .2524| 345] 46 
15 |.22920 |.23547 | 4.2468 |.97338 | 45 
16 948| 578] .2413| 331] 44 
17 |.22977| 608] .2358| 325] 43 
18 |.23005| 639] .2303|- 318] 42 
19 033 670| .2248 311] 41 
20 |.23062 |.23700 | 4.2193 |.97304| 40 
21 090| 731] .2139] 298] 39 
22 118} 762] .2084} 291| 38 
23 146] 793] ..2030] 284] 37 
24 175) 823! 19761 278836 
25 |.23203 |.23854 | 4.1922 |.97271| 35 
26 231| 885] .1868| 264] 34 
7 260| 916] .1814| 257] 33 
28 288| 946] .1760| 251] 32 
29 316 |.23977] .1706| 244] 31 
30 |.23345 |.24008 | 4.1653 |.97237 | 30 
31 373| 039] .1600| 230] 29 
32 401} 069] .1547| 223] 28 
33 429| 100] .1493| 217] 27 
34 458| 131] .1441] 210] 26 
35 |.23486 |.24162 | 4.1388 |.97203 | 25 
36 514| 193] .1335| 196] 24 
37 542| 993) 11989) 18911993 
38 571| 254| .1230| 182] 22 
39 599 280i) .LL7S 176122 
40 |.23627 |.24316 | 4.1126 |.97169 | 20 
Al 656| - 347| .1074| 162] 19 
42 684| 377| .1022| 155] 18 
43 Re 408 | .0970 148] 17 
44 740| 439] .0918| 141] 16 
45 |.23769 |.24470 | 4.0867 |.97134| 15 
46 797| 501) .0815| 127) 14 
47 825] 532] .0764] 120] 13 
48 853| 562] .0713| 113] 12 
49 882 593 | .0662 106} 11 
50 |.23910 |.24624 | 4.0611 |.97100| 10 
51 938 655 | .0560 093 9 
52 966 686 | .0509 086 8 
53 |.23995 717) .0459 079 7 
54 |.24023 747} .0408 072 6 
55 |.24051 |.24778 | 4.0358 |.97065| 5 
56 079 809] .0308 058 4 
57 108 840} .0257 051 3 
58 136 871| .0207 044 2, 
59 164 902} .0158 037 1 
60 |.24192 |.24933 | 4.0108 |.97030 0 

2 / 


76° 


NATURAL 


FUNCTIONS 14° 
: Sin Tan Cot Cos 
0 |.24192 |'24933 | 4.0108 |.97030 | 60 
1 | 220] 964]. .0058| 023] 59 
2} 249|.24995|4.0009]} 015] 58 
3} 277|.25026|3.9959] 008] 57 
4} 305] 056] .9910].97001] 56 
5 |.24333 |.25087 | 3.9861 |.96994|] 55 
6| 362] 118] .9812| 987| 54 
7| 390] 149] .9763] 980] 53 
8] 418} 180] .9714] 973] 52 
9 | 446] 211] .9665|] 966| 51 
10 |.24474 |.25242 | 3.9617 |.96959 | 50 
i 503] 273] .9568| 952] 49 
12] 531] 304] .9520] 945] 48 
13 | 559] 335] .9471] 937| 47 
14 | 587] 366! .9423] 930] 46 
15 |.24615 |.25397 | 3.9375 |.96923 | 45 
16 | 644] 428] .9327| 916| 44 
17 | 672} 459| .9279| 909| 43 
is 700 490 9232 902 | 42 
19 728| 521| .9184] 894] 41 
20 |.24756 |.25552 | 3.9136 |.96887| 40 
21 784 583 | .9089 880] 39 
22 813| 614| .9042| 873] 38 
23} 841| 645] .8995| 866| 37 
241 869] 676] .8947| 858] 36 
25 |.24897 |.25707 | 3.8900 |.96851| 35 
26 | 925| 738] .8854] 844] 34 
97 | 9541 769| .8807| 837] 33 
28 |.24982] 800] .8760] 829] 32 
29 |.25010| 831] .8714| 822] 31 
30 |.25038 |.25852 | 3.8667 |.96815 | 30 
31 066} 893] .8621| 807] 29 
32 | 094] 924] .8575| 800] 28 
at 122] 955| .8528}] 793] 27 
34 151|.25986| .8482] 786] 26 
35 |.25179 |.26017 | 3.8436 |.96778 | 25 
36 | 207] 048| .8391| 771| 24 
37 935] 079] .8345| 764] 23 
383 | 263] 110] .8299| 756] 22 
3g | 291] 141] .8254| 749] 21 
40 |.25320 |.26172 | 3.8208 |.96742 | 20 
41 348| 203] .8163] 734] 19 
42 | -376| 235| .8118| 727| 18 
43 | 404| 266| .8073| 719] 17 
44 | 432] 297] .8028] 712] 16 
45 |.25460 |.26328 | 3.7983 |.96705 | 15 
46 | 488] 359] .7938| 697| 14 
47 | 516| 390| .7893| 690] 13 
48 | 545| 421| .7848| 682] 12 
49 | 573| 452| .7804| 675| 11 
50. |.25601 |.26483 | 3.7760 |.96667 | 10 
51 629| 515] .7715| 660] 9 
52 | 657| 546| .7671| 653| 8 
53 | 685| 577| .7627| 645| 7 
54 | 713| 608] .7583| 638| 6 
55 |.25741 |.26639 | 3.7539 |.96630] 5 
56 | 769| 670| .7495| 623| 4 
57 | 7981 701| .7451| 615| 3 
58 | 826] 733| .7408| 608] 2 
59 | 854| 764] .7364| 600] 1 
60. |.25882 |.26795 | 3.7321 |.96593| 0 
Cos Cot Tan Sin u 


75° 


15° 75 
f Sin | Tan Cot Cos 
0 |-25882 |.26795 | 3.7321 |.96593 | 60 
1] 910] 826] .7277| 585] 59 
2] 938| 857| .7234| 578] 58 
3 | 966] 888] .7191| 570] 57 
4 |.25994| 920] .7148| 562] 56 
5 1.26022 |.26951 | 3.7105 |.96555] 55 
6 | 050|.26982| .7062] 547] 54 
7 | 079|.27013| .7019} 540] 53 
gs | 107| 044] .6976] 532] 52 
9] 135] 076| .6933| 524] 51 
10 |.26163 |.27107 | 3.6891 |.96517]| 50 
11] 191] 138] .6848] 509} 49 
12] 219] 169] .6806] 502] 48 
13 | 247] 201| .6764| 494] 47 
14 75| 232| .6722| 486] 46 
15 |.26303 |.27263 | 3.6680 |.96479 | 45 
16| 331| 2941 .6638| 471] 44 
17| 359] 326| .6596| 463] 43 
18 | 387] 357| .6554| 456] 42 
19 | 415| 388| .6512| 448] 41 
20 |.26443 |.27419 | 3.6470 |.96440| 40 
21 | 471] 451] .6429| 433| 39 
22 | 500] 482] .6387] 425] 38 
23 | 528] 513] .6346| 417| 37 
24| 556| 545] .6305] 410] 36 
25 |.26584 |.27576 | 3.6264 |.96402] 35 
26 | 612| 607] .6222] 394] 34 
27 | 640] 638] .6181] 386| 33 
23 | 668] 670] .6140] 379| 32 
29 | 696] 701] .6100| 371] 31 
30 |.26724 |.27732 | 3.6059 |.96363 | 30 
31 | 752] 764] .6018| 355| 29 
32 | 780| 795] .5978| 347| 28 
33 | 808] 826] .5937| 340| 27 
34 | 836] 858] .5897| 332] 26 
35 |.26864 |.27889 | 3.5856 |.96324 | 25 
36 | 892] 921] .5816| 316| 24 
37 | 920] 952] .5776| 308] 23 
38 | 948|.27983] .5736|] 301] 22 
39 |.26976 |.28015| .5696] 293] 21 
40 |.27004 |.28046 | 3.5656 |.96285 | 20 
41 | 032] 077| .5616| 277] 19 
42 | 060] 109] .5576| 269] 18 
43 | 088| 140] .5536] 261] 17 
44 | 116| 172| .5497] 253] 16 
45 |.27144 |.28203 | 3.5457 |.96246 | 15 
46| 172| 234] .5418] 238] 14 
47 | 200] 266] .5379| 230] 13 
4g | 228| 297| .5339| 222] 12 
49 | 256| 329] .5300| 214] 11 
50 |.27284 |.28360 | 3.5261 |.96206| 10 
51 |. 312| 391) .5222| 198) 9 
52 | 340| 423] .5183] 190] 8 
53 | 368| 454] .5144] 182| 7 
54 | 396| 486] .5105] 174| 6 
55 |.27424 |.28517 | 3.5067 |.96166| 5 
56 | 452] 549] .5028] 158| 4 
57 | 480] 580] .4989] 150| 3 
58 | 508} 612] .4951| 142| 2 
59 | 536] 643] .4912| 134] 1 
60 |.27564 |.28675 | 3.4874 |.96126| 0 

Cos Cot Tan Sin i 
74° 


76 16° 
tf Sin | Tan Cot Cos 
0 ).27564 |.28675 | 3.4874 |.96126 | 60 
1 592 706} .4836 118} 59 
2 620 738 | .4798 110} 58 
a 648 769| .4760 102 | 57 
4 676 801] .4722 094 | 56 
5 |.27704 |.28832 | 3.4684 |.96086 | 55 
6 731 864| .4646 078} 54 
7 759 895| .4608 070} 53 
8 787 927} .4570 062} 52 
9 815 958| .4533 054} 51 
10 |.27843 |.28990 | 3.4495 |.96046} 50 
1l 871}|.29021] .4458 037 | 49 
jt 899 053 | .4420 029] 48 
13 927 084] .4383 021} 47 
14 955 116| .4346 013 | 46 
15 |.27983 |.29147 | 3.4308 |.96005 | 45 
16 |.28011 179| .42711.95997 | 44 
17 039 210} .4234 989 | 43 
18 067 242| .4197 981] 42 
19 095 274) .4160 972] 41 
20 |.28123 |.29305 | 3.4124 |.95964| 40 
21 150 337 | .4087 956 | 39 
22 178 368 | .4050 948} 38 
23 206 A400} .4014 940 | 37 
24 234 432] .3977 931] 36 
25 |.28262 |.29463 | 3.3941 |.95923 | 35 
26 290 495} .3904 915] 34 
27 318 526] .3868 907 | 33 
28 346 508} .3832 898} 32 
29 374 590| .3796 890] 31 
30 |.28402 |.29621 | 3.3759 |.95882| 30 
31 429 653 |) 3723 874] 29 
32 457 685 | .3687 865] 28 
33 485 716| .3652 857 | 27 
34 513 748| .3616 849 | 26 
35 |.28541 |.29780 | 3.3580 |.95841| 25 
36 569 811} .3544 832] 24 
oye 597 843] .3509 824] 23 
38 625 875 | 3473 816] 22 
39 652 906] .3488 807] 21 
40 |.28680 |.29938 | 3.3402 |.95799| 20 
41 708 |.29970| .3367 COL TLS 
42 736 |.30001} .3332 782] 18 
43 764 033) .3297 774] 17 
44 792 065] .3261 766] 16 
45 |.28820 |.30097 | 3.3226 |.95757| 15 
46 847 128'|" 8191 749| 14 
47 875 160} .38156 740} 13 
48 903 L92'\" s3i22 Wo2\| V2 
49 931 224! .38087 724! 11 
50 |.28959 |.30255 | 3.3052 |.95715 | 10 
51 |.28987 287| .3017 707 9 
52 |.29015 319 | .2983 698| 8 
53 042 351| .2948 690 7 
54 070 382| .2914 681 6 
55 |.29098 |.30414 | 3.2879 |.95673 5 
56 126 446] .2845 664] 4 
57 154 A478} .2811 656] 3 
58 182 509| .2777 647| 2 
59 209 541 | .2743 639 1 
60 |.29237 |.30573 | 3.2709 |.95630! 0 


Cos Cot Tan Sin t 


73° 


gouea ote 


Sin 


293 
321 
348 


-29376 


404 
432 
460 
487 


.29515 |. 


543 
571 


599 |.: 
626 |.< 
.29654 |.é 


682 
710 
737 
765 


.29793 |. 


821 
849 
876 
G04 


29932 |. 


960 


-29987 
-30015 


043 


-30071 |. 


098 
126 
154 
182 


-30209 |. 


237 
265 
292 
320 


.30348 


376 
403 
431 
459 


-30486 


514 
542 
570 
597 


.30625 


653 
680 
708 
736 


30763 


791 
819 
846 
874 


.30902 


Cos 


3 


Tan 


-31850 
882 
914 
946 

-31978 

-32010 
042 
074 
106 
139 


32171 
203 
235 
267 
299 

32331 
363 
396 
428 
460 


.32492 
Cot 


Cot 


.2641 
-2607 
2573 


3.2539 |. 


-2906 
-2472 
-2438 
-2405 


3.2371 |. 


-2338 
-2305 
2212 


-2238 


2172 
-2139 
-2106 
-2073 


-2008 
1975 
.1943 
-1910 


-1845 
1813 
-1780 
-1748 


-1684 
-1652 
-1620 
-1588 


3.1556 |. 


-1524 
-1492 
-1460 
-1429 


3.1397 |. 


.1366 
-1334 
-1303 
1271 


3.1240 |. 


-1209 
1178 
-1146 
-1115 


3.1084 |. 


-1053 
-1022 
0991 
-0961 
3.0930 
-0899 
.0868 
.0838 
-0807 
3.0777 


Tan 


72° 


3.2205 |. 


3.1878 |}. 


3.1716 |. 


TABLE III 


Cos 


3.2041 |.95 


95150 
142 
133 
124 
115 


-95106 
Sin 


RH 
JOHRNWRAONMOOH 


NATURAL 


IUNCTIONS 18° 
pa Sin Tan Cot | Cos 
0 |.30902 |.32492 | 3.0777 |.95106 
1 929| 524] .0746] 097 
2 957} 556] .0716| O88 
3 |.30985! 588] .0686| 079 
4 |.31012]} 621] .0655| 070 
5 |.31040 |.32653 | 3.0625 |.95061 
6 068| 685] .0595} 052 
7 095| 717] .0565| 043 
8 123] 749] .0535! 033 
9 151! 782] .0505| 024 
10 |.31178 |.32814 | 3.0475 |.95015 
11 | 206; 846] .0445|.95006 
12 233| 878] .0415 |.94997 
1 261] 911] .0385] 988 
14 289} 943] 0356] 979 
15 |.31316 |.32975 | 3.0326 |.94970 
16 344 |.33007] .0296] 961 
17 372| 940] .0267| 952 
18 899| 072] .0237| 943 
19 427' 104] .0208| 933 
20 |.31454 |.33136 | 3.0178 |.94924 
1 482! 169] .0149| 915 
22 510} 201] .0120| 906 
23 537| 233] .0090] 897 
24 565| 266| .0061] 888 
25 |.31593 |.23298 | 3.0032 |.94878 
26 620 330 | 3.0003 S69 
27 648} 363]|2.9974| 860 
28 675| 395} .9945| 851 
29 703| 427] .9916] 842 
30 |.31730 |.33460 | 2.9887 |.94832 
31 758| 492] .9858| 823 
32 786| 524] .9829| 814 
33 813| 557] .9800] 805 
34 841] 589] .9772| 795 
35 |.31868 |.33621 | 2.9743 |.94786 
36 896| 654] .9714| 777 
37 923| 686] .9686| 768 
38 951| 718] .9657| 758 
39 |.31979| 751| .9629] 749 
40 |.32006 |.33783 | 2.9600 |.94740 
41 034} 816] .9572| 730 
42 061| 848] .9544] 721 
43 089] 881] .9515} 712 
44 116] 913] .9487| 702 
45 |.32144 |.33945 | 2.9459 |.94693 
46 171 |.33978| .9431| 684 
47 199 |.34010| .9403| 674 
48 227! 043] .9375| 665 
49 254] 075| .9347| 656 
50 |.32282 |.34108 | 2.9319 |.94646 
51 309| 140] .9291| 637 
52 337| 173] .9263| 627 
53 364] 205] .9235| 618 
54 392] 238] .9208| 609 
55 |.32419 |.34270 | 2.9180 |.94599 
56 447| 303] .9152| 590 
57 474| 335] .9125| 580 
58 502| 368] .9097]| 571 
59 529| 400] .9070| 561 
60 |.32557 |.34433 | 2.9042 |.94552 
Cos Cot Tan Sin 
i 


’ | Sin ) Tan Cot Cos 
0 |-32557 |.34433 | 2.9042 (04552 
1| 584] 465] .9015| 542 
2} 612| 498] .8987] 533 
3] 639] 530] .8960] 523 
4| 667| 563] .8933| 514 
5 |.32694 |.34596 | 2.8905 |.94504 
6| 722] 628| .8878] 495 
7 | 749] 661| .8851] 485 
8 | 777| 693] .8824] 476 
9} 804| 726] .8797| 466 
10 |.32832 |.34758 | 2.8770 |.94457 
11] 859] 791] .8743| 447 
12] 887| 824] .8716] 438 
13] 914] 856] .8689| 428 
14] 942] 889] .s662] 418 
15 |.32969 |.34922 | 2.8636 |.94409 
16 |.32997| 954] .8609| 399 
17 |.33024 |.34987| .8582]} 390 
18 | 051|.35020] .8556] 380 
19} 079| 052] .8529] 370 
20 |.33106 |.35085 | 2.8502 |.94361 
21 134] 118| .8476| 351 
22 | 161] 150] .8449] 342 
23 | 189] 183] .8423| 332 
24| 216] 216| .8397| 322 
25 |.33244 |.35248 | 2.8370 |.94313 
26| 271] 281] .8344] 303 
27 | 298] 314] .8318| 293 
28 | 326] 346] .8291] 284 
29 | 353] 379] .8265| 274 
30 1.33381 |.35412 | 2.8239 |.94264 
31 | 408| 445] .8213] 254 
32 | 436] 477| .8187| 245 
33 | 463| 510| .8161] 235 
34 | 490] 543] .8135| 225 
35 |.33518 |.35576 | 2.8109 |.94215 
36| 545] 608] .8083| 206 
37 | 573| 641| .8057] 196 
38 | 600] 674] .8032] 186 
39 | 627] 707| .8006] 176 
40 |.33655 |.35740 | 2.7980 |.94167 
41 682| 772| .7955| 157 
42 | 710| 805| .7929] 147 
43 | 737| 888| .7903| 137 
AA | S7GAde 874) 7873 | 127 
45 |.33792 |.35904 | 2.7852 |. 
46| 819|_ 987} .7827 
47 | 846|.35969| .7801 
48 | 874|.36002| .7776 
49 | 901| 035] .7751 
50 |.33929 |.36068 | 2.7725 |. 
51 | 956] 101) .7700 
52 |.33983] 134] .7675 
53 |.34011| 167) .7650 
54 | 038] 199| .7625 
55 |.34065 |.36232 | 2.7600 |. 
56 | 093| 265) .7575|. 
57 | 120] 298] .7550]. 
Sue 7| S81 7525 
59 | 175| 364| .7500 
60_|.34202 |.36397 | 2.7475 |. 

Cos Cot Tan 

70° 


19° 


RR 


| 78 20° Za TABLE III 


Sin Tan Cot .| Cos 
.35837 |.38386 | 2.6051 |.93358 | 60 
864 420] .6028 348 | 59 
891 453| .6006 3ai} 58 
918 487| .5983 BYTES ( 


Cos “ 
0 
1 
2 
3 

oll 529| .7376 929| 56 4 945 520] .5961 316| 56 
5 
6 
v4 
8 
9 


Sin 
34202 |.36397 | 2.7475 |.93969 | 60 
229 430| .7450 959 | 59 
PA 463 | .7425 949 | 58 
284 496 | .7400 939 | 57 


Tan Cot 


/ 
0 
1 
2 
3 
4 
5 |.34339 |.36562 | 2.7351 |.93919| 55 35973 |.38553 | 2.5938 |.93306 | 55 
6 | 366] 595] .7326| 909] 54 -36000| 587] .5916| 295] 54 
7| 393] 628] .7302] 899] 53 027| 620] .5893| 285] 53 
g | 421] 661] .7277| 889) 52 054} 654] .5871| 274] 52 
9 | 448} 694] .7253| 879] 51 081| 687| .5848] 264] 51 
10 |.34475 |.36727 | 2.7228 |.93869 | 50 10 |.36108 |.38721 | 2.5826 |.93253| 50 
11 | 503) 760] .7204| 859] 49 11] 135) 754| 5804} 243] 49 
12| 530} 793] .7179| 849] 48 12 | 162] 787| .5782| 232] 48 
13 | 557| 826] .7155| 839] 47 13 | 190] 821] .5759| 2221 47 
14| 584] 859] .7130] 829] 46 14| 217] 854] .5737| 211] 46 
15 |.34612 |.36892 | 2.7106 |.93819 | 45 15 |.36244 |.38gss | 2.5715 |.9320r| 45 
16 | 639| 925] .7082} 809] 44 16| 271] 921| .5693| 190} 44 
17| 666] 958] .7058| 799| 43 17| 298] 955| .5671| 180] 43 
18 | 694|.36991| .7034] 789) 42 18 | 325|.38988| .5649| 169] 42 
19 | 721].37024| .7009] 779] 41 19 | 352]'39022| .5627| 159] 41 
20 |.34748 |.37057 | 2.6985 |.93769 | 40 20 |.36379 |.39055 | 2.5605 |.93148| 40 
21 | 775| 090| .6961| 759] 39 21 | 406| 039] .5583| 137| 39 
22 | 803| 123] .6937| 748] 38 22 | 434| 122| .8561| - 127] 38 
23 | 830| 157| .6913| 738] 37 23 | 461} 156| .5539| 116] 37 
24| 857| 190] -6889) 728] 3 24 | 488] 190] .5517] 106] 36 
25 |.34884 |.37223 | 2.6865 |.93718 | 35 25 |.36515 |.39223 | 2.5495 |.93095 | 35 
26 | 912] 256] .6841| 708| 34 26 | 542/ 257| .5473| 084| 34 
27 | 939] 289] .6818| 698] 33 27 | 569] 290] .5452] 074| 33 
28 | 966| 322] -6794| 688] 32 28 | 596] 324] .5430| 063] 32 
29 |.34993| 355] .6770| 677] 31 29| 623] 357| .5408|. -052] 31 
30 |.35021 |.37388 | 2.6746 |.93667 | 30 30 |.36650 |.39391 | 2.5386 |.93042| 30 
31 | 048| 422] .6723| 657| 29 31 | 677| 425] .5365] 031] 29 
32 | 075| 455] .6699| 647| 28 32 | 704} 458] .5343| 020] 28 
33 | 102] 488] .6675| 637| 27 33 | 731| 492] .5322|.93010| 27 
34] 130] 521] .6652| 626| 26 34 | 758| 526| .5300]92999| 26 
35 |.35157 |.37554 | 2.6628 |.93616 | 25 35 |.36785 |.39559 | 2.5279 |.92988| 25 
36 | 184] 588] .6605] 606] 24 36 | 812) 593] .5257) 978) 24 
37 | 211] 621] .6581| 596| 23 37 | 839] 626| .5236| 967) 23 
38 | 239] 654] .6558| 585| 22 38 | 867| 660] .5214] 956| 22 
39'| 266] 687] .6534| 575| 21 39 | 894] 694| .5193| 945] 21 
40 |.35293 |.37720 | 2.6511 |.93565 | 20 40 |.36921 |.39727 | 2.5172 |.92935 | 20 
41 | 320| 754] .6488| 555] 19 41 | 948] 761] .5150| 924] 19 
42 | 347| 787] .6464| 544| 18 42 |.36975| 795] .5129| 913] 18 
43 | 375| 820] .6441| 534 17 43 |.37002| 829] .5108| 902} 17 
44 | 402| 853] .6418| 524] 16 44 | 029] 862] .5086| 892] 16 
45 |.35429 |.37887 | 2.6395 |.93514| 15 45 |.37056 |.39896 | 2.5065 
46 | 456] 920] .6371) 503] 14 46 | 0s3|" 930| -3044| 870| In 
47 | 484] 953} .6348| 493] 13 47| 110] 963] .5023| 859] 13 
48 | 51137986] .6325| 483] 12 48 | 137].39997| .5002] 849] 12 
49 | 538 ].38020] .6302| 472] 11 49 | 164|.40031| .4981] 838] 11 
50 |.35565 |.38053 | 2.6279 |.93462 50 |.37191 |.40065 | 2.4960 |.92827 | 10 
51] 592] 086] .6256| 452 51 | 218} 098] .4939|" 816| 9 
52 | 619] 120] .6233] 441 52 | 245] 132| .4918| 805 
53 | 647} 153] 6210] 431 53 | 272} 166| .4897| 794] 7 
54| 674] 186] .6187| 420 54 | 299] 200| .4876| 784| 6 
55 |.35701 |.38220 | 2.6165 |.93410 40234 | 2.4855 |.92773 
56 | 728| 253] .6142| 400 36 | 353| 267| 4saal 763 | & 
57 | 755| 286] .6119| 389 57 | 380| 301| 4813] 751| 3 
2 
1 
mele 


58 782 320] .6096 379 58 407 335 | .4792 
59 810 353 | .6074 368 59 434 369| .4772 139 
60 _|.35837 |.38386 | 2.6051 |.93358 


Tan 


e 
lo PNWEROONMOO 
ol 
oa 
w 
AJ 
oo 
bo 
for) 


60 |.37461 |.40403 | 2.4751 |.92718 


i?) 
° 
n 
4 
° 
or 
Z 
5 


69° 68° 


NATURAL 


FUNCTIONS 22° 
aire te le io 5) 
‘ Sin Cot Cos 
0 |.37461 |.40403 | 2.4751 |.92718| 60 | 
1 | ~488| 436]. .4730| 707] 59 
2} 515| 470] .4709| 697] 58 
3] 542] 504] .4689| 686] 57 
4| 569] 538] .4668| 675] 56 
5 |.37595 |.40572 | 2.4648 |.92664| 55 
6| 622] 606] .4627| 653| 54 
7 | 649| 640] .4606| - 642] 53 
8 | 676| 674] .4586| 631] 52 
9] 703| 707| .4566| 620] 51 
10 |.37730 |.40741 | 2.4545 |.92609| 50 
lt 757| 775) .4525| 598] 49 
12 | 784| 809] .4504| 587] 48 
13} 811| 9843] .4484| 576| 47 
14} 838] 877! .4464| 565] 46 
15 |.37865 |.40911 | 2.4443 |.92554 | 45 
16] 892| 945| .4423| 543] 44 
17 | 919|.40979] .4403| 532] 43 
i8 | 946|.41013| .4383] 521| 42 
19 | 973| 047| .4362| 510] 41 
20 |.37999 |.41081 | 2.4342 |.92499 | 40 
21 |.38026| 115] .4322] 488] 39 
22 | 053] 149| .4302] 477] 38 
23} O80} 183] .4282] 466] 37 
24 107|| 217| .4262| 455] 36 
25 |.38134 |.41251 | 2.4242 |.92444] 35 
26 | 161| 285| .4222| 432] 34 
27 188] 319] .4202] 421] 33 
98 | 215| 353] .4182| 410] 32 
29 | 241}; 387| .4162] 399] 31 
30 |.38268 |.41421 | 2.4142 |.92388] 30 
31 295| 455] .4122| 377] 29 
32 | 322] 490] .4102] 366] 28 
33 | 349| 524| .4083] 355] 27 
341 376| 558| .4063] 343] 26 
35 |.38403 |.41592 | 2.4043 |.92332] 25 
36 | 430] 626| .4023] 321] 24 
37 | 458| 660] .4004] 310] 23 
38 | 483] 694] .3984] 299] 22 
39 | 510| 728| .3964] 287] 21 
40 |.28537 |.41763 | 2.3945 |.92276| 20 
41 | 564] 797| .3925| 265] 19 
42 | 591| 831| .3906] 254] 18 
43 | 617] 865] .3886] 243] 17 
44.| 644] 899| 8867] 231] 16 
45 |.38671 |.41933 | 2.3847 |.92220| 15 
46 | 698|.41968] .3828] 209] 14 
47 | 725|.42002] .3808] 198] 13 
48 don 036] .3789 186} 12 
49 | 778| 070) .3770| 175] 11 
50 1.38805 |.42105 | 2.3750 |.92164| 10 
Bis. 832400439 8781) 152) 9 
go 9859) .473| 287121 141] 8 
ell eise\l| Say || | ASSEN RYO 7 
54 | 912] 242| .3673] 119] 6 
55 |.38939 |.42276 | 2.3654 |.92107| 5 
56 | 966| 310] .3635| 096] 4 
57 |.38993| 345] .3616| 085] 3 
58 |.39020| 379] .3597] 073] 2 
500) 0461) 413) e578! 062! 1 
60 |.39073 |.42447 | 2.3559 |.92050|_0. 
Cos Tan Sin a 


67° 


ee 
FKOOMNOOKRWNHO 


a? 
“ID O1  CObD 


18 


Nye 
a) 


ws) 
) 


ae 


Lo 


wb to 
> OU Hs Co 


27 


-39207 |.4: 


234 


-39741 |. 


768 
795 
322 
848 
-39875 
902 
928 
955 
39982 
-40008 


328 
ooo 
381 
40408 
434 
461 
488 
514 
40541 
567 
594 
621 
647 


40674 
Cos 


42447 


482] .3539 
516] .3520 
5501] .38501 
585] .38483 
42619 | 2.3464 
654] .3445 
688] .3426 
722| .38407 
757 | .3388 
42791 | 2.3369 
826] .3351 
860} .3332 
894] .3313 
929] .3294 
42963 | 2.3276 
42998 | .3257 
43032] .3238 
067} .3220 
101} .3201 
43136 | 2.3183 
170| .3164 
205) .3146 
239| .3127 
274) .3109 
43308 | 2.3090 
343 | .3072 
378| .3053 
412} .3035 
447| .3017 


43481 | 2.2998 


516] .2980 

550] .2962 

585] .2944 

620} .2925 
43654 | 2.2907 
689} .2889 

724) .2871 

758 | .2853 

793) .2835 
.43828 | 2.2817 
862} .2799 

897| .2781 
932] .2763 

3 |.43966| .2745 
5 |.44001 | 2.2727 
036} .2709 


O71] .2691 
105] .2673 
140] .2605 


Cot 


44175 | 2.2637 


210} .2620 
244} .2602 
279| .2584 
314] .2566 
44349 | 2.2549 
384] .2531 
418} .2513 
453} .2496 
488 | .2478 | 


44523 | 2.2460 


Tan 


66° 


Cos 
-92050 | 60 
039 | 59 
028] 58 
016} 57 
-92005] 56 
.91994] 55 
982] 54 
971] 53 
959 | 52 
948] 51 


-91936 | 50 
925 | 49 
914} 48 
902 | 47 
891] 46 

-91879 | 45 
S68 | 44 
856 | 43 
845] 42 
833 | 41 

.91822] 40 
810] 39 
799| 38 
787 | 37 
775) 36 

-91764}| 35 
752 | 34 
741] 33 
729 | 32 
718] 31 

.91706 | 30 
694] 29 
683 | 28 
6/1) 27 
660} 26 

.91648} 25 
636 | 24 
625 | 23 
613] 22 
601] 21 

-91590 | 20 
578] 19 
566] 18 
555 | 17 
543] 16 

-91531 | 15 
519] 14 
508} 13 
496] 12 
484] 11 

.91472| 10 
461 9 
449] 8 
A37| 7 

425) 6 

5 
4 
3 
2 
it 
0 
’ 


91414 
402 
390 
378 
366 


.91355 
Sin 


24° 6 2° TABLE III 


Sin Tan Cot 


42262 |.46631 | 2.1445 
288 666| .1429 


co 
So 


Sin Tan Cot Cos 


40674 |.44523 | 2.2460 |.91355 
700 558 |° .2443 343 


-90631 
618 


727 593| .2425 331 315 702| .1413 606 
753 627| .2408 319 341 737| .1396 594 
730 662| .2390 307 367 772| .1380 582 
40806 |.44697 | 2.2373 |.91295 42394 |.46808 | 2.1364 |.90569 


557 
545 
532 
520 


-90507 
495 
483 
470 
458 

-90446 

433 

421 

408 

396 


-90383 


420 843| .1348 
446 879] .1332 
473, 914} .1315 
499 950] .1299 
.42525 |.46985 | 2.1283 
552 |.47021} .1267 
578 056} .1251 
604 092} .1235 
631 128] .£219 
42657 |.47163 | 2.1203 
683 199} .1187 
709 234} 1171 
736 270} .1155 
762 305] .1139 
42788 |.47341 | 2.1123 


$33 732| .2355 283 
860 767.| .2338 272 
886 802] .2320 260 
913 837] .2303 248 
.40939 |.44872 | 2.2286 |.91236 
966 907] .2268 224 
40992 942] .2251 212 
41019 |.44977 | .2234 200 
045 |.45012} .2216 188 
41072 |.45047 | 2.2199 |.91176 
098 082] .2182 164 
125 117} .2165 152 
151 152] .2148 140 
178 187| .2130 128 
41204 |.45222 | 2.2113 |.91116 


DER RE RRR Ree oa 
SOS ODNAMNEPWNHRE OS OCHONOOAKRWNHrHO 


bo 


21 231 257 | .2096 104 815 377| .1107 371 
22 257 292| .2079 092 841 412; .1092 358 
23 284 327| .2062 080 867 448| .1076 346 
24 310 362] .2045 068 $94 483 | .1060 334 
25 |.41337 |.45397 | 2.2028 |.91056 .42920 |.47519 | 2.1044 |.90321 


363 432) .2011 044 
390 467| .1994 032 
416 502} .1977 020 


946 555} .1028 
972 590} .1013 
42999 626] .0997 


309 
296 
284 


29 443 538] .1960 |.91008 43025 662] .0981 271 
30 |.41469 |.45573 | 2.1943 |.90996 .43051 |.47698 | 2.0965 |.90259 
31 496 608} .1926 984 O77 733} .0950 246 
32 522 643 | .1909 972 104 769} .0934 233 
33 549 678| .1892 960 130 805} .0918 221 
34 575 713] .1876 948 156 840} .0903 208 
35 |.41602 |.45748 | 2.1859 |.90936 .43182 |.47876 | 2.0887 |.90196 
36 628 784| .1842 924 209 912} .0872 183 
37 655 819} .1825 911 235 948] .0856 171 
38 681 854} .1808 899 261 |.47984] .0840 158 


707 889] .1792 887 287 |.48019| .0825 146 


40 |.41734 |.45924 | 2.1775 |.90875 -43313 |.48055 | 2.0809 |.90133 
41 760 960} .1758 863 340 O91} .0794 120 
42 787 |.45995 | .1742 851 366 127] .0778 108 
43 813 |.46030 | .1725 $39 392 163] .0763 095 
44 840 065] .1708 826 418 198] .0748 


.41866 |.46101 | 2.1692 |.90814 
892| 136] .1675| 802 
919] 171} .1659| 790 
945| 206] .1642| 77 
972| 242] .1625|] 76 

41998 |.46277 | 2.1609 |.90753 

42024] 312] .1592| 741 
051] 348] .1576| 729 
077| 383] .1560| 717 
104] 418] .1543| 704 


43445 |.48234 | 2.0732 |. 
471 270} .0717 
497 306} .0701 
523 342} .0686 
549 378| .0671 
43575 |.48414 | 2.0655 |. 
602 450| .0640 |. 
628 486| .0625 
654 521] .0609 
680 557} .0594 


55 |.42130 |.46454 | 2.1527 |.90692 43706 |.48593 | 2.0579 }. 
56 156 489} .1510 680 733 629] .0564 
57 183 525| .1494 668 759 665] .0549 
58 209 560] .1478 655 785 701) .0533 


235 595] .1461 


811 4d || SO5L8 
.43837 |.48773 | 2.0503 |.89879 
Cot Tan 


65° 64° 


— 
|o HNWAOONIO0OO 


Cos 


NATURAL 


FUNCTIONS 26° | 


J Sin Tan Cot Cos 
0 |.43837 |.48773 | 2.0503 -89879 | 60 

1 863} 809] .0488] 867 

2 889| 845] .0473] 854 

3 916) S881] .0458] 841 

4 942} 917] .0443] 828 

5 |.43968 |.48953 | 2.0428 |.89816 

6 |.43994 |.48989|] .0413] 803 

7 |.44020 |.49026] .0398] 790 

iS 046} 062] .0383| 777 

9 072} 098] .0368}] 764 

10 |.44098 |.49134 | 2.0353 |.89752 

1] 124 170} .0338| 739 

12 151| 206] .0323 26 

13 177 |) 242920308 | “713 

14 203! 278] .0293] 700 

15 |.44229 |.49315 | 2.0278 |.89687 

16 255| 351] .0263| 674 

2 fam We tg 387] .0248]| 662 

18 | 307 423] .0233 649 

19 333] 459] .0219| 636 

20 |.44359 |.49495 | 2.0204 |.89623 

21 285 |) 532| 01891 610 

22 411 568| .0174| 597 

23 437| 604| .0160}] 584 

24 464| 640] .0145] 571 

25 |.44490 |.49677 | 2.0130 |.89558 

26 516| 713} .0115| 545 

27 542} 749] .0101 532 

28 568| 786] .0086| 519 

29 594| 822] .0072| 506 

30 |.44620 |.49858 | 2.0057 |.89493 

31 646| 894] .0042| 480 

32 672] 931] .0028| 467 

3 698 |.49967|2.0013| 454 

34 724 |.50004|1.9999] 441 

35 |.44750 |.50040 | 1.9984 |.89428 

36 776| 076| .9970| 415 

2 .9955| 402 

9941 389 

.9926| 376 

1.9912 |.89363 

.9897] 350 

-9883| 337 

.9868| 324 

.9854| 311 

1.9840 |.89298 

.9825| 285 

.9811| 272 

.9797} 259 

.9782| 245 

1.9768 |.89232 

9754] 219 

.9740| 206 

9725} 193 

9711 180 

1.9697 |.89167 

-9683 |. 153 

.9669 140 

.9654| 127 

.9640] 114 

1.9626 |.89101 

Tan Sin 

63° 


pf 81 
Sin Tan Cot Cos 
0 |.45399 |50953 | 1.9626 |.89101| 60 
1 | 425/.50989/ .9612| 087] 59 
2| 451|.51026|] .9598] 074] 58 
3 | 477] 063] .9584] 061] 57 
4| 503] 099] .9570] 048] 56 
5 |.45529 |.51136 | 1.9556 |.89035| 65 
6| 554| 173] .9542] 021] 54 
7 | 580| 209] .9528].89008| 53 
8 | 606] 246] .9514].88995] 52 
9{] 632{ 283] .9500] 981] 51 
10 |.45658 |.51319 | 1.9486 |.88968] 60 
11| 684] 356| .9472| 955| 49 
12| 710] 393] .9458] 942] 48 
13 | 736| 430] .9444] 928] 47 
14| 762] 467] .9430| 915| 46 
15 |.45787 |.51503 | 1.9416 |.88902| 45 
16 | 813] 540] .9402] 888] 44 
17| 839] 577] .9388] 875] 43 
18 | 865| 614] .9375| 862] 42 
19] 891] 651] .9361] 848] 41 
20 |.45917 |.51688 | 1.9347 |.88835| 40 
21| 942| 724] .9333| 822] 39 
22 | 968| 761] .9319| 808] 38 
23 |.45994] 798] .9306| 795| 37 
24 |.46020| 835] .9292| 782] 36 
25 |.46046 |.51872 | 1.9278 |.88768| 35 
26 | 072] 909] .9265| 755| 34 
271 097| 946] .9251| 741] 33 
28} 123|.51983| .9237| 728] 32 
29 | 149|.52020] .9223| 715] 31 
30 |.46175 |.52057 | 1.9210 |.88701 | 30 
31 | 201] 094] .9196| 688] 29 
32 | 226] 131] .9183| 674] 28 
33 | 252| 168] .9169] 661] 27 
34 | 278| 205| .9155| 647| 26 
35 |.46304 |.52242 | 1.9142 |.88634| 25 
36 | 330| 279] .9128| 620| 24 
37 | 355| 316] .9115| 607] 23 
3 381| 353] .9101| 593] 22 
39 | 407| 390] .9088] 580] 21 
40 |.46433 |.52427 | 1.9074 |.88566 | 20 
41 | 458] 464] .9061| 553} 19 
42 | 484] 501] .9047] 539] 18 
43 | 510] 538] .9034| 526| 17 
44 | 536] 575] .9020| 512| 16 
45 |.46561 |.52613 | 1.9007 |.88499 | 15 
46} 587| 650] .8993] 485] 14 
471 613| 687] .8980] 472] 13 
48 | 639| 724| .8967| 458] 12 
49 | 664] 761| .8953| 445] 11 
50 |.46690 |.52798 | 1.8940 |.88431 | 10 
511 716| 836] .8927| 417| 9 
52 | 742| 873] .8913] 404] 8 
53 | 767| 910| .8900| 390] 7 
54 | 793| 947| .8887| 377] 6 
55 |.46819 |.52985 | 1.8873 |.88363| 5 
56 | 844|.53022| .8860] 349] 4 
57 | 870| 059| .8847| 336] 3 
58 | 896] 096] .8834| 322] 2 
59 | 921! 134] .8820] 308| 1 
60 |.46947 |.53171 | 1.8807 |.88295| 0 

Cos Cot Tan Sin 4 
62° 


28° 


/ 
0 
1 
2 
3 
4 050 
5 
6 
7 
8 
9 


Sin 


973 
46999 
47024 


47076 
101 
127 
153 
178 


47204 
229 
255 
281 
306 

47332 

» 358 
383 
409 
434 

47460 
486 


48354 
379 
405 
430 
456 

48481 

Cos 


46947 


Tan 


53171 


208 
246 
283 
320 


53398 
395 
432 
470 
507 


.03045 


582 
620 
657 
694 


53732 


769 
807 
844 
$82 


-53920 


957 


-03995 
54032 


070 


.54107 


145 
183 
220 
258 


54296 


333 
371 
409 
446 


54484 


522 
560 
597 
635 


-54673 


711 
748 
786 
824 


-54862 


900 
938 


54975 
55013 


50051 


089 
127 
165 
203 


55241 


279 
317 
355 
393 


55431 


Cot 


Cot 


1.8807 |. 


8794 
-8781 
. 8768 
-8759 


1.8741 |. 


-8728 
.8715 
-8702 
-8689 


1.8676 |. 


-8663 
-8650 
-8637 
-8624 


-8598 
8585 
8572 
-8559 


-8507 
5495 


-8469 
-8456 
8443 
-8430 
1.8418 
-8405 
.8392 
8379 
8367 


_ 


8341 
.8329 
8316 
-8303 


— 


.8278 
-8265 
8253 
.8240 
1.8228 
8215 
-8202 
-8190 
8177 


_ 


-8152 
-8140 
8127 
8115 


.8090 
.8078 
.8065 
.8053 
1.8040 
Tan 


61° 


1.8611 }. 


1.8546 |. 
-8533 |. 
8520 |, 


1.8482 |. 


8354 |. 


-8291 }. 


8165 J. 


1.8103 }. 


-87882 
868 
854 


10/4) 
“J 


SAIS NTO 
10 Or 


COnRmMW 


oO 
NI 
NR OOowW OD 


(or) 
IDOrNeE Oo 


87673 


.87462 
Sin 


slo nwo are 


~ 


Sin 


48481 


506 
532 
557 
583 
48608 
634 
659 
684 
710 


48735 |. 


761 
786 
81li 


837 |.55 
48862 |. 


8838 
913 
938 
964 


48989 |.5 
49014 


040 
065 
090 


49116 }.5 


141 
166 
192 


217 


49242 |.5 


268 
293 
318 
344 


49369 |.5 


394 
419 
445 
470 


49495 |. 
521.5 


546 
571 
596 


49622 |. 


647 
672 
697 
723 


49748 |. 


773 
798 
824 
849 


49874 |. 


899 
924 
950 
49975 
-50000 


Cos 


Za 
Tan Cot 
.50431 | 1.8040 

469 | .8028 
507} .8016 
545 | .8003 
583 | .7991 
.55621 | 1.7979 
659 | .7966 
697 | .7954 
736| .7942 
774| .7930 
55812 | 1.7917 
850} .7905 
888 | .7893 
926] .7881 
55964 | .7868 
56003 | 1.7856 
041| .7844 
079| .7832 
117| .7820 
156| .7808 
56194 | 1.7796 
PAA My hfe 
210) saad 
309| .7759 
347| .7747 
56385 | 1.7735 
424| .7723 
462| .7711 
501} .7699 
539 | .7687 
56577 | 1.7675 
616} .7663 
654| .7651 
693 | .7639 
%eal| «(627 
56769 | 1.7615 
808} .7603 
846] .7591 
885 | .7579 
923 | .7567 
56962 | 1.7556 
57000] .7544 
039] .7532 
078] .7520 
116| .7508 
57155 | 1.7496 
193} .7485 
2o2\ .1473 
2T1 | 7461 
309| .7449 
57348 | 1.7437 
386| .7426 
425| .7414 
464| .7402 
503 | .7391 
57541 | 1.7379 
580 | .7367 
G19 | eo 
657 | .7344 
696] .7332 


-57735 | 1.7321 


Cot Tan 
60° 


TABLE III 


———_ 


Cos 


.87462 
448 
~ 434 
420 
406 


-87391 
377 


617 


-86603 


Sin 


NATURAL 


FUNCTIONS 30° She — 83 
eee ee 
. Sin | Tan | Cot Cos i Sin Cot 
0 |.50000 |.57735 | 1.7321 |-86603 | 60 0 |.51504 |.60086 | 1.6643 |.85717 | 60° 
1 025| 774) .7309| 588] 59 1 529] 126] .6632] 702] 59 
2 050} 813} .7297| 573] 58 2 554} 165] .6621| 687] 58 
3 076] 851] .7286| 559| 57 3 579| 205] .6610| 672] 57 
4 101] 890] .7274| 544] 56 4] 604] 245] .6599] 657| 56 
5 |.50126 |.57929 | 1.7262 |.86530| 55 5 |.51628 |.60284 | 1.6588 |.85642] 55 
6 151).57968| .7251| 515] 54 6 653} 324] .6577| 627] 54 
7 176 |.58007| .7239] 501] 53 i 678| 364] .6566] 612] 53 
8 201 046] .7228! 486] 52 8 703| 403] .6555| 597] 52 
9 227| 085| .7216| 471] 51 9 728| 443] .6545| 582] 51 
10 |.50252 |.58124 | 1.7205 |.86457 | 50 10 |.51753 |.60483 | 1.6534 |.85567| 50 
il 277 162| .7193| 442] 49 11 778| 522] .6523| 551] 49 
12 302} 201] .7182| 427] 48 12 | 803] 562] .6512] 536] 48 
13 327| 240] .7170] 413] 47 13 828} 602} .6501] 521] 47 
14 | 352| 279| .7159| 398] 46 14 852| 642] .6490] 506] 46 
15 |.50377 |.58318 |-1.7147 |.86384| 45 15 |.51877 |.60681 | 1.6479 |.85491| 45 


16 403} 357] .7136 369 | 44 16 902 721| .6469 476 | 44 
ae 425 396| .7124 354] 43 17 927 761} .6458 461] 43 


18 453 435} .7113 340 | 42 18 952 801} .6447 446 | 42 


29 478 474| .7102 325 | 41 19 |.51977 841] .6436 431} 41 
20 |.50503 |.58513 | 1.7090 |.86310| 40 20 |.52002 |.60881 | 1.6426 |.85416 | 40 
21 | 528 552] .7079 295 | 39 21 026 921] .6415 401} 39 


22°} 5538 591} .7067 281] 38 22 051 |.60960| .6404 385 | 38 
23 578 631] .7056 266 | 37 23 076 |.61000| .6393 370 | 37 
24 603 670} .7045 251} 36 24 101 040! .6383 355 | 36 
25 |.50628 |.58709 | 1.7033 |.86237) 35 25 |.52126 |.61080 | 1.6372 |.85340| 35 
26 654 748] .7022 222) 34 26 151 120| .6361 325| 34 
27 679 787| .7011 207 | 33 2h 175 160| .6351 310] 33 
28 1: 704 826: .6999 192| 32 28 200 200) .6340 294] 32 
29 729 865)| .6988 178} 31 29 225 240] .6329 279] 31 
80 |.50754 |.58905 | 1.6977 |.86163 | 30 30 |.52250 |.61280 | 1.6319 |.85264 | 30 
ay 779 944] .6965 148} 29 31 275 320| .6308 249 | 29 
32 804 |.58983 | .6954 133 | 28 32 299 360] .6297 234] 28 
33 829 |.59022;} .6943 119), 27 Ox 324 400] .6287 218) 27 
34 854 O61} .6932 104| 26 34 349 440| .6276 203 | 26 
35 1.50879 |.59101 | 1.6920 |.86089 | 25 85 |.52374 |.61480 | 1.6265 |.85188 | 25 
36 904 140} .6909 074| 24 36 399 520| .6255 173 | 24 
oe 929 179| .6898 059 | 23 37 423 561] .6244 157 | 23 
38 954 218| .6887 045 | 22 38 448 601] .6234 142) 22 
39 |.50979 258| .6875 030} 21 39 473 641] .6223 120 Wei 
49 |.51004 |.59297 | 1.6864 |.86015| 20 40 |.52498 |.61681 | 1.6212 |.85112] 20 
41 029 336] .6853 |.86000| 19 41 522 721| .6202 096] 19 
42 054 376| .6842 |.85985| 18 42 547 761| .6191 081} 18 
43 079 415| .6831 970| 17 43 572 801] .6181 066 | 17 
44 104 454] .6820 956} 16 44 597 842| .6170 051] 16 
45 |.51129 |.59494 | 1.6808 |.85941 | 15 45 |.52621 |.61882 | 1.6160 |.85035 | 15 
46 154 533 | .6797 926] 14 46 646 922] .6149 020] 14 
47 179 573 | .6786 O1t} 13 47 671 |.61962] .6139 |.85005 | 13 
48 204 612] .6775 896} 12 48 696 |.62003 | .6128 |.84989 | 12 
49 229 651] .6764 881} 11 49 720 043} .6118 974] 11 
50 |.51254 |.59691 | 1.6753 |.85866 | 10 50 |.52745 |.62083 | 1.6107 |.84959 | 10 
fil 279 730| .6742 851} 9 51 770 124} .6097 943] 9 
52 304 770| .6731 836} 8 52 794 164} .6087 928] 8 
53 329 809] .6720 821) 7 53 819 204] .6076 O13)\ aaa 
54 354 849} .6709 806} 6 54 844 245| .6066 897] 6 
55 1.51379 |.59888 | 1.6698 |.85792| 5 55 |.52869 |.62285 | 1.6055 |.84882 5 
56 404 928] .6687 777| 4 56 893 325] .6045 866] 4 
57 429 |.59967| .6676 “O23 57 918 366] .6034 851] 3 
58 454 |.60007 | .6665 747) 2 58 943 406} .6024 836] 2 
59 479 046] .6654 Ue Pa\) al 59 967 446| .6014 820} 1 
60 1.51504 |.60086 | 1.6643 |.85717| 0 60 |.52992 |.62487 | 1.6003 |.84805 =O) 
ee aoa , 


Cos Cot Tan Sin Cos Cot Tan Sin 
59° 58° 


84 Fa 33° TABLE III | 


Sin Tan Cot Cos 


54464 |.64941 | 1.5399 |.83867 | 60 
488 |.64982| .5389 851 | 59 
513 |.65024| .5379 835 | 58 
537 065 | .5369 819 | 57 
561 106 | .5359 804 | 56 


.65148 | 1.5350 |.83788 | 55 
610 189| .5340 772 | 54 
635 231] .5330 756 | 53 
659 272| .5320 740 | 52 


f Sin | Tan Cot Cos 

0 1.52992 |.62487 | 1.6003 |.84805 

1 |.638017 527) .5993 789 | 59 
2 041 568| .5983 774) 58 
3 066 608} .5972° 759 | 57 
4 O91 649| .5962 743 | 56 
5 
6 
7 
8 


53115 |.62689 | 1.5952 |.84728 | 55 
140| 730] .5941| 712] 54 
164] 770} .5931| 697] 53 
189] 811] .5921| 681] 52 


oll col re 
PO OMNOARWNHEOS 

Ou 

we 

Or 

QO 

for) 


iI 9 214 852] .5911 666] 51 683 314] .5311 724] 51 
i) 10 |.53238 |.62892 | 1.5900 |.84650 | 50 54708 |.65355 | 1.5301 |.83708 | 50 
i 11 263 933] .5890 635 | 49 732 397| .5291 692} 49 

12 288 | 62973 .5880 619} 48 12 756 438] .5282 676 | 48 
“| 13 312 |.63014| .5869 604 | 47 13 781 480} .5272 660 47 
1 14 337 055} .5859 588 | 46 14 805 521] .d262 645 | 46 
i 15 |.53361 |.63095 | 1.5849 |.84573 | 45 15 |.54829 |.65563 | 1.5253 |.83629 | 45 
i 16 386 136] .5839 557 | 44 16 854 604} .5243 613 | 44 
i 17 411 177| .5829 542 | 43 KF 878 646 | .5233 597 | 43 
i 18 435 217| .5818 526 | 42 18 902 688 | .5224 581 | 42 
; 19 460 258] .5808 oll} 41 19 927 729) .5214 565 | 41 
| 20 |.53484 |.63299 | 1.5798 |.84495 | 40 20 |.54951 65771 1.5204 |.83549 | 40 


21 509 340] .5788 480 
22 534 380} .5778 464] 38 


ivS) 

ive) 

Ih bh bo 
Ibo 
Ne} 

=~] 

Oo 

0 CO 
pert 

vo 

oO 

pe 

© 

o 

oO 

Ww 

Ww 

w 

© 


| 23 558 421] .5768 448 | 37 23 |.55024 896} .5175 501 | 37 
y 24 583 462} .5757 433 | 36 24 048 938] .5166 485 | 36 
25 |.53607 |.63503 | 1.5747 |.84417 | 35 25 |.55072 |.65980 | 1.5156 |.83469 | 35 

632 544) .5737 402 | 34 26 O97 |.66021| .5147 453 | 34 


27 656 584] .5727 386 | 33 


to 
for) 


27 121 063 | .5137 437 | 33 

28 681 625] .5717 370} 32 28 145 105] .5127 421] 32 

1H 29 705 666 | .5707 395 | 31 29 169 147| .5118 405 | 31 
| 30 |.53730 |.63707 | 1.5697 |.84339 | 30 30 |.55194 |.66189 | 1.5108 |.83389 | 30 
Vy 3l 754 748 | .5687 324] 29 31 218 230} .5099 373 | 29 
32 779 789 | .5677 308 | 28 32 242 272} .5089 356 | 28 

27 33 266 314} .5080 340 | 27 


{ 33 | 804] 830] .5667| 292 


ww vs 2 
ole Wb 
oO 
oO 
oC) 
eS 
oO 


34 828 871| .5657 277 | 26 291 356 | .5070 324 | 26 
‘a 35 |.53853 |.63912 | 1.5647 |.84261 | 25 5315 |.66398 | 1.5061 |.83308 | 25 
i} 36 877 953} .5637 245 | 24 36 339 440} .5051 292) 24 
Hf 37 902 |.63994| .5627 230] 23 BY é 363 482] .5042 276 | 23 
i 38 926 |.64035] .5617 214] 22 38 388 524| .5032 260] 22 
H 39 951 076] .5607 198] 21 39 412 566] .5023 244! 21 
M) 40 |.53975 |.64117 | 1.5597 |.84182 |] 20 40 |.55436 |.66608 | 1.5013 |.83228 | 20 
41 |.54000 158} .5587 167} 19 Al 460 650| .5004 Pip ARIES 8) 
42 024 199 5577 151] 18 42 484 692| .4994 195] 18 
| 43 049 240 5567 135] 17 43 509 734| .4985 £79) BC 
} 44 073 281 | .5557 120} 16 44 533 776| .4975 163 | 16 
; 45 |.54097 |.64322 | 1.5547 |.84104 | 15 45 |.55557 |.66818 | 1.4966 |.83147| 15 
{ 46 122 S05.) 25537 O88 | 14 46 581 860| .4957 131) 1 
47 146 404] .5527 072) 13 47 605 902] .4947 LES | ts 
i} 48 171 446 5517 O57) 12 48 630 944] .4938 098} 12 
| 49 195 487| .5507 041) 11 49 654 |.66986| .4928 O82) et 
i 60 |.54220 |.64528 | 1.5497 |.84025| 10 50 |.55678 |.67028 | 1.4919 |.83066 | 10 
j 51 244 569 | .5487 |.84009 9 ol 702 071) .4910 050 9 
| 52 269 610] .5477|.83994| 8 52 726 113] .4900 034 8 
} 53 293 652| .5468 978) 7 53 750 155 | .4891 017 7% 
54 Sly 693] .5458 962 6 54 775 197 | .4882 |.83001 6 - 
55 |.54342 |.64734 | 1.5448 |.83946| 5 55 |.55799 |.67239 | 1.4872 |.82985 
56 366 775) .5438 930] 4 56 823 282| .4863 aes : 
57 391 817| .5428 9151 “3s On 847 324| .4854 al 3 
58 415 858 | .5418 899| 2 58 871 366) .4844 936] 2 
59 440 899} .5408 883] 1 59 895 409| .4835 920) 1 
60° 54464 |.64941 | 1.5399 |.83867| 0 60 |.55919 |.67451 | 1.4826 -82904| 0O 
Cos Cot Tan Sin i Cot f 


NATURAL 


FUNCTIONS 34° 
‘ Sin | Tan | Cot Cos 

0 |.55919 |.67451 | 1.4826 |.82904 | 60 
i 943 493] .4816 887 | 59 
2 968 536] .4807 871] 58 
3 |.55992 578 | .4798 855 | 57 
4 |.56016 620| .4788 839 | 56 
5 |.56040 |.67663 | 1.4779 |.82822| 55 
6 064 705| .4770 806 | 54 
ye O88 748 | .4761 790} 53 
8 112 7S0| .4751 773 | 52 
9 136 832] .4742 757} 51 
10 |.56160 |.67875 | 1.4733 |.82741 | 50 
ll 184 917| .4724 724 | 49 
12 208 |.67960! .4715 708 | 48 
13 232 |.68002| .4705 692 | 47 
14 256 045} .4696 675 | 46 
15 |.56280 |.68088 | 1.4687 |.82659 | 45 
16 305 130] .4678 643 | 44 
17 329 173} .4669 626 | 43 
13 Bde 215] .4659 610 | 42 
19 | 377 258 | .4650 593 | 41 
20 |.56401 |.68301 | 1.4641 |.8257 40 
21 425 343] .4632 561] 39 
22 449 386] .4623 544] 38 
23 473 429! .4614 528] 37 
24 497 471] .4605 511} 36 
25 |.56521 |.68514 | 1.4596 |.82495 | 35 
26 545 557 | .4586 478| 34 
27 569 600 | .4577 462) 33 
28 593 642] .4568|° 446] 32 
29 617 685 | .4559 429} 31 
830 |.56641 |.68728 | 1.4550 |.82413 | 30 
31 665 771| .4541 396 | 29 
32 689 814] .45382 380 | 28 
33 Tis 857 | .4523 363 | 27 
34 736 900} .4514 347 | 26 
835 |.56760 |.68942 | 1.4505 |.82330} 25 
36 784 |.68985} .4496 314] 24 
4 808 |.69028| .4487 297.) 25 
38 $32 071| .4478 Pei | 22 
39 856 114] .4469 264} 21 
40 |.56880 |.69157 | 1.4460 |.82248 | 20 
4] 904 200] .4451 231) 19 
42 928 243) .4442 214] 18 
43 952 286] .4433 198 | 17 
44 |.56976 329) .4424 181} 16 
45 |.57000 |.69372 | 1.4415 |.82165 15 
46 024 416| .4406 148| 14 
47 047 459| .4397 #3231, £3 
48 071 502] .4388 115} 12 
49 095 545| .4879 098| 11 
50 |.57119 |.69588 | 1.4870 |.82082 10 
51 143 631] .4361 065 9 
52 167 675 | .4852 048 8 
faye) 191 718| .43844 032 7 
54 215 761] .4335 |.82015 6 
55 |.57238 |.69804 | 1.4326 |.81999 5 
56 262 847] .4317 982 4 
aye 286 891] .4308 965 3 
58 310 934] .4299 949 2 
59 334 |.69977| .4290 932 1 
60 |.57358 |.70021 | 1.4281 .81915 oO. 
Cos Cot Tan Sin 4 


35° 85 
é Sin | Tan Cot Cos 

0 |-57358 |.70021 | 1.4281 |81915 | 60. 
1 381 064] .4273 899 | 59 
> 405 107] .4264 882} 58 
3 429 151] .4255 865 | 57 
4 453 194| .4246 848 | 56 
5 |.57477 |.70238 | 1.4237 |.81832 | 55 
6 501 281] .4229 815| 54 
% 524 325 | .4220 798! 53 
8 548 368] .4211 182) 52 
9 572 412] .4202 765 | 51 
10 |.57596 |.70455 | 1.4193 |.81748 | 50 
EI 619 499 | .4185 731] 49 
12 643 542] .4176 714] 48 
13 667 586] .4167 698 | 47 
14 691 629| .4158 681] 46 
15 |.57715 |.70673 | 1.4150 |.81664 | 45 
16 738 417 | Al41 647 | 44 
17 762 760] .4132 631] 43 
18 786 804} .4124 614] 42 
19 810 848] .4115 597 | 41 
20 |.57833 |.70891 | 1.4106 |.81580| 40 
21 857 935 | .4097 563 | 39 
22 881 |.70979 | .4089 546} 38 
23 904 |.71023 | .4080 530 | 37 
24 928 066 | .4071 513] 36 
25 |.57952 |.71110 | 1.4063 |.81496 | 35 
26 976 154} .4054 479| 34 
27 |.57999 198} .4045 462 | 33 
28 |.58023 242) .4037 445 | 32 
29 047 285| .4028 428] 31 
80 |.58070 |.71329 | 1.4019 |.81412 | 30 
31 094 3/3| .4011 395 | 29 
32 118 417| .4002 378 | 28 
33 141 461] .3994 361 | 27 
34 165 505| .3985 344] 26 
35 |.58189 |.71549 | 1.3976 |.81327 | 25 
36 2A? 593 | .3968 310] 24 
on. 236 637 | .3959 293 | 23 
38 260 681 | .3951 276 | 22 
39 283 725| .3942 259) 21 
40 |.58307 |.71769 | 1.3934 |.81242} 20 

41 330 813] .3925 225) 19 A 
42 354 857| .3916 208 | 18 
43 378 901] .3908 OTe || ize 
44 401 946} .3899 174| 16 
45 |.58425 |.71990 | 1.3891 |.81157 | 15 
46 449 |.72034]| .3882 140} 14 
A72 O78} .3874 128°) 13 

496 122] .3865 106 | 12 

519 167 | .38857 089} 11 
58543 |.72211 | 1.3848 |.81072 | 10 
567 255| .3840 055 9 

590 299| .3831 038} 8 

614 344] .3823 021 i 

637 388 | .3814]|.81004|] 6 
58661 |.72432 | 1.3806 |.80987| 6 
684 477 | .3798 970 4 

708 521] .3789 953 3 

Goan yavan| | cfarheey E 936 2 

755 GLOeor ss 919 1 
58779 |.72654 | 1.3764 |.80902 0 
Cos Cot Tan Sin ‘i 

54° 


| a 36° 37° = TABLE Tf | 


LL . 
| 1 gin. [eTan [Cot [Ces yd TS a eae ss = oa 
| pea ced ah ae 1 | °°203|-401| 3262) 846] 59 
. 1| 802; 6 +3755 4 228| 447| .3254| 829] 58 
2| 826] 743] .3747| 867] 58 2 2 — 1 | 57 
| 3] 849] 788] .3739] 850] 57 3| 251} 492) .3246 — - 
| 4| 873| 832] '3730| 833] 56 4| 274| 538] .3238 = 
| | 6 |.58896 |.72877 | 1.3722].80816 65 6 60298 75584 1.3230 79776 65 
© | 943 |72966| ‘3703| 782| 33 7| 344] 675| .3214| 741] 53 
Pies? cere Peco | meee | 367| 721| 3206] 723] 52 
8 | 967|.73010| .3697| 765) 52 8 71) 72a Be 123 | 52 
g |.58990} 055] .3688| 748] 51 9 | 390) 767] .3198 Ss 
10 |.59014 |.73100 | 1.3680 |.80730 50 10 60414 |.75812 | 1.3190 79688 | 60 
11| 037| 144] .3672| 713] 49 3182| 67 
i] et] dai] Ss) gis) ae] |e] 8) e8o| tae] el 
13 | 084] 234] .3655| 67 3| 950] 316 35 
14| 108] 278] .3647| 662| 46 14 | 506 |.75996| 3159) 618 = 
15 |.59131 |.73323 | 1.3638 |.80644 | 45 16 |.60529 |.76042) 1.3151 ].79600 | 45 
16 | 154] 368] .3630| 627| 44 16 | 553) 088| .3143/ 383) 4 
17| 178] 413] .3622| 610| 43 17 | 576) 134| .3135) 565) 43 
18 | 201] 457] .3613| 593] 42 18 | 599] 180] .3127) 547) 42 
19 | 225] 502] .3605| 576| 41 19 | 622 = —_ Bao 
20 |.59248 |.73547 | 1.3597 |.80558 | 40 20 |.60645 |.76272 | 1.3111 |.79512 
21 | 272| 592] .3588| 541] 39 21} 668] 318) :3103] 494] 39 
22 | 295| 637| .3580] 524] 38 22 | 691] 364) .3095| 477/ 38 
23 | 318| 681| .3572| 507] 37 23 | 714) 410) .3087| 459] 37 
24 | 342| 726] 3564] 489] 36 24| 738| 456| .3079| 441] 36 
25 |.59365 |.73771 | 1.3555 |.80472 | 35 25 |.60761 |.76502 | 1.3072 |.79424| 35 
26 | 389] 816] 3547] 455] 34 26 | 784| 548| .3064| 406] 34 
27} 412] 861] .3539| 438] 33 27 | 807| 594| .3056| 388] 33 
28 | 436] 906] .3531| 420] 32 28 | 830] 640] .3048| 371] 32 
29 | 459] 951] .3522| 403] 31 29 | 853] 686] .3040| 353] 31 
30 |.59482 }.73996 | 1.3514 |.80386| 30 30 |.60876 |.76733 | 1.3032 |.79335 | 30 
31 | 506|.74041| .3506} 368| 29 31 | 899] 779] .3024] 318] 29 
32 | 529] 086} .3498] 351] 28 32 | 922] 825] .3017] 300] 28 
33 | 552| 131] .3490| 334] 27 33 | 945] 871] .3009] 282] 27 
34 | 576] 176| .3481| 316| 26 34 | 968] 918] .3001| 264] 26 
35 |.59599 |.74221 | 1.3473 |.80299 | 25 35 |.60991 |.76964 | 1.2993 |.79247 | 25 
36 | 622| 267| .3465] 282| 24 36 |.61015|.77010| .2985] 229] 24 
37 | 646| 312] 3457] 264] 23 37 | 038} 057} .2977| 211] 23 
38 | 669] 357] .3449| 247] 22 38 | 061] 103] .2970| 193] 22 
39 | 693] 402] 3440] 230] 21 39 | 084] 149] .2962] 176| 21 
40 |.59716 |.74447 | 1.3432 |.80212] 20 40 |.61107 |.77196 | 1.2954 |.79158 | 20 
41 | 739] 492] 3424] 195| 19 41 | 130} 242| .2046| 140] 19 
42 | 763| 538| .3416| 178] 18 42 | 153] 289] .2938| 122] 18 
43 | 786| 583] .3408| 160] 17 43 | 176] 335| .2931| 105] 17 
44] 809] 628] .3400| 143] 16 44 | 199] 382] .2923} 087] 16 
45 |.59832 |.74674 | 1.3392 |.80125| 15 45 |.61222 |.77428 | 1.2915 |.79069 | 15 
46 | 856] 719] .3384| 108] 14 46 | 245) 475| 2907] 051] 14 
47 | 879] 764} .3375| 091] 13 47 | 268] 521] .2900] 033] 13 
48 | 902] 810] .3367| 073] 12 48 | 291] 568| .2892}.79016| 12 
49 | 926] 855] .3359] 056] 11 49 | 314] 615] .2884|.78998] 11 
50 |.59949 |.74900 | 1.3351 |.80038 | 10 50 |.61337 |.77661 | 1.2876 |.78980 | 10 
51 | 972] 946} .3343| 021] 9 51 | 360] 708] .2869] 962| 9 
52 |.59995 |.74991] .3335|.80003| 8 52 | 383| 754] .2861| 944] 8 
53 |.60019 |.75037 | .3327|.79986| 7 53 | 406] 801] .2853] 926] 7 
54] 042] 082] .3319/ 968] 6 54] 429] 848] .2846] 908| 6 
55 |.60065 |.75128 | 1.3311|.79951| 5 55 |.61451 |.77895 | 1.2838 |.78891| 5 
56 | 089] 173] .3303| 934| 4 56 | 474] 941] .2830] 9873] 4 
57 | 112] 219] .3295| 916] 3 57 | 497].77988| .2822| 855] 3 
58 | 135] 264] .3287| g99| 2 58 | 520].78035| .2815| 837] 2 
59 | 158] 310] .3278] g8g1| 1 59 | 543| 082| .2807} 819] 1 
60_|.60182 |.75355 | 1.3270 |.79864| 0 60 _|.61566 |.78129 | 1.2799 |.78801| 0 


Cos Cot Tan Sin ! 5 os Cot Tan 


53° 52° 


2 


ee 


NATURAL 
FUNCTIONS 38 


-78598 | 1. ; 
11 818 645] .2715 604 | 49 
12 $41 692] .2708 586 | 48 
13 864 739} .2700 568 | 47 
14 8387 786 | .2693 550 | 46 
15 |.61909 |.78834 | 1.2685 |.78532 | 45 
16 932 881] .2677 514] 44 
7 955 928] .2670 496 | 43 
18 |.61978 |.78975| .2662 478 | 42 
19 j.62001 |.79022) .2655 460} 41 
20 |.62024 |.79070 | 1.2647 |.78442| 40 
21 046 117] .2640 424] 39 
22 | 069 164} .2632 405 | 38 
23 092 212) .2624 387 | 37 
24 115 259 | .2617 369 | 36 
25 |.62138 |.79306 | 1.2609 |.78351 | 35 
26 160 354] .2602 333 | 34 
27 1383 401| .2594 315] 33 
28 206 449] .2587 297 | 32 
29 229 496] .2579 279| 31 
30 |.62251 |.79544 
3l 274 591] .2564 243 | 29 
32 297 639 | .2557 225| 28 
33 320 686| .2549 206 | 27 
34 342 734| .2542 188] 26 
35 |.62365 |.79781 | 1.2534 |.78170 | 25 
36 388 829) .2527 152] 24 
3 411 877} .2519 134] 23 
38 433 924] .2512 116] 22 
39 456 |.79972| .2504 098] 21 
40 |.62479 |.80020 | 1.24° 
41 502 067] .2489 061] 19 
42 524 115] .2482 043] 18 
43 547 163] .2475 025) 17 
44 570 211| .2467 |.78007 | 16 


45 |.62592 |.80258 | 1.2460 |.77988 | 15 
46 615 306] .2452 970| 14 
47 638 354] .2445 952] 13 
48 660 402| .2437 934} 12 
49 683 450 | .2430 916] 11 
50 |.62706 |.80498 | 1.2423 |.77897 
51 728 546} .2415 879 
52 751 594] .2405 861 
53 774 642} .2401 843 
54 796 690] .2393 824 


10 
$) 
8 
id 
6 

55 |.62819 |.80738 | 1.2386 |.77806 
3 
2 
1 
aU) 
/ 


ae 
bo 
oO 
J 
bo 
oO 
bo 
lon) 
a 
co 
Oo 


to 
ns 
we) 
x 
Ny 
[04] 
=) 
J 
Ne} 
i] 
oO 


56 842 786 | .2378 788 
57 864 834] .2371 769 
58 887 882] .2364 751 
59 909 930] .2356 733 

60 |.62932 |.80978 | 1.2349 |.77715 


Cos Cot Tan Sin 


12 


.63720 


742 
765 
787 
810 


-63832 


854 
877 
899 
922 


63944 


966 


63989 
-64011 


033 


64056 


078 
100 
123 
145 


.64167 


190 
212 
234 
256 


64279 


Cos 


Tan Cot 


.80978 | 1.2349 }. 


81027] .2342 


075| .2334 
$23 |) 8397 
171| .2320 
.81220 | 1.2312 
268 | .2305 
316] .2298 
364] .2290 
413] .2283 
.81461 | 1.2276 |. 
510] .2268 
558] .2261 
606] .2254 
655| .2247 
.81703 | 1.2239 
752| .2232 
800} .2225 
849] .2218 
898] .2210 
.81946 | 1.2203 |. 
5 |.81995| .2196 
;|.82044] .2189 
092] .2181 
141| .2174 
.82190 | 1.2167 |. 
238] .2160 
287] .2153 
336] .2145 
385] .2138 
3 |.82434 | 1.2131]. 
483| .2124 
531| .2117 
580| .2109 
629] .2102 
.82678 | 1.2095 |. 
727| .2088 
776} .2081 
825| .2074 |. 
874| .2066 |. 


.82923 | 1.2059 |. 


.82972 | .2052 
.83022 | .2045 


772 
754 
735 
717 


.76698 


679 
661 
642 
623 


Sin 


O71] .2038 
120} .2031 
.83169 | 1.2024 |. 
218] .2017 
268} .2009 
317} .2002 
366] .1995 
.83415 | 1.1988 
465] .1981 
514] .1974 
564] .1967 
613] .1960 
.83662 | 1.1953 
712) .1946 
761} .1939 
811] .1932 
860] .1925 
.83910 | 1.1918 |.76604 

Cot Tan 
50° 


| 88 40° 41° TABLE III | 
belt Tae Rica Ce CS TN ie ES 


Sin Tan Cot 


.64279 |.83910 | 1.1918 }.7660 
301 |.83960| .1910 
323 |.84009 | .1903 
346 059} .1896 
368 108| .1889 


‘ 

0 

1 

2 

3 

4 

5 |.64390 |.84158 | 1.1882 |. 
6 412 208} .1875 
a 435 258] .1868 
8 457 307] .1861 
9 
10 
11 
12 
13 
14 


65606 |.86929 | 1.1504 |.75471 | 60 
628 |.86980] .1497 452 | 59 
650 |.87031] .1490 433) 58 
672 082} .1483 414| 57 

133| .1477 395 | 56 


65716 |.87184 | 1.1470 |.75375 | 55 
738 236} .1463 356 |) 54 
759 287| .1456 337 | 53 
781 338] .1450 318 | 52 
803 389| .1443 299} 51 


10 |.65825 |.87441 | 1.1436 |.75280 | 50 
11 847 492] .1430 261 | 49 
12 869 543 | .1423 241] 48 
13 891 595| .1416 222 | 47 
14 913 646 | .1410 203 | 46 
15 |.65935 |.87698 | 1.1403 |.75184| 45 
16 956 749 | .1396 165| 44 
17 |.65978 801} .1389 146 | 43 
18 |.66000 852] .1383 126| 42 
19 022 904| .1376 107 | 41 


20 |.66044 |.87955 | 1.1369 |.75088 | 40 
21 066 |.88007 | .1363 069 | 39 
22 088 059} .1356 050} 38 
23 109 110| .1349 030] 37 
24 131 162} .1343].75011} 36 
25 |.66153 |.88214 | 1.1336 |.74992 | 35 
26 175 265| .1329 973 | 34 
27 197 317] .1323 953 | 33 
28 218 369| .1316 934 | 32 
29 240 421} .1310 915] .31 
30 |.66262 |.88473 | 1.1303 |.74896 | 30 
31 284 524] .1296 876| 29 


COONAN vetiiel = 
fer) 
Ne) 
ns 


479 357] .1854 
.64501 |.84407 | 1.1847 |. 
524 457| .1840 
546 507] .1833 
568 556] .1826 
590 606] .1819 


i 15 |.64612 |.84656 | 1.1812]. 
hi 16 635| 706] .1806 
Wi, 657| 756} .1799 
18 679] 806] .1792 
19 701| 856] .1785 


20 |.64723 |.84906 | 1.1778 }. 
21 746 |.84956 | .1771 
22 768 |.85006 | .1764 
23 790 057} .1757 
24 812 107| .1750 


25 |.64834 |.85157 | 1.1743 }. 
26 856 207; .1736 
27 878 257| .1729 
28 901 308] .1722 
29 923 358} .1715 
30 |.64945 |.85408 | 1.1708 ]. 
31 967 458] .1702 
32 |.64989 509] .1695}. 
33 |.65011 559] .1688 |.75 
34 033 609] .1681 
35 |.65055 |.85660 | 1.1674 |. 
36 O77 710| .1667 
37 100 761] .1660 
38 122 811] .1653 
39 144 862] .1647 
40 |.65166 |.85912 | 1.1640 |.7585 
41 188 |.85963 | .1633 
42 210].86014] .1626 
43 232 064) .1619 
44 254 115] .1612 
45 |.65276 |.86166 | 1.1606 ]. 
46 298 216| .1599 
47 320 267| .1592 
48 342 318] .1585 
49 364 368] .1578 
50 |.65386 |.86419 | 1.1571 |. 
51 408 470} .1565 
52 430 521] .1558 
53 452 572} .1551 
54 474 623] .1544 


55 |.65496 |.86674 | 1.1538 |. 
| 56} 518| 725| .1531 
‘| 57 | 540| 776| .1524 
| 58 | 562| 827] .1517 
59 | 584] 878] .1510 


60 |.65606 |.86929 | 1.1504 |.75471 
Cos | Cot | Tan 


49° 


35 |.66371 |.88732 | 1.1270 |.74799 | 25 
36 393 784| .1263 780 | 24 
37 414 836] .1257 760 | 23 
38 436 aA .1250 741 

¢ 940 


40 |.66480 |.88992 | 1.1237 |.74703 
41 501 |.89045} .1230| 683 
42 | 523| 097] .1224| 664 
43 545| 149] .1217| 644 
44 | 566| 201] .1211] 625 
45 |.66588 |.89253 | 1.1204 |.74606 
46 | 610] 306] .1197| 586 
47 | 632] 358| .1191] 567 
48 | 653| 410| .1184] 548 
49 675| 463| .1178| 528 
50 |.66697 |.89515 | 1.1171 |.74509 
51 718| 567] .1165| 489 
52 740| 620] .1158| 470 
53 762| 672] .1152] 451 


54 783 725| .1145 431 


55 |.66805 |.89777 | 1.1139 |.74412 
56 827 830) .1132 392 
57 848 883] .1126 373 
58 870 935} .1119 353 
59 $91 |.89988| .1113 334 


aii 


NATURAL 


FUNCTIONS 42° 
rg Sin | Tan | Cot Cos 
0 |.669T3 |°90040 | 1.1106 |.74314 | 60 
1] 935} 093] .1100] 295] 59 
2! 956] 146] .1093] 276] 58 
3 | 978] 199| .1087| 256| 57 
4 1.66999] 251] .1080] 237] 56 
5 |.67021 |.90304 | 1.1074 |.74217] 55 
6| 043] 357] .1067] 198] 54 
7| 064] 410| .1061| 178] 53 
8 O86 463} .1054 159 | 52 
9| 107] 516| .1048] 139] 51 
10 |.67129 |.90569 | 1.1041 |.74120| 50 
li 151 621} .1035 100 | 49 
12 172 674] .1028 O80 | 48 
13 194 tel (aaO22 O61] 47 
14} 215| 781| .1016| 041] 46 
16 |.67237 |.90834 | 1.1009 |.74022} 45 
16 258 887 -1003 |.74002 44 
7 280 940| .0996 |.73983 | 43 
18 301 |.90993 | .0990 963 | 42 
i9 | 323|.91046| .0983| 944] 41 
20 |.67344 |.91099 | 1.0977 |.73924] 40 
yal 366 153.15 20971 904] 39 
22 387 206} .0964 885 | 38 
Ze 409 259| .0958 865 | 37 
241 430] 313] .0951| 846] 36 
25 |.67452 |.91366 | 1.0945 |.73826| 35 
26 473 419} .0939 806 | 34 
27 495 4731 .0932 787 | 33 
28 516 526] .0926 767 | 32 
29 538 580} .0919 747i BL 
30 |.67559 |.91633 | 1.0913 |.73728| 30 
aL 580 687 | .0907 708 | 29 
32 1 602 740} .0900 688 | 28 
33 623 794| .0894 669 | 27 
34 645 847] .0888 649 | 26 
35 |.67666 |.91901 | 1.0881 |.73629| 25 
36 688 |.91955 | .0875 610] 24 
37 709 |.92008} .0869 590] 23 
38 730 062} .0862 570| 22 
39 | 752] 116| .0856| 551| 21 
40 |.67773 |.92170 | 1.0850 |.73531} 20 
41 | 795| 224] .0843] 511| 19 
42 816 277) .0837 491] 18 
43 837 $31] 0831 472) 17 
44 859 385] .0824 452] 16 
45 |.67880 |.92439 | 1.0818 |.73432 | 15 
46 | 901| 493| .0812 
47 | 923| 547] .0805 
48 | 944] 601! .0799 
49 | 965| 655| .0793 
50 |.67987 |.92709 | 1.0786 
51 |.68008| 763| .0780 
52 029 817| .0774 
53 | 051| 872] .0768 
54 | 072| 926| .0761 
55 |.68093 |.92980 | 1.0755 
56,| 115|.93034| .0749 
57 | 136| 088| .0742 
58 | 157| 143] .0736 
59 | 179] 197] .0730 
60 |.68200 |.93252 | 1.0724 


Cos 


Cot 


Tan 


e 
SO OnMNIAM moore] es 


Bl 


Sin 
-68200 
221 
242 
264 
285 
-68306 
SPY 
349 
370 
391 


.68412 
434 
455 
476 
497 

.68518 
539 
561 
582 
603 

.68624 
645 
666 
688 
709 

.68730 
751 
772 
793 
814 

.68835 
857 
878 
899 
920 

.68941 
962 

68983 

.69004 
025 

.69046 
067 
O88 
109 
130 

69151 
172 
193 
214 
235 

.69256 
277 
298 
319 
340 

.69361 
382 
403 
424 
445 


.69466 
Cos 


43° 
Tan Cot Cos 
.93252 | 1.0724 |.73135 
306| .0717 116 
360] .0711 096 
415] .0705 076 
469 | .0699 056 
-93524 | 1.0692 |.73036 
578] .0686 |.73016 
633 | .0680 |.72996 
688} .0674 976 
742} .0668 957 
.93797 | 1.0661 |.72937 
852] .0655 917 
906 | .0649 897 
93961] .0643 877 
.94016] .0637 857 
-94071 | 1.0630 |.72837 
125] .0624 817 
180] .0618 797 
230) 0612 lade 
290] .0606 757 
-94345 | 1.0599 |.72737 
400} .0593 Gg 
455| .0587 697 
510] .0581 677 
565] .0575 657 
.94620 | 1.0569 |.72637 
676| .0562 617 
731) .0556 597 
786 | .0550 577 
841] .0544 557 
.94896 | 1.0538 |.72537 
94952] .0532 517 
.95007 | .0526 497 
062} .0519 477 
118} .0513 457 
.95173 | 1.0507 |.72437 
229] .0501 417 
284] .0495 397 
340} .0489 lL 
395] .0483 357 
95451 | 1.0477 |.72337 
506] .0470 Sy 
562] .0464 297 
618} .0458 PAE 
673 | .0452 257 
.95729 | 1.0446 |.72236 
785| .0440 216 
841] .0434 196 
897 | .0428 176 
.95952 | .0422 156 
.96008 | 1.0416 }.72136 
064! .0410 116 
120} .0404 095 
176| .0398 075 
232 .0392 055 
.96288 | 1.0385 |.72035 
344] .0379 |.72015 
400] .0373 |.71995 
457| .0367 974 
513| .0361 954 
.96569 | 1.0355 |.71934 
Cot Tan Sin 
46° 


lo BNW ONOO 


670 
690 


Cos 


98843 


901 


98958 
-99016 


073 


99131 


189 
247 
304 
362 

99420 
478 
536 
594 
652 

.99710 
768 
826 
884 

£99942 


Cot 


-0349 
-0343 
-0337 
-0331 


1.0325 |. 


-0319 
-0313 
-0307 
-0301 


1.0295 |. 


-0289 
-0283 
-0277 
-0271 


1.0265 |. 


-0259 
-0253 
-0247 
-0241 


1.0235 |. 


-0230 
.0224 
0218 
.0212 


1.0206 |. 


-0200 
.0194 
-0188 
-0182 


1.0176 }. 


-0170 
-0164 
-0158 
-0152 


1.0147 |. 


-0141 
-0135 
-0129 
-0123 


LOLET I: 


-O111 
-0105 
-0099 
-0094 


1.0088 }. 
-0082 |. 


.0076 
-0070 
-0064 


1.0058 |. 


10052 
.0047 
.0041 
.0035 

1.0029 
.0023 
.0017 
0012 
.0006 


-70711 |1.0000 | 1.0000 


Tan 


45° 


-70813 
793 
772 
752 
731 


70711 


eee 


Sin 


“lo RPNWPROT ONTO O 


TaBLe IV 


NATURAL VALUES 
AND 
LOGARITHMS 
OF THE 
TRIGONOMETRIC FUNCTIONS 
TO 
FOUR DECIMAL PLACES 


91 


0° — 9° 


Sine Tangent Cotangent Cosine 
Log Log Value Log Value Log 
— 1.0000 | 0.0000 
7.4637 7.4637 | 343.77 | 2.5363 | 1.0000 | 0.0000 50 
7.7648 7.7648 | 171.89 | 2.2352 | 1.0000 | 0.0000 40 
7.9408 7.9409 | 114.59 | 2.0591 } 1.0000 | 0.0000 30 
8.0658 8.0658 | 85.940 934% -9999 | 9.0000 20 
8.1627 8.1627 | 68.750 : -9999 | 9.0000 10 
8.2419 8.2419 | 57.290 .9998 | 9.9999 | 89° 00 
8.3088 8.3089 | 49.104 -9998 | 9.9999 50 
8.3668 8.3669 | 42.964 -9997 | 9.9999 40 
8.4179 8.4181 | 38.188 -9997 | 9.9999 30 
8.4637 8.4638 | 34.368 -9996 | 9.9998 20 
8.5050 8.5053 | 31.242 -9995 | 9.9998 10 
8.5428 8.5431 | 28.636 .9994 | 9.9997 | 88° 00 
8.5776 8.5779 | 26.432 .9993 | 9.9997 50 
8.6097 8.6101 | 24.542 -9992 | 9.9996 40 
8.6397 8.6401 | 22.904 -9990 | 9.9996 30 
8.6677 8.6682 | 21.470 -9989 | 9.9995 20 
8.6940 8.6945 | 20.206 -9988 | 9.9995 10 
8.7188 19.081 .9986 | 9.9994 | 87° 00 
8.7423 18.075 -9985 | 9.9993 50 
8.7645 17.169 -9983 | 9.9993 40 
8.7857 16.350 .9981 | 9.9992 30 
8.8059 15.605 -9980 | 9.9991 20 
8.8251 14.924 .9978 | 9.9990 10 
8.8436 14.301 .9976 | 9.9989 | 86° 00 
8.8613. 13.727 -9974 | 9.9989 50 
8.8783 IS19F .9971 | 9.9988 40 
8.8946 12.706 -9969 | 9.9987 30 
8.9104 12-251 -9967 | 9.9986 20 
8.9256 11.826 -9964 | 9.9985 10 
8.9403 11.430 .9962 | 9.9983 | 85° 00 
8.9545 11.059 -9959 | 9.9982 50 
8.9682 10.712 -9957 | 9.9981 40 
8.9816 10.385 -9954 | 9.9980 30 
8.9945 10.078 -9951 | 9.9979 20 
9.0070 9.7882 -9948 | 9.9977 10 
9.0192 9.5144 .9945 | 9.9976 | 84° 00’ 
9.0311 9.2553 -9942 | 9.9975 50 
9.0426 9.0098 -9939 | 9.9973 40 
9.0539 8.7769 -9936 | 9.9972 30 
9.0648 8.5555 -9932 | 9.9971 20 
9.0755 8.3450 -9929 | 9.9969 10 
9.0859 8.1443 -9925 | 9.9968 | 83°00 
9.0961 7.9530 -9922 | 9.9966 50 
9.1060 7.7704 -9918 | 9.9964 40 
9.1157 7.5958 9914 | 9.9963 30 
9.1252 7A287 -9911 | 9.9961 20 
9.1345 7.2687 -9907 | 9.9959 10 
9.1436 7.1154 .9903 | 9.9958 | 82° 00 
9.1525 6.9682 .9899 | 9.9956 50 
9.1612 6.8269 .9894 | 9.9954 40 
9.1697 6.6912 -9890 | 9.9952 30 
9.1 781 6.5606 -9886 | 9.9950 20 
9.1863 6.4348 -9881 | 9.9948 10 
9.1943 6.3138 .9877 | 9.9946 | 81° 00’ 
Value Log Value Log Value Log 
; Degrees 
Cosine Cotangent Tangent Sine 
81° — 90° 


FOUR-PLACE FUNCTIONS 9° — 18° 93 
Sine Tangent Cotangent Cosine 
Degrees |— 
Value} Log |Value| Log Value Log |Value| Log 
9° 00’ | .1564 | 9.1943 ] 1584 | 9.1997 | 6.3138 | 0.8003 | 9877 9.9946 | 81° 00’ 
10 -1593 | 9.2022 | .1614 | 9.2078 | 6.1970 | 0.7922 -9872 | 9.9944 50’ 
20 -1622 | 9.2100 | .1644 | 9.2158 | 6.0844 | 0.7842 9868 | 9.9942 40 
30 -1650 | 9.2176 | .1673 | 9.2236 | 5.9758 | 0.7764 9863 | 9.9940 30 
40 -1679 | 9.2251 | .1703 | 9.2313 | 5.8708 | 0.7687 | .9858 9.9938 20 
50 -1708 | 9.2324 | .1733 | 9.2389 | 5.7694 | 0.7611 | .9853 9.9936 10 
10° 00’ | .1736 | 9.2397 | .1763 | 9.2463 5.6713 | 0.7537 | .9848 | 9.9934 | 80° 00’ 
10 -1765 | 9.2468 | .1793 | 9.2536 | 5.5764 | 0.7464 | .9843 9.9931 50 
20 -1794 | 9.2538 | .1823 | 9.2609 | 5.4845 | 0.7391 -9838 | 9.9929 40 
30 -1822 | 9.2606 | .1853 | 9.2680 | 5.3955 | 0.7320 | .9833 9.9927 30 
40 -1851 | 9.2674 | .1883 | 9.2750 | 5.3093 | 0.7250 | .9827 9.9924 20 
50 -1880 | 9.2740 | .1914 | 9.2819 | 5.2257 | 0.7181 | .9822 9.9922 10 
11° 00’ | .1908 | 9.2806 | .1944 | 9.2887 | 5 1446 | 0.7113 | .9816 | 9.9919 | 79° 00’ 
10 -1937 | 9.2870 }| .1974 | 9.2953 | 5.0658 | 0.7047 | .9811 9.9917 50 
26 -1965 | 9.2934 | .2004 | 9.3020 | 4.9894 | 0.6980 | .9805 | 9.9914 40 
30 -1994 | 9.2997 | .2035 | 9.3085 | 4.9152 | 0.6915 | .9799 | 9.9912 30 
40 2022 | 9.3058 | .2065 | 9.3149 | 4.8430 | 0.6851 | .9793 | 9.9909 20 
50 -2051 | 9.3119 | .2095 | 9.3212 | 4.7729 | 0.6788 | .9787 | 9.9907 10 
12° 00’ | .2079 | 9.3179 | .2126 | 9.3275 | 4.7046 0.6725 | .9781 | 9.9904 | 78° 00’ 
10 -2108 | 9.3238 | .2156 doe 4.6352 | 0.6664 | .9775 | 9.9901 50 
20 -2136 | 9.3296 4.5736 | 0.6603 | .9769 | 9.9899 AO 
30 .2164 | 9.3353 4.5107 | 0.6542 | .9763 | 9.9896 30 
40 -2193 | 9.3410 4.4494 | 0.6483 | .9757 | 9.9893 20 
50 -2221 | 9.3466 4.3897 | 0.6424 | .9750 | 9.9890 10 
13° 00’ | .2250 | 9.2521 4.3315 | 0.6366 | .9744 | 9.9887 | 77° 00’ 
10 .2278 | 9.3575 4.2747 | 0.6309 | .9737 | 9.9884 50 
20 -2306 | 9.3629 4.2193 | 0.6252 | .9730 | 9.9881 40 
30 -2334 | 9.3682 4.1653 | 0.6196 | .9724 | 9.9878 30 
40 .2363 | 9.3734 4.1126 | 0.6141 | .9717 | 9.9875 20 
50 -2391 | 9.3786 4.0611 | 0.6086 | .9710 | 9.9872 10 
14° 00’ | .2419 | 9.3837 4.0108 .9703 | 9.9869 | 76° 00’ 
10 -2447 | 9.3887 3.9617 -9696 | 9.9866 50 
20 -2476 | 9.3937 3.9136 -9689 | 9.9863 4Q 
30 -2504 | 9.3986 3.8667 -9681 | 9.9859 30 
40 -2532 | 9.4035 3.8208 9674 | 9.9856 20 
50 -2560 | 9.4083 3.7760 -9667 | 9.9853 10 
15° 00’ | .2588 | 9.4130 SEPA -9659 | 9.9849 | 75° 00’ 
10 -26146 | 9.4177 3.6891 -9652 | 9.9846 50 
20 .2644 | 9.4223 3.6470 -9644 | 9.9843 40 
30 .2672 | 9.4269 3.6059 -9636 | 9 9839 30 
40 .2700 | 9.4314 3.5656 -9628 | 9.9836 20 
50 | .2728 | 9.4359 3.5261 .9621 | 9.9832 10 
16° 00’ | .2756 | 9.4403 3.4874 -9613 | 9.9828 | 74° 00’ 
10 .2784 | 9.4447 3.4495 | 0.5378 | .9605 | 9.9825 50 
20 .2812 | 9.4491 3.4124 | 0.5331 | .9596 | 9.9821 40 
30 -2840 | 9.4533 3.3759 | 0.5284 | .9588 | 9.9817 30 
40 -2868 | 9.4576 3.3402 | 0.5238 | .9580 | 9.9814 20 
50 -2896 | 9.4618 3.38052 | 0.5192 | .9572 | 9.9810 10 
17° 00’ | .2924 | 9.4659 3.2709 | 0.5147 | .9563 | 9.9806 | 73° 00’ 
10 -2952 | 9.4700 3.2371 | 0.5102 | .9555 | 9.9802 50 
20 .2979 | 9.4741 3.2041 | 0.5057 | .9546 | 9.9798 AO 
30 .3007 | 9.4781 3.1716 | 0.5013 | .9537 | 9.9794 30 
40 .3035 | 9.4821 3.1397 | 0.4969 | .9528 | 9.9790 20 
50. -3062 | 9.4861 3.1084 | 0.4925 | .9520 | 9.9786 10 
18° 00’ | .3090 | 9.4900 3.0777 | 0.4882 | .9511 | 9.9782 | 72° 00’ 
Value} Log Value Log | Value| Log 
Degrees 
Cosine Cotangent Tangent Sine 


72 — 


81° 


Value 


-8040 
Oly 
7796 
-7675 
-7556 
7437 


7321 
7205 
-7090 
-6977 
-6864 
6753 


-6643 
6534 
-6426 
-6319 
6212 
-6107 


-6003 
-5900 
5798 
-5697 
5597 
-5497 


-5399 
-5301 
-5204 
-5108 
1.5013 
1.4919 


1.4826 
1.4733 
1.4641 
1.4550 
1.4460 
1.4370 


1.4281 
1.4193 
1.4106 
1.4019 
1.3934 
1.3848 


1.3764 


al el eel ee el al cl ee ce ce ee ee ee ee ee 


Value 


Cotangent 


Log 


0.2444 
0.2415 


0.2386 
0.2356 
0.2327 
0.2299 
0.2270 
0.2241 


0.2212 
0.2154 
0.2155 
0.2127 
0.2098 
0.2070 


0.2042 
0.2014 
0.1986 
0.1958 
0.1930 
0.1903 


0.1875 
0.1847 
0.1820 
0.1792 
0.1765 
0.1737 


0.1710 
0.1683 
0.1656 
0.1629 
0.1602 
0.1575 


0.1548 
0.1521 
0.1494 
0.1467 
0.1441 
0.1414 


0.1387 
Log 


Tangent 


Cosine 


95 


Value| Log 
-8910 | 9.9499 | 63° 00’ 
-8897 | 9.9492 50 
-8884 | 9.9486 40 
-8870 | 9.9479 30 
.8857 | 9.9473 20 
-8843 | 9.9466 10 
-8829 | 9.9459 | 62° 00’ 
-8816 | 9.9453 50 
-8802 | 9.944 40 
88 | 9.9439 30 
Sted 9.9432 _20 
5 9.9425 10 
-8746 | 9.9418 | 61° 00’ 
.8732 | 9.9411 50 
.8718 | 9.9404 40 
.8704 | 9.9397 30 
.8689 | 9.9390 20 
.8675 | 9.9383 10 
-8660 | 9.9375 | 60° 00’ 
.8646 | 9.9368 50 
.8631 | 9.9361 40 
.8616 | 9.9353 30 
.8601 | 9.9346 20 
.8587 | 9.9338 10 
.8572 | 9.9331 }| 59° 00’ 
.8557 | 9.9323 50 
-8542 | 9.9315 40 
.8526 | 9.9308 30 
.8511 | 9.9300 20 
.8496 | 9.9292 10 
.8480 | 9.9284 | 58° 00’ 
.8465 | 9.9276 50 
.8450 | 9.9268 40 
.8434 | 9.9260 30 
.8418 | 9.9252 20 
.8403 | 9.9244 10 
.8387 | 9.9236 | 57° 00’ 
.8371 | 9.9228 50 
.8355 | 9.9219 40 
.8339 | 9.9211 30 
.8323 | 9.9203 20 
.8307 | 9.9194 10 
-8290 | 9.9186 | 56° 00’ 
.8274 | 9.9177 50 
.8258 | 9.9169 40 
.8241 | 9.9160 30 
8225 | 9.9151 20 
.8208 | 9.9142 10 
-8192 | 9.9134 | 55° 00’ 
.8175 | 9.9125 50 
.8158 | 9.9116 40 
.8141 | 9.9107 30 
-8124 | 9.9098 20 
.8107 | 9.9089 10 
.8090 | 9.9080 | 54° 00’ 
Value| Log 
Degrees 


Sine 


96 36° — 45° TABLE IV | 


Sine Cosine 
Degrees 
ss Value| Log Value| Log 
36° 00’ | .5878 | 9.7692 | .726: 3 5 .8090 | 9.9080 | 54° 00’ 
10 .5901 | 9.7710 9.8639 8073 | 9.9070 50 
20 .5925 | 9.7727 9.8666 8056 | 9.9061 0 


9.8692 
9.8718 
9.8745 


30 | .5948 | 9.7744 
40 | .5972 | 9.7761 
50 | .5995 | 9.7778 


37° 00’ | .6018 | 9.7795 
10 | .6041 | 9.7811 
20 | .6065 | 9.7828 
30 | .6088 | 9.7844 


.7986 | 9.9023 | 53° 00’ 


49 | .6111 | 9.7861 7916 | 9.8985 20 
50 | .6134 | 9.7877 7898 | 9.8975 10 
38° 00’ | .6157 | 9.7893 7880 | 9.8965 | 52° 00’ 
10 | .6180 | 9.7910 7862 | 9.8955 50 


20 ve 9.7926 7844 | 9.8945 40 
6225 | 9.7941 7326 | 9.8935 30 
40 | .6248 | 9.7957 7808 | 9.8925 20 
50. | .6271 | 9.7973 7790 | 9.8915 10 
39° 00’ | .6293 | 9.7989 7771 | 9.890 ° 09’ 
10 | .6316 | 9.8004 7753 | 918893 = od 
20 | .6338 | 9.8020 7735 | 9.8884 40 
30 | .6361 | 9.8035 7716 | 9.8874 30 
40 | .6383 | 9.8050 7698 | 9.8864 20 
50 | .6406 | 9.8066 7679 | 9.8853 10 
40° 00’ | .6428 | 9.8081 9.9238 7660 | 9.884 
92 Z G3 te) , 
10 | .6450 | 9.8096 9.9264 7642 | 9.8832 Ke x 
20 | 6472] 9.8111 9.9289 7623 | 9. 
S111 8821 40 
30 | .6494 | 9.8125 9.9315 7604 | 9.8810 30 
40 | .6517 | 9.8140 9.9341 7585 | 9.8800 20 
50. | .6539 | 9.8155 9.9366 7566 | 9.8789 10 
41° 00’ | .6561 | 9.8169 9.9392 75 
816 9392 7547 | 9.87 ° 00’ 
10 | .6583 | 9.8184 9.9417 7328 o By67 7 i 
20 | 6604 | 9.8198 9.9443 7509 | 9.875 
ze C 3198 .8756 40 
6626 | 9.8213 7490 | 9.8745 30 
40 | .6648 | 9.8227 7470 | 9.8733 2 
50 | .6670 | 9.8241 7451 | 9.8722 e 
= oor oe 7431 | 9.8711 | 48° 00’ 
20 | 16734 | 9.8283 oe eee 2 
30 8756 9.8297 re73 eee SY 
677 8311 5 ; 
50 | .6799 | 9.8324 ee ee + 
|: 8653 10 
43 00 0820 9.8338 7314 | 9.8641 | 47° 00’ 
1835 ; 
20 | .6862 8 '8365 lee me 
30 | .6884 | 9.8378 Fond | 9'8608 30 
40 | 6905 | 9.8391 Lad ae 30 
50 | .6926 | 9.8405 lee i 
ol = 
44° 00" 0947 9.8418 7193 | 9.8569 | 46° ae 
20 | .6988 ne Geo rt 
30 | .7009 | 9.8457 tee p ee = 
40 | .7030 | 9.8469 fi U8 Bees os 
50 | .7050 | 9.8482 toe eee ae 
45° 00’ | .7071 | 9.8495 |1. pe - 
f ; .7071 | 9.8495 | 45° 00 
Value} Log 
Value| Log 
Gorin => inl eerees 


Sine 
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Useful Geometrical Formulas 


Circle. Circumference = 
Area = 

Area of sector = 

Trapezoid. Area = 
Pyramid. Volume = 


Volume of frustum = 


Cone of Revoiution. 
Lateral area = 


Lateral area of frustum = 
Volume = 
Volume of frustum = 


Prismatoid. Volume = 


Sphere. Area of surface = 
Area of zone = 

Volume of sphere = 

Volume of sector = 

Volume of segment (one base) = 
Volume of segment (two bases) = 


2ar = wD. 

mr, 

ar X are = 47°9, 
zh(b + b’). 

30h. 

gh(b + b’ + Vbb’). 


amr X slant height. 

a(R +r) X slant height. 

4mrh, 

guh(R? +72 + R-r). 

gh(b + b’ + 4M), M = area of midsection. 


4rr?, 

2rr X altitude. 

4773, 

37r’h, h = altitude of zone. 
grah + trh3, 

guh(a? + a’) + gh’, 


where h = altitude, and a and a’ = radii of bases. 


ae 


98 Four-Place Logarithms of Numbers TABLE V 


,) } 
The proportional parts of the tabular difference for each line are given under Prop. Parts. To in- | 
terpolate between two logarithms add to the smaller one the proper prop. part found in the same line. 


Prop. Parts 


N. [0°] 2) 2) 3) 4) 8 | 8 Oe ose 


10 | 0000} 0043! 0086] 0128] 0170] 0212) 0253] 0294] 0334) 0374] 4 8 12 | 17 21 25 |29 33 37 


11 | 0414} 0453] 0492] 0531] 0569] 0607| 0645] 0682) 0719) 0755 
12 | 0792] 0828! 0864] 6899] 0934] 0969] 1004] 1038} 1072] 1106 
13 | 1139] 1173] 1206] 1239} 1271] 1303) 1335} 1367] 1399] 1430 
14 | 1461] 1492] 1523] 1553) 1584] 1614| 1644] 1673] 1703) 1732 


15 | 1761] 1790] 1818] 1847] 1875} 1903] 1931] 1959) 1987) 2014 


16 | 2041] 2068] 2095] 2122] 2148] 2175] 2201] 2227] 2253] 2279 
17 | 2304] 2330] 2355] 2380] 2405] 2430] 2455] 2480] 2504) 2529 


15 19 23 |26 30 34 
14 17 21 |24 28 31 
13 16 19 |23 26 29 
12 15 18 21 24 27 


1 
0 
0 
9 
8 | 11 14.17 |20 22 25 
8 
7 
7 
7 


eal lll ae 


11 13 16 |18 21 24 
10 12 15 |17 20 22 


DN NnNw WwW Www Pe 
Hm OVor or O& & D100 


18 | 2553] 2577| 2601] 2625] 2648] 2672] 2695} 2718] 2742) 2765 9 12 14 |16 19 21 
19 | 2788] 2810] 2833] 2856] 2878] 2900] 2923] 2945) 2967) 2989 9 11 13 |16 18 20 
20 | 3010} 3032| 3054] 3075] 3096) 3118] 3139] 3160) 3181| 3201) 2 4 6] 811 13 |15 17 19 
———— a 
21 | 3222] 3243] 3263] 3284] 3304] 3324] 3345] 3365) 3385) 3404] 2 4 6] 81012 /1416 18; 
22 | 3424] 3444] 3464] 3483] 3502] 3522] 3541] 3560] 3579] 3598] 2 4 6| 8 1012/14 1617: 
23 | 3617] 3636] 3655] 3674] 3692] 3711| 3729] 3747| 3766] 3784] 2 4 6] 7 911 |13 1517: 
24 | 3802] 3820] 3838] 3856] 3874] 3892) 3909] 3927) 3945) 3962] 2 4 5] 7 911 hy ae 
25 | 3979] 3997] 4014] 4031] 4048} 4065} 4082] 4099] 4116) 4133] 2 3 5] 7 910}121416; 
26 | 4150] 4166] 4183] 4200] 4216] 4232] 4249] 4265] 4281| 4298] 2 3 5] 7 810/11 13 154 
27 | 4314] 4330] 4346] 4362] 4378) 4393) 4409] 4425] 4440) 4456] 2 3 5) 6 8 9/11 1314; 
28 | 4472] 4487| 4502] 4518] 4533] 4548) 4564] 4579| 4594| 4609] 2 3 5] 6 8 9 |11 1214 
29 | 4624] 4639] 4654) 4669] 4683) 4698) 4713] 4728| 4742) 4757) 1 3 4) 6 7 9 |101213 
30 | 4771} 4786] 4800] 4814] 4829] 4843] 4857] 4871] 4886] 4900] 1 3 4] 6 7 9]1011 13 
31 | 4914] 4928) 4942] 4955] 4969] 4983] 4997] 5011) 5024| 5038] 1 3 4] 5 7 8 |1011 12 
32 | 5051} 5065) 5079} 5092} 5105} 5119} 5132] 5145) 5159] 5172] 1 38 4] 5 7 8| 91112 
33 | 5185] 5198) 5211) 5224) 5237) 5250) 5263] 5276] 5289] 5302] 1 3 4] 5 6 8| 91012 
34 | 5315} 5328] 5340] 5353] 5366] 5378] 5391] 5403) 5416) 5428) 1 2 4] 5 6 8] 91011 
35 | 5441} 5453] 5465] 5478] 5490] 5502) 5514] 5527] 5539) 5551] 1 2 4) 5 6 7] 91011 
36 | 5563] 5575) 5587| 5599] 5611} 5623) 5635] 5647) 5658) 5670} 1 2 4] 5 6 7] 81011 
37 | 5682] 5694] 5705] 5717] 5729] 5740) 5752] 5763) 5775| 5786] 1 2 3) 5 6 7/8 911 
38 | 5798} 5809] 5821) 5832] 5843! 5855] 5866] 5877] 5888] 5899} 1 2 3] 5 6 7] 8 910 
39 | 5911) 5922) 5933] 5944) 5955] 5966] 5977] 5988] 5999| 6010] 1 2 3] 4 6 7| 8 910}. 
40 | 6021] 6031] 6042] 6053] 6064] 6075] 6085] 6096] 6107] 6117} 1 2 3] 4 5 6| 7 910 | 
41 6128 6138 6149} 6160} 6170} 6180) 6191] 6201] 6212) 6222] 1 2 3] 4 5 6] 7 8 Of! 
42 6232] 6243) 6253] 6263] 6274| 6284] 6294] 6304] 6314] 6325} 1 2 3 45 6|7 8 91] 
43 | 6335} 6345] 6355] 6365] 6375] 6385] 6395] 6405] 6415] 6425] 1 2 3] 4 5 617 8 Of. 
44 | 6435] 6444) 6454) 6464] 6474] 6484] 6493] 6503] 6513] 6522} 1 2 3] 4 5 6|7 8 9 
45 | 6532] 6542) 6551| 6561] 6571] 6580] 6590] 6599] 6609] 6618] 1 2 3] 4 5 6|7 8 9 
46 | 6628} 6637) 6646] 6656] 6665] 6675] 6684] 6693] 6702] 671211 2 3] 4 5 61778 
47 6721 6730 6739] 6749] 6758| 6767] 6776] 6785] 6794] 6803} 1 2 3] 4 5 6/77 8 
48 6812 6821} 6830] 6839] 6848] 6857| 6866] 6875| 6884] 6893] 1 2 3] 4 45/6 7 8 
49 | 6902) 6911) 6920] 6928] 6937] 6946] 6955] 6964] 6972| 6981] 1 2 3] 4 45167 8 
50 | 6990] 6998} 7007] 7016] 7024] 7033] 7042 7050} 7059] 7067] 1 2 3| 3 4 5/67 8 
51 | 7076) 7084) 7093] 7101] 7110] 7118] 7126] 7135] 7143] 715211 2 3 
False (Oe 2 ‘ 345/67 8 

52 | 7160) 7168) 7177) 7185} 7193] 7202] 7210] 7218] 7226] 723511 2 2 345/677 
53 | 7243] 7251] 7259 7267] 7275] 7284] 7292] 7300] 7308] 7316] 1 2 2] 3 45/6 6 7 
54 | 7324) 7332) 7340] 7348] 7356] 7364] 7372] 7380] 7388] 7396] 1 2 2| 3 4 5|6 6 7 


FOUR-PLACE LOGARITHMS OF NUMBERS 


The proportional parts of the tabular difference 
terpolate between two logarithms add to the small 


99 


for each line are given under Prop. Parts. To in- 
er one the proper prop. part found in the same line. 


Prop. Parts 
1/2 4165 8 : 

1 20s 5267 8°9 
7412] 7419 7435] 7443 7466 ese oies eater ob ee, 
7490] 7497 51 7513] 7520 7543 223) 9:75 5687 
7566] 7574| 7582] 7589] 7597 7619 f OF 91 3 74e4|| Sr Gey 
7642| 7649 7664| 7672 7694 112/344] 567 
7716] 7723 7738] 7745 7767 ‘len eH |r a Chey 
7789] 7796 7810] 7818 7839 112/344] 566 
7860| 7868 7882] 7889 7910 112/344! 566 
7931| 7938 7952| 7959 7980 fea oueowae aymn es 6 
$000] 8007 8021] 8028 8048 Tele leaesr aie seen} 
8069| 8075 8089] 8096 8116 fe ir D'8 3) 4 ber 6 
8136] 8142 8156] 8162 8182 TSE Ree leer 
51 8202] 8209 8222] 8228 8248 Eel oiieard (en 5 a6 
8267| 8274] § 8287| 8293 31 8312 let PMC ee ill Saas G3 
5} 8331] 8338] 8344] 8351] 8357 8376 1 Leos 44s G 
318395] 8401] 8 8414] 8420 8439 | Nia Bane | I, Fa Sa 456 
8457| 8463 8476] 8482 8500 CRirey Seed | Pay 
3513] 8519] 8525 8537] 8543 8561 112/234] 456 
3573] 8579] 8585 8597] 8603 8621 f 1 99)\ 273 4)\) 4.86 
3633] 8639} 8645] § 8657] 8663 8681 10102) |) 33) | eaeees 
3692] 8693] 8704 8716] 8722] 8727 8739 ih at PAPO | yee 
5 |8751|8756] 8762 8774| 8779] 8785] 8 8797| 8802} 1 1 2/233] 455 
76 | 8808] 8814] 8820 8831] 8837] 8842 8854 1) 12 ee) 3 dees 
77 | 8865] 8871] 8876 8887] 8893] 8899 8910] 8915]1 1 21233)] 445 
78 | 8921] 8927| 8932] 8938] 8943] 8949] 8954 8965] 8971]1 1 2/233] 445 
79 | 8976] 8982] 8987 8998] 9004] 9009 9020] 90251 1 2] 233] 445 
80 | 9031} 9036] 9042 9053| 9058} 9063 9074| 9079]}1 1 2}233] 445 
81 | 9085] 9090] 9096 9106] 9112] 9117 2| 9128] 9133]1 1 2/233] 445 
82 19138] 9143] 9149 9159] 9165] 9170] ¢ 9180] 9186] 1 1 2] 233] 445 
83 19191] 9196] 9201 9212] 9217| 9222] 9227| 9232] 9238]1 1 2/233] 445 
84 |9243] 9248] 9253 9263| 9269| 9274 9284] 9289]1 1 2/233] 445 
85 19294] 9299] 9304 9315] 9320] 9325] 9330] 9335] 9340] 1 1 2] 233] 445 
86 | 9345] 9350] 9355 9365] 9370] 9375 9385] 9390] 1 12] 233] 445 
87 |9395] 9400] 9405 9415| 9420] 9425 9435] 9440] 0 1 2} 223] 444 
88 19445] 9450] 9455 9465] 9469] 9474] § 94841948910 11] 223] 34 4 
89 19494] 9499] 9504 9513] 9518] 9523 9533| 9538] 0 11/223] 344 
90 | 9542] 9547] 9552 9562] 9566] 9571] 9576] 9581| 9586] 0 1 1| 223] 3 4 4 
91 | 9590] 9595] 9600 9609] 9614] 9619 9628] 963310 11| 223] 344 
92 | 9638] 9643] 9647 9657| 9661 9675] 9680] 0 1 1| 223] 344 
93 | 9685] 9689] 9694 9703] 9708 97221972710 11] 223] 344 
94 | 9731] 9736] 9741 9750| 9754 3| 9768] 9773]0 11/223] 344 
95 | 9777] 9782| 9786 9795| 9800 9814] 9818]0 11/223] 344 
96 | 9823] 9827] 9832 9841] 9845 9859] 9863]0 11] 223] 344 
97 | 9868] 9872] 9877 9886] 9890 9903] 9908] 0 1 1| 223] 344 
98 | 9912] 9917] 9921 9930] 9934 9948] 995210 11/223] 344 
99 | 9956] 9961] 9965 9974| 9978 9991| 9996].0 11] 223] 344 


ra 
i) 
wo 
= 
ao 
a 
a 
o 
o 


Prop. Parts 


RR 


Trigonometric Functions — Radian Measure (Cont.) 101 
cS acetate, et ar 
Angle 


— | Sil Cos an 
Rad.| Degrees :. 
1.40 | 80° 12.8’ | .98545 | .16997 | 5.7979 
1.41 | 80° 47.2’ | .98710] .16010 | 6.1654 
1.42 | 81° 21.6’ | .98865| .15023 | 6.5811 
1.43 | 81° 56.0’ | .99010] .14033 | 7.0555 
1.44 | 82° 30.4’ | .99146] .13042 | 7.6018 


1.20 | 68° 45.3’ | 93204 | 36236 | 2.5722 
1.21 | 69° 19.7’ | .93562 | .35302 | 2.6503 
1.22 | 69° 54.1’ | .93910 | .34365 | 2.7328 
1.23 | 70° 28.4’ | .94249 | .33424 | 2.8198 
1,24 | 71° 02.8’ | .94578 | .32480 | 2.9119 


1.25 | 71° 37.2’ | .94898 | .31532 | 3.0096 1.45 | 83° 04.7’ | .99271]} .12050 | 8.2381 
1.26 | 72° 11.6’ | .95209 | .30582 | 3.1133 1.46 | 83° 39.1’ | .99387] .11057 | 8.9886 
1.27 | 72° 45.9’ | .95510 | .29628 | 3.2236 1.47 | 84° 13.5’ | .99492] .10063 | 9.8874 
1.28 | 73° 20.3” | .95802 | .28672 | 3.3413 1.48 | 84° 47.9’ | .99588 | .09067 | 10.983 
1.29 | 73° 54.7’ | .96084 | .27712 | 3.4672 1.49 | 85° 22.2’ | .99674| .08071 | 12.350 
1.30 | 74° 29.1’ | .96356 | .26750 | 3.6021 1.50 | 85° 56.6’ | .99749] .07074 | 14.101 
1.31 | 75° 03.4’ | .96618 | .25785 | 3.7470 1.51 | 86° 31.0’ | .99815| .06076 | 16.428 
1.32 | 75° 37.8’ | .96872 | .24818 | 3.9033 1.52 | 87° 05.4’ | .99871 | .05077 | 19.670 
1.33 | 76° 12.2’ | .97115 | .23848 | 4.0723 1.53 | 87° 39.8’ | .99917 | .04079 | 24.498 
1.34 | 76° 46.6’ | .97348 | .22875 | 4.2556 1.54 | 88° 14.1’ | .99953 | .03079 | 32.461 
1.35 | 77° 21.0’ | .97572 | .21901 | 4.4552 1.55 | 88° 48.5’| .99978 | .02079 | 48.078 
1.36 | 77° 55.3’ | .97786 | .20924 | 4.6734 1.56 | 89° 22.9’ | .99994] .01080 | 92.621 
1.37 | 78° 29.7’ | .97991 | .19945 | 4.9131 1.57 | 89° 57.3’ | 1.0000} .00080 | 1255.8 
1.38 | 79° 04.1’ | .98185 | .18964 | 5.1774 1.58 | 90° 31.6’ | .99996 |-.00920 |-108.65 
1.39 | 79° 38.5’ | .98370 | .17981 | 5.4707 1.59 | 91° 06.0’ | .99982 |-.01920 |-52.067 
1.40 | 80° 12.8’ | .98545 | .16997 | 5.7979 1.60 | 91° 40.4’ | .99957 |-.02920 |-34.233 


Degrees in Radians 


0.00000 } 15°} 0.26180] 30°) 0.52360] 45°| 0.78540] 60°] 1.04720] 75°] 1.30900 
0.01745} 16 | 9.27925} 31 |0.54105] 46 | 0.80285] 61 | 1.06465] 76 | 1.32645 
0.03491] 17 | 0.29671] 32 | 0.55851] 47 | 0.82030] 62 | 1.08210] 77 | 1.34390 
0.95236} 18 | 0.31416] 33 |0.57596] 48 | 0.83776] 63 | 1.09956] 78 | 1.36136 
0.06981} 19 |0.33161] 34 | 0.59341] 49 | 0.85521] 64 | 1.11701] 79 | 1.37881 
0.08727 | 20 |0.34907] 35 | 0.61087] 50 | 0.87266] 65 | 1.13446] 80 | 1.39626 
) | 0.10472] 21 | 0.36652] 36 | 0.62832] 51 | 0.89012] 66 | 1.15192] 81 | 1.41372] « 
7 {0.12217} 22 |0.38397] 37 |0.64577] 52 | 0.90757] 67 | 1.16937] 82 | 1.43117 


8 [0.13963] 23 | 0.40143] 38 | 0.66323] 53 | 0.92502] 68 | 1.18682] 83 | 1.44862 
9 |0.1570_] 24 | 0.41885] 39 | 0.68068] 54 | 0.94248] 69 | 1.20428] 84 | 1.46608 
10 | 0.17453] 25 | 0.43633] 40 | 0.69813] 55 | 0.95993] 70 | 1.22173] 85 | 1.48353 


11 |0.19199] 26 |0.45379] 41 | 0.71558] 56 | 0.97738] 71 | 1.23918] 86 | 1.50098 
12 | 0.20944] 27 | 0.47124] 42 |0.73304] 57 | 0.99484] 72 | 1.25664] 87 | 1.51844 
13 | 0.22689] 28 | 0.48869} 43 | 0.75049] 58 | 1.01229] 73 | 1.27409] 88 | 1.53589 
14 | 0.24435] 29 |0.50615] 44 | 0.76794] 59 | 1.02974] 74 | 1.29154] 89 | 1.55334 


15 | 0.26180] 30 | 0.52360] 45 | 0.78540] 60 | 1.04720] 75 | 1.30900] 90 | 1.57080 


Minutes in Radians 


‘| 0.00000 | 10’ | 0.00291} 20’ | 0.00582} 30’ | 0.00873} 40’ | 0.01164} 50’ | 0.01454 
, 0.00029} 11 | 0.00320] 21 | 0.00611] 31 | 0.00902 0.01193} 51 | 0.01484 
2 |0.00058] 12 |0.00349] 22 | 0.00640] 32 | 0.00931 0.01222 | 52 | 0.01513 
3 |0.00087] 13 | 0.00378] 23 | 0.00669] 33 | 0.00960] 43 |0.01251] 53 | 0.01542 
4 |0.00116]} 14 | 0.00407] 24 | 0.00698] 34 | 0.00989 0.01280 | 54 | 0.01571 

0.00145} 15 | 0.00436} 25 | 0.00727] 35 | 0.01018 0.01309 | 55 0.01600 
2 0.00174] 16 | 0.00465] 26 |0.00756] 36 | 0.01047 0.01338 | 56 0.01629 
7 |0.00204] 17 |0.00495} 27 | 0.00785] 37 | 0.01076 0.01367 | 57 0.01658 
8 |0.00233] 18 | 0.00524] 28 | 0.00814} 38° | 0.01105 0.01396 | 58 | 0.01687 
9 | 0.00262] 19 |0.00553] 29 | 0.00844] 39 | 0.01134 0.01425] 59 | 0.01716 


10 | 0.00291] 20 |0.00582] 30 | 0.00873] 40 | 0.01164 0.01454 | 60 | 0.01745 


ee Se) ee Ee 


1.2321 
1.2544 
1.2769 
1.2996 


1.3225 
1.3456 
1.3689 
1.3924 
1.4161 


Squares, Square Roots, Reciprocals 


1.00000 


V10n 


3.16228 


1.00000 


1.00499 


1.00995 
1.01489 
1.01980 


1.02470 


1.02956 
1.03441 
1.03923 
1.04403 


1.04881 


1.05357 


1.05830 
1.06301 
1.06771 
1.07238 


1.07703 
1.08167 
1.08628 
1.09087 


1.4400 


1.4641 
1.4884 
1.5129 
1.5376 


1.5625 


1.5876 
1.6129 
1.6384 
1.6641 


1.6900 


1.7161 
11.7424 
3] 1.7689 
1.7956 


1.8225 


1.8496 
1.8769 
1.9044 
1.9321 


1.40 | 1.9600 


1.41] 1.9881 
1.42 | 2.0164 
1.43 | 2.0449 

2.0736 


1.44 
2.1025 


1.45 

1.46 | 2.1316 
1.47 | 2.1609 
1.48 | 2.1904 
1.49 ] 2.2201 
1.50 | 2.2500 


1.09545 


1.10000 


1.10454 
1.10905 
1.11355 
1.11803 
1.12250 
12694 
13137 
13578 


1G 

ile 

1K 
1.14018 
1.14455 
1. 

tr 

Me 


14891 
15326 
15758 
1.16190 


1.16619 
1.17047 
1.17473 
1.17898 


1.18322 
1.18743 


1.19164 
1.19583 
1.20000 


1.20416 
1.20830 
1.21244 


1.21655 
1.22066 


1.22474 


n n Vn 


3.17805 


3.19374 
3.20936 
3.22490 
3.24037 
3.25576 
3.27109 
3.28634 
3.30151 


3.31662 
3.33167 


3.34664 
3.36155 
3.37639 
3.39116 
3.40588 
3.42053 
3.43511 
3.44964 


3.46410 


3.47851 
3.49285 
3.50714 
3.52136 
3.53553 
3.54965 
3.56371 
3.57771 
3.59166 


3.60555 
3.61939 


3.63318 
3.64692 
3.66060 
3.67423 
3.68782 
3.70135 
3.71484 
3.72827 


3.74166 


3.75500 


3.76829 
3.78153 
3.79473 
3.80789 


3.82099 
3.83406 
3.84708 
3.86005 


3.87298 


V10n 


.990099 


.909091 
.900901 


-980392 
.970874 
-961538 


952381 


-943396 
-934579 
-925926 
.917431 


Vn |\V10n 


1.22474 


1.22882 


1.23288 
1.23693 
1.24097 
1.24499 
1.24900 
1.25300 
1.25698 
1.26095 


1.26491 
1.26886 


1.27279 
1.27671 
1.28062 
1.28452 
1.28841 
1.29228 
1.29615 
1.380000 


1.50384 
1.30767 


1.31149 
1.31529 
1.31909 


1.32288 


1.32665 
1.33041 
1.33417 
1.33791 


1.34164 


3.87298 


3.88587 | 


3.89872 
3.91152 
3.92428 


3.93700 


3.94968 
3.96232 
3.97492 
3.98748 


4.00000 
4.01248 


4.02492 
4.03733 
4.04969 


4.06202 


4.07431 
4.08656 
4.09878 
4.11096 


4.12311 
4.13521 


4.14729 
4.15933 
4.17133 


4.18330 


4.19524 
4.20714 
4.21900 
4.23084 


4.24264 


1/n 


-666667 


-662252 
-657895 
-653595 
-649351 


-645161 


-641026 
-636943 
-632911 
-628931 


-625000 


.621118 
-617284 
-613497 
.609756 


-606061 


602410 
598802 } 
595238 | 
591716 


588235 


584795 
-081395 
-578035 
-574713 


.571429 
.568182 
.564972 


-561798 
-558659 


-555556 


1.34536 
1.34907 
1.35277 
1.35647 
1.36015 


1.36382 
1.36748 
1.37113 
1.37477 


1.37840 


4.25441 
4.26615 
4.27785 
4.28952 


4.30116 


4.31277 
4.32435 
4.33590 
4.34741 


4.35890 


-552486 
-049451 
-546448 
543478 


-040541 
-537634 
-034759 


.531915 
529101 


-026316 


1.38203 
1.38564 
1.38924 
1.39284 


1.39642 


1.40000 
1.40357 
1.40712 
1.41067 


1.41421 


4.37035 
4.38178 
4.39318 
4.40454 


4.41588 


4.42719 
4.43847 
4.44972 
4.46094 


4.47214 


-523560 
-520833 
-518135 
-015464 


-512821 


-510204 
-507614 
.505051 
-502513 


-500000 


‘892857 1.62 | 2.624 
"884956 1.63 | 2.6569 
'877193 1.64 | 2.6896 
1869565 1.65 | 2.7225 
862069 1.66 | 2.7556 
'854701 1.67 | 2.7889 
'847458 1.68 | 2.8224 
"840336 1.69 | 2.8561 
833333 1.70 | 2.8900 
826446 1.71} 2.9241 
"819672 1.72 | 2.9584 
‘813008 1.73 | 2.9929 
‘806452 1.74 | 3.0276 
.800000 1.75 | 3.0625 
793651 1.76 | 3.0976 
‘787402 1.77 | 3.1329 
°781250 1.78 | 3.1684 
"775194 1.79 | 3.2041 
.769231 1.80 | 3.2400 
763359 1.81 | 3.2761 
757576| | 1.82|3.3124 
'751880| | 1.83 | 3.3489 
746269 1.84 | 3.3856 
740741 1.85 | 3.4225 
735294 1.86 | 3.4596 
"729927 1.87 | 3.4969 
'724638 1.88 | 3.5344 
"719424 1.89 | 3.5721 
714286] |1.9013.6100 
709220 1.91 | 3.6481 
'704225 1.92 | 3.6864 
699301 1.93 | 3.7249 
694444 1.94 | 3.7636 
689655 1.95 | 3.8025 
684932 1.96 | 3.8416 
‘680272 1.97 | 3.8809 
675676 1.98 | 3.9204 
671141 1.99 | 3.9601 
6666671 |2.001 4.0000 
1/n n| n? 


Vn |\V10n 


1/n 


TABLE VII | 
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n| nr | Vn |Vi0n| 1/n n| rn | Vn |V10n| 1/n 
2.00 | 4.0000 | 1.41421 | 4.47214] 500000} | 2.60 | 6.2500 | 1.58114 | 6.00000 | .400000 
2.01 | 4.0401 | 1.41774 | 4.48330] .497512| | 2.51 | 6.3001 | 1.58430 | 5.00999 | .398406 
2.02 | 4.0804 | 1.42127 | 4.49444] 495050] | 2.52 | 6.3504 | 1.58745 | 5.01996 | 396825 
2.03 | 4.1209 | 1.42478 | 4.50555 | .492611| | 2.53 | 6.4009 | 1.59060 | 5.02991 | 395257 
204 | 4.1616 | 1.42829 | 4.51664 |.490196] | 2.541 6.4516 | 1.59374 | 5.03984 | 393701 
2.05 | 4.2025 | 1.43178 | 4.52769 | .487805| | 2.55| 6.5025 | 1.59687 | 5.04975 | 392157 
2.06 | 4.2436 | 1.43527 | 4.53872 | 485437] | 2.56 | 6.5536 | 1.60000 | 5.05964 | 390625 
2.07 | 4.2849 | 1.43875 | 4.54973 | 483092] | 2.57 | 6.6049 | 1.60312 | 5.06952 | 389105 
2.08 | 4.3264 | 1.44222 | 4.56070 | 480769] | 2.58 | 6.6564 | 1.60624 | 5.07937 | 387597 
2.09 | 4.3681 | 1.44568 | 4.57165 | .478469| | 2.59| 6.7081 | 1.60935 | 5.08920 | 386100 
2.10 | 4.4100 | 1.44914 | 4.58258 | 476190 60 | 6.7600 | 1.61245 | 5.09902 | 384615 


2. 
2.11] 4.4521 | 1.45258 | 4.59347 | .473934 2.61] 6.8121 | 1.61555 | 5.10882 | .3883142 
2.12} 4.4944 | 1.45602 | 4.60435 | .471698 2.62 | 6.8644 | 1.61864 | 5.11859 | .381679 
2.13 | 4.5369 | 1.45945 | 4.61519 | .469434 2.63 | 6.9169 | 1.62173 | 5.12835 | .3880228 
2.14 | 4.5796 | 1.46287 | 4.62601 | .467290 2.64 | 6.9696 | 1.62481 | 5.13809 | .378788 
2.15 | 4.6225 | 1.46629 | 4.63681 | .465116 2.65 | 7.0225 | 1.62788 | 5.14782 | .377358 
2.16 | 4.6656 | 1.46969 | 4.64758 | .462963 2.66 | 7.0756 | 1.63095 | 5.15752 | .375940 
2.17 | 4.7089 | 1.47309 | 4.65833 | 460829 2.67 | 7.1289 | 1.63401 | 5.16720 | .374532 
2.15 | 4.7524 | 1.47648 | 4.66905 | .458716 2.68 | 7.1824 | 1.63707 | 5.17687 | 3873134 
2.19] 4.7961 | 1.47986 | 4.67974 | .456621 2.69 | 7.2361 | 1.64012 | 5.18652 | .371747 
2.20 | 4.8400 | 1.48324 | 4.69042 | 454545 2.70 | 7.2900 | 1.64317 | 5.19615 | .370370 
2.21} 4.8841 | 1.48661 “4.70106 452489 7.3441 | 1.64621 | 5.20577 | .369004 
2.22 | 4.9284 | 1.48997 | 4.71169 | .450450 7.3984 | 1.64924 | 5.21536 | .367647 
2.23 | 4.9729 | 1.49332 | 4.72229 | .448430 7.4529 | 1.65227 | 5.22494 | .366300 
2.24 15.0176 | 1.49666 | 4.73286 | .446429 7.5076 | 1.65529 | 5.23450 | 364964 
2.25 ¢ 5.0625 1.50000 | 4.74342 | .444444 7.5625 | 1.65831 | 5.24404 | .363636 
2.26 | 5.1076 | 1.50333 | 4.75395 | .442478 7.6176 | 1.66132 | 5.25357 | .862319 
2.27 | 5.1529 | 1.50665 | 4.76445 | .440529 7.6729 | 1.66433 | 5.26308 | 3861011 
2.28 | 5.1984 | 1.50997 | 4.77493 | .438596 7.7284 | 1.66733 | 5.27257 | 3859712 
2.29 | 5.2441 | 1.51327 | 4.78539 | .436681 7.7841 | 1.67033 | 5.28205 | .358423 
2.30 | 5.2900 | 1.51658 | 4.79583 | .434783 7.8400 | 1.67332 | 5.29150 | .357143 


2.31 | 5.3361 | 1.51987 | 4.80625 | .432900 7.8961 | 1.67631 | 5.30094 | .355872 
2.32 | 5.3824 | 1.52315 | 4.81664 | 431034 7.9524 | 1.67929 | 5.31037 | 354610 
2.33 | 5.4289 | 1.52643 | 4.82701 | 429185 8.0089 | 1.68226 | 5.31977 | 853357 
2.34 | 5.4756 | 1.52971 | 4.83735 | 427350 8.0656 | 1.68523 | 5.32917 | 352113 
2.35 | 5.5225 | 1.53297 | 4.84768 | .425532 8.1225 | 1.68819 | 5.33854 | 350877 
2.36 | 5.5696 | 1.53623 | 4.85798 | 423729 8.1796 | 1.69115 | 5.34790 | .349650 
2.37 | 5.6169 | 1.53948 } 4.86826 | 421941 8.2369 | 1.69411 | 5.35724 | 348432 
2.38 | 5.6644 | 1.54272 | 4.87852 | 420168 8.2944 | 1.69706 | 5.36656 | 347222 
2.39 | 5.7121 | 1.54596 | 4.88876 | 418410 8.3521 | 1.70000 | 5.37587 | 346021 
2.40 | 5.7600 | 1.54919 | 4.89898 | 416667 8.4100 | 1.70294 | 5.38516 | 344828 
2.41] 5.8081 | 1.55242 | 4.90918] 414938 8.4681 | 1.70587 | 5.39444 | 343643 
2.42 | 5.8564 | 1.55563 | 4.91935 | 413223 8.5264 | 1.70880 | 5.40370 | .342466 
2.43 | 5.9049 | 1.55885 | 4.92950 | 411523 8.5849 | 1.71172 | 5.41295 | 341297 
2.44 | 5.9536 | 1.56205 | 4.93964 | 409836 8.6436 | 1.71464 | 5.42218 | 3.40136 
2.45 | 6.0025 | 1.56525 | 4.94975 | .408163 8.7025 | 1.71756 | 5.43139 | 338983 
2.46 | 6.0516 | 1.56844 | 4.95984 | 406504 8.7616 | 1.72047 | 5.44059 | 337838 
2.47 | 6.1009 | 1.57162 | 4.96991 | .404858 8.8209 | 1.72337 | 5.44977 | 336700 


2.48 | 6.1504 | 1.57480 | 4.97996 | .403226 8.8804 | 1.72627 | 5.45894 -335570 
2.49 | 6.2001 | 1.57797 | 4.98999 | .401606 8.9401 | 1.72916 | 5.46809 | 334448 


2.60 6.2500 | 1.58114 | 5.00000 | .400000 3.00 | 9.0000 | 1.73205 | 5.47723 | 3833333 


ul ula alii ons din minon ein 


a TABLE VII 
104 = 
> | Vn |Vi0n| t/n || n\n? | vn |Vvi0n| 1/n_ 
“I 3205 723 | 333333 | 13.60} 12.2500 | 1.87083 | 5.91608 |.285714 
3.00] 9.0000 | 1.73205 | 5.47723 |.33333: : 
< 5 350 | 5.92453 |.284900 
2226) |3.51| 12.3201 | 1.8735 
3.01] 9.0601 | 1.73494 | 5.48639 |331196| 3.52] 12.3904 | 1.87617 | 5.93296 | 284091 
3.02] 9.1204 | 1.73761 | 5s {330033 | | 3.53 | 12.4609 | 1.87883 | 5.94138 | 283286 
3.03 | 9.1809 | 1.74069 | oa [328047 | | 3.54] 12.5316 | 1.88149 | 5.94979 | 282486 
3.04] 9.2416 | 1.74356 | 5.51362 |.328947] 3.54 perl [enemtis o 
5 27369 | 13.55] 12.6025 | 1.88414 | 5. 
3.05} 9.3025 | 1.74642 | 5.52268 |.3 ip ce 
5 3.56 | 12.6736 | 1.88680 | 5.96657 |. 
Pd Weigand Fegeyy ta pea 3-98 | 157449 | 1.88044 | 5.97495 | 280112 
302] Gased | 1.75409 | 5.54977 (324075 3.58] 12.8164 | 1.50200 | 5.98331 279330 
. 9.4864 1.75 “OF + es Site gee (8947 5.99166 |. 55 
309] 915481 | 1.75784 | 5.55878 | 323625 | [3.59] 12.8881 | 189473 — sti 
776 |.3225 : .89737 | 6. 
3.10] 9.6100 | 1.76068 | 5.56776 |.322581] | 3.60 | 12.9600 | 1.897 ae at 
5767 52 3.0321 | 1.90000 | 6. 
Bee Oe eat ta 13.1044 | 190263 | 6.01664 | 276243 
Be orate | Lvoore | o20204 [si9as01 {3.63 | 13.1769 | 1.90526 | 6.02495 |.275482 
3.13| 9.7969 | 1.76918 | 5.59464 |.319489 |] 3.63 | 13.17¢ reg bpeeratd pin 
3.14| 9.8596 | 1.77200 | 5.60357 |.318471] |3.64 | 13.2496 | 1.90 eee 
; ; - 5 5 50 | 6.04152 |. 
3.15 | 9.9225 | 1.77482 | 5.61249 |.317460| [3.65 — yet oo ee 
FO 8 888 e | Tere ee acre ace | aco ica ae | ce 
31g] 101124 | 1.78396 | 5.63915 314465) 13:68 | 13.5424 | 1.91833 | 6.06630 |.271739 
eee lan : 0} 13:69} 13.616 (07454 |.271003 
3.19 | 10.1761 | 1.78606 | 5.64801 |.313480| [3.69] 13.6161 | 1.92094 | 6.0745 
: 5 3.6 2354 | 6.08276 |.270270 
3.20 | 10.2400 | 1.78885 | 5.65685 |.312500] |3.70 | 13.6900 | 1.92354 | 6.08276 |.270 = 
526| 13.71] 13.7641 | 1.92614 | 6.09098 |.26954 
3°59 | 10.3684 | 1.79444 | 5.67450 [s10559) [372 | 13.8384 | 1.92873 | 6.09918 | 268817 
393 10.4399 179799 er eRaat ‘So0c08 | 13:73] 13.9129 | 1.93132 | 6.10737 | 268097 
3.23 | 10.4326 A QT22 5. 31 |.309598 3.7 3.912 93] : 
3.24] 10.4976 | 1.80000 | 5.69210 |-308642 | ]3.74 | 13.9876 | 1.93391 ane — 
3.25 | 10.5625 | 1.80278 | 5.70088 |.307692 | | 3.75 ee eee = —o 
52 g .70964 |.306748 | |3.76 | 14.1376 | 1.93907 | 6. 26595 
3.27 | 10.6039 | 1.80sa1 | S71889 305810 | | 3.7 | 14.2129 | 1.94165 | 6.14003 265252 
— 107884 reiies eroris "304878 | 13:78 | 14.2884 | 1194422 | 6.14817 264550 
3.29 | 10.8241 | 1.81384 | 5.73585 | 303951 3.79 | 14.3641 | 1.94679 | 6.15630 |.263852 
3.30 | 10.8900 | 1.81659 | 5.74456 |.303030] | 3.80 | 14.4400 | 1.94936 | 6.16441 |.263158 
.81934 | 5.75326 |.302115 | 3.81] 14.5161 | 1.95192 | 6.17252 |.262467 
mia liiioses | 1 eano B7e104 [01203 3.82 | 14.5924 | 1.95448 | 6.18061 | 261780 
3.33 | 11.0889 | 1.82483 | 5.77062 |/300300 | 3.83 | 14.6689 1.95704 | 6.18870 261097 
3.34 | 11.1556 | 1.82757 | 5.77927 |299401] |3.84| 14.7456 | 1.95959 | 6. 
3.35 | 11.2225 | 1.83030 | 5.78792 |.298507 | |3.85 | 14.8225 | 1.96214 | 6.20484 |.259740 
3.36 | 11.2896 | 1.83303 | 5.79655 |.297619 | 13.86 | 14.8996 | 1.96469 | 6.21289 |.259067 
3.37 | 11.3569 | 1.83576 | 5.80517 [296736] |3.87 | 14.9769 | 1.96723 | 6.22093 |258398 
3.38 | 11.4244 | 1.83848 | 5.81378 |.295858 | [3.88 | 15.0544 | 1.96977 | 6.22896 |'257732 
3.39 | 11.4921 | 1.84120 | 5.82237 |'294985 | |3.89 | 15.1321 | 1.97231 | 6.23699 | 257069 
3.40 | 11.5600 | 1.84391 | 5.83095 |.294118 | }3.90] 15.2100 | 1.97484 | 6.24500 256410 
3-41] 11-6281 | 1.84662 | 5.83952 |.203255 | |3.91 | 15.2881 | 1.97737 | 6.25300 |.255754 
3.42 | 11.6964 | 1.84932 | 5.84808 |.292398 | |3.92 | 15.3664 | 1.97990 | 6.26099 |.255102 
3.43 | 11.7649 | 1.85203 | 5.85662 |.291545 | 13.93 | 15.4449 | 1.98242 | 6.26897 |'954453 
3.44 | 11.8336 | 1.85472 | 5.86515 |.290698 | 13.94] 15.5236 | 1.98494 | 6.27694 | 253807 
3.45 | 11.9025 | 1.85742 | 5.87367 |.289855 | }3.95 | 15.6025 | 1.98746 | 6.28490 |.253165 
3.46 | 11.9716 | 1.86011 | 5.88218 |.289017] 13.96] 15.6816 | 1.98997 | 6.29285 |.252595 
3.47 | 12.0409 | 1.86279 | 5.89067 |.288184 | |3.97 | 15.7609 | 1.99249 | 6.30079 |.251889 
3.48 | 12.1104 | 1.86548 | 5.89915 |.287356 | | 3.98 | 15.8404 | 1.99499 | 6.30872 |251956 
3.49 | 12.1801 | 1.86815 | 5.90762 |.286533 | |3.99 | 15.9201 | 1.99750 | 6.31664 | 250627 
3.50 | 12.2500 | 1.87083 | 5.91608 |.285714 | ]4.00| 16.0000 | 2.00000 | 6.32456 | 250000 
a | Vn |V10n| 1/n | | le pewee eee aan 


1/n 


| 
| 
| 
/ 


geal 
SQUARES, SQUARE ROOTS, RECIPROCALS 105 
1/n Vn |V10n 


16.0000 | 2.00000 | 6.32456 |.250000 20.2500 | 2.12132 | 6.70820 |.222222 


4.01 | 16.0801 | 2.00250 | 6.33246 |.249377 20.3401 | 2.12368 | 6.71565 |.2217% 

4.02 | 16.1604 | 2.00499 | 6.34035 ).248756 20.4304 | 2.12603 6.72309 391980 
4.03 | 16.2409 | 2.00749 | 6.34823 |.248139 20.5209 | 2.12838 | 6.73053 |.220751 
4.04 | 16.3216 | 2.00998 | 6.35610 |.247525 2.13073 | 6.73795 |.220264 


4.05 | 16.4025 | 2.01246 | 6.36396 |.246914 2.13307 | 6.74537 |.219780 


4.06 | 16.4836 | 2.01494 | 6.37181 |.246305 2.13542 | 6.75278 |.21 

4.67 | 16.5649 | 2.01742 | 6.37966 |.245700 2.13776 | 6.76018 S1e818 
4.08 | 16.6464 | 2.01990 | 6.38749 |.245098 2.14009 | 6.76757 |.218341 
4.09 } 16.7281 | 2.02237 | 6.39531 |.244499 2.14248 | 6.77495 |.217865 


4.10} 16.8100 -243902 2.14476 | 6.78233 |.217391 


4.11] 16.8921 731 | 6.41093 |.243309 2.14709 | 6.78970 |.216920 
4.12 | 16.9744 3 | 6.41872 |.242718 : 2.14942 | 6.79706 |.216450 
4.13 117.0569 6.42651 |.242131 21.4369 | 2.15174 | 6.80441 |.215983 
4.14] 17.1396 || 6.43428 |.241546 21.5296 | 2.15407 | 6.81175 |.215517 


4.15 | 17.2225 6.44205 |.240964 21.6225 | 2.15639 | 6.81909 |.215054 


4.16 | 17.3056 6.44981 |.240385 21.7156 | 2.15870 | 6.82642 |.214592 
4.17 | 17.3889 | 2.04206 | 6.45755 |.239808 21.8089 | 2.16102 | 6.83374 |.214133 
4.18 | 17.4724 | 2.04450 | 6.46529 |.239234 21.9024 | 2.16333 | 6.84105 |.213675 
4.19} 17.5461 | 2.04695 | 6.47302 |.238663 21.9961 | 2.16564 | 6.84836 |.213220 


4,20 | 17.6400 | 2.04939 | 6.48074 |.238095 2.16795 | 6.85565 | .212766 


> 
al] a 
° 
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Oo 
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4. 
4. 
4. 
4. 
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4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4, 


4.2) 17.7241 | 2.05183 | 6.48845 |.237530 71 2.17025 | 6.86294 |.212314 
4.22 | 17.8084 | 2.05426 | 6.49615 |.236967 72 2.17256 | 6.87023 |.211864 
4.23 | 17.8929 | 2.05670 | 6.50384 .236407 73 9 | 2.17486 | 6.87750 |.211416 
4,24 | 17.9776 | 2.05913 | 6.51153 |.235849 74 ) | 2.17715 | 6.88477 |.210970 
4.25 | 18.0625 | 2.06155 | 6.51920 |.235294 7 2.17945 | 6.89202 |.210526 
4.26 | 18.1476 | 2.06398 | 6.52687 |.234742 j 2.18174 | 6.89928 |.210084 
4.27 | 18.2329 | 2.06640 | 6.53452 |.234192 22.7529 | 2.18403 | 6.90652 |.209644 
4.28 | 18.3184 | 2.06882 | 6.54217 |.233645 78 | 22.8484 | 2.18632 | 6.91375 |.209205 
4.29 | 18.4041 | 2.07123 | 6.54981 |.233100 22.9441 | 2.18861 | 6.92098 |.208768 
4.30 | 18.4900 | 2.07364 | 6.55744 |.232558 23.0400 | 2.19089 | 6.92820 |.208333 
4.31] 18.5761 | 2.07605 | 6.56506 |.232019 23.1361 | 2.19317 | 6.93542 |.207900 
4.32 | 18.6624 | 2.07846 | 6.57267 |.231481 23.2324 | 2.19545 | 6.94262 |.207469 
4.33 | 18.7489 | 2.08087 | 6.58027 |.230947 23.3289 | 2.19773 | 6.94982 |.207039 
4.34] 18.8356 | 2.08327 | 6.58787 |.230415 23.4256 | 2.20000 | 6.95701 |.206612 
4.35 | 18.9225 | 2.08567 | 6.59545 |.229885 23.5225 | 2.20227 | 6.96419 |.206186 
4.36 | 19.0096 | 2.08806 | 6.60303 |.229358 23.6196 | 2.20454 | 6.97137 |.205761 
4.37 | 19.0969 | 2.09045 | 6.61060 |.228833 23.7169 | 2.20681 | 6.97854 |.205339 
4,38 | 19.1844 | 2.09284 | 6.61816 |.228311 3 | 23.8144 | 2.20907 | 6.98570 |.204918 
4.39 | 19.2721 | 2.09523 | 6.62571 |.227790 23.9121 | 2.21133 | 6.99285 |.204499 
4.40 | 19.3600 | 2.09762 | 6.63325 |.227273 24,0100 | 2.21359 | 7.00000 |.204082 
441 19.4481 | 2.10000 | 6.64078 }.226757 24.1081 | 2.21585 | 7.00714 |.203666 
4.42 | 19.5364 | 2.10238 | 6.64831 |.226244 24.2064 | 2.21811 | 7.01427 |.203252 


24.3049 | 2.22036 | 7.02140 ,.202840 
24.4036 | 2.22261 | 7.02851 |.202429 


24.5025 | 2.22486 | 7.03562 |.202020 


24 6016 | 2.22711 | 7.04273 |.201613 
24.7009 | 2.22935 | 7.04982 |.201207 
24.8004 | 2.23159 | 7.05691 |.200803 
24.9001 | 2.23383 | 7.06399 |.200401 


95.0000 | 2.23607 | 7.07107 |.200000 
n? | Vn |V10n| 1/n 


4.43 | 19.6249 | 2.10476 | 6.65582 | .225734 
4.44 | 19.7136 | 2.10713 | 6.66333 |.225225 


4.45 | 19.8025 | 2.10950 | 6.67083 |.224719 


4.46 | 19.8916 | 2.11187 | 6.67832 |.224215 
4.47 | 19.9809 | 2.11424 | 6.68581 |.223714 
4.48 | 20.0704 | 2.11660 | 6.69328 |.223214 
4.49 | 20.1601 | 2.11896 | 6.70075 |.222717 


4.60 | 20.2500 | 2.12132 | 6.70820 |.222222 
Ani ay nN 10n| A/R 


TABLE VII 


2 | Vn |Vidn| 1/n||n| nn? | vn _|v10n) 1/n_ 
a 7.07107 5.50 | 30.2500 | 2.34521 | 7.41620 |.181818 
25 0000 | 2.23607 | 7.07107 |.200000} | 5.50 } 30. 
55 7.42294 |.181488 
1 | 30.3601 | 2.34734 
001 | 2.23830 | 7.07814 |.199601] } 5.51 | 30.: ee ee 
5.01 | 25.1 5 30.4704 | 2.34 
5 20 |:199203| | 5.52] 3 ue 
oo Ott eo tor7 | 7.09925 |198807| | 5.53 | 30.5809 | 2.35160 | 7.43640 |.18083 
5.08 | 25 009 | oa tag | Foeoa0 [198413] | 5.54 [30.6916 | 2.35372 | 7.44312 | 180505 
5.04| 25.4016 | 2.24 see A PRE, 
5 5025 20] | 5.55 | 30.8025 | 2.35584 | 7. 
5.05 | 25.5025 | 2.24722 | 7.10634 |.1980 5 feb 
7 5.56 | 30.9136 | 2.35797 | 7.45654 |.1798 
5.06 | 25.6036 | 2.24044 | 7.11337 |.1076 78) | 2-27 | 31.0249 | 2.36008 | 7:46324 [179533 
2 0n| 3 coed | 2.26889 | 712741 [196850] ]5.58 | 31.1364 | 2.36220 | 7.46994 179211 
5.09 | 25.9081 | 2.25610 | 7.13442 |.196464] ] 5.59] 31.2481 | 2.364 ad 
6.10 | 26.0100 | 2.25832 | 7.14143 |.196078] | 6.60 | 31.3600 | 2.36643 see abo 
5 5695| | 5.61 | 31.4721 | 2.36854 | 7. 17825 
5.11 | 26.1121 | 2.26053 | 7.14843 bee rae gor 5'37085 |'7.49667 |177936 
21 3p te0 | aa6405 | 7.16240 [194932 | 3.63 | 31.6060 | 2.37276 | 7.50333 177620 
212] Secai96 | 2.26716 | 7.16938 |194553| | 5.64] 31.8096 | 2'37487 | 7.50999 |.177305 
5.15| 26.5225 | 2.26036 | 7.17635 |.194175| |5.65 | 31.9225 | 2.37697 | 7.51665 |.176991 
oe 5, =o gs} |5 2.0356 | 2.37908 | 7.52330 |.176678 
OG Bee a rel ra 338118 | 7.52994 |.176367 
pueloe tena |oteeene be agree baeogs 5.68 | 32.2624 | 2.38328 | 7.53658 |.176056 
"18 | 26.8324 | 227596 | 7.19722 |.193050] | 5.68 | 32.2624 | 2.38328 | 7.536: 6 
3:19 | 26.9361 | 2.27816 | 7.20417 |192678| | 5.69 | 32.3761 | 2.38537 | 7.54321 |.175747 
5.20 | 27.0400 | 2.28035 | 7.21110 |.192308] | 5.70} 32.4900 | 2.38747 | 7.54983 |.175439 
5 3 39) 15.71] 3: 38956 | 7.55645 |.175131 
5.21) 27.1441 | 2.28254 | 7.21803 |.191939] } 5.71) 32.6041 | 2.38956 | 7.55645 |.175131 
5.93 | 27.3599 | 3.28602 | roais7 [191203] | 573] 32.399 | 2.39374 | 7.36968 |.174590 
5.23 | 27.3529 | 2.28692 | 7.23187 |.1912 .73 | 32.8329 | 2.39374 | 7.56968 |. 
5,24 | 27.4576 | 2.28910 | 7.23878 |-190840] | 5.74 | 32.9476 | 2.39583 | 7.57628 |.174216 
5.25 | 27.5625 | 2.29129 | 7.24569 |.190476 33.0625 | 2.39792 | 7.58288 |.173913 
Cl Ape econ tale irene 
5.27 | 27.7729 | 2.29565 | 7.25948 |.18975 33.2929 | 2.40208 | 7.59605 |. 
5.28 | 27.8784 | 2.29783 | 7.26636 |.189394 33.4084 | 2.40416 | 7.60263 |.173010 
5.29 | 27.9841 | 2.30000 | 7.27324 |.189036 33.5241 | 2.40624 | 7. 
5.30 | 28.0900 | 2.30217 | 7.28011 |.188679 33.6400 | 2.40832 | 7.61577 |.172414 
5.31 | 28.1961 | 2.30434 | 7.28697 |.188324] | 5.81] 33.7561 | 2.41039 | 7.62234 |.172117 
5.32 | 28.3024 | 2.30651 | 7.29383 |.187970] | 5.82] 33.8724 | 2.41247 | 7.62889 [1171821 
5.33 | 28.4089 | 2.30868 | 7.30068 |.187617] | 5.83] 33.9889 | 2.41454 | 7.63544 [171527 
5.34 | 28.5156 | 2.31084 | 7.30753 |.187266| | 5.84 | 34.1056 | 2.41661 | 7.64199 |.171233 
5.35 | 28.6225 | 2.31301 | 7.31437 |.186916] | 5.85 | 34.2225 | 2.41868 | 7.64853 |.170940 
5.36 | 28.7296 | 2.31517 | 7.32120 |.186567| | 5.86 | 34.3396 | 2.42074 | 7.65506 |.170649 
5.37 | 28.8369 | 2.31733 | 7.32803 |.186220] | 5.87 | 34.4569 | 2.42281 | 7.66159 |.170358 
5.38 | 28.9444 | 2.31948 | 7.33485 |.185874] | 5.88 | 34.5744 | 2.42487 | 7.66812 |.170068 
5.39 | 29.0521 | 2.32164 | 7.34166 |.185529] | 5.89 | 34.6921 | 2.42693 | 7.67463 |.169779 
5.40 | 29.1600 | 2.32379 ) 7.34847 |.185185] | 6.90] 34.8100 | 2.42899 | 7.68115 |.169492 
5.41 | 29.2681 | 2.32594 | 7.35527 |.184843] |5.91 | 34.9281 | 2.43105 | 7.68765 |.169205 
5.42 | 29.3764 | 2.32809 | 7.36206 |.184502] | 5,92} 35.0464 | 2.43311 | 7.69415 |.168919 
5.43 | 29.4849 | 2.33024 | 7.36885 |.184162] | 5.93 | 35.1649 | 2.43516 | 7.70065 |.168634 
5.44 | 29.5936 | 2.33238 | 7.37564 |.183824] 15.94 | 35.2836 | 2.43721 | 7.70714 |.168350 
5.45 | 29.7025 | 2.33452 | 7.38241 |.183486] 15.95 | 35.4025 | 2.43926 | 7.71362 |.168067 
5.46 | 29.8116 | 2.33666 | 7.38918 |.183150| | 5.96} 35.5216 | 2.44131 | 7.72010 |.167785 
5.47 | 29.9209 | 2.33880 | 7.39594 |.182815] 15.97 | 35.6409 | 2.44336 | 7.72658 |. 167504 
5.48 | 30.0304 | 2.34094 | 7.40270 |.182482]. | 5.98 | 35.7604 | 2.44540 | 7.73305 |.167224 
5.49 | 30.1401 | 2.34307 | 7.40945 |.182149] | 5.99 | 35.8801 | 2.44745 | 7.73951 1.166045 
5.50 | 30.2500 | 2.34521 | 7.41620 |.181818] | 6.00 | 36.0000 | 2.44949 | 7.74597 |.166667 
Ron Vn |\V10n 1/n n| nr Vn |V10n 


1/n 
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n| rv Vn |V10n| 1/n n| n Vn |V10n| 1/n 
6.00} 36.0000 | 2.44949 | 7.74597 |.166667| | 6.50 | 42.2500 | 2.54951 | 8.06220 |.153846 
6.01 | 36.1201 | 2.45153 | 7.75242 |.166389 | | 6.51 | 42.3801 | 2.55147 | 8.06846 |.153610 
6.02 | 36.2404 | 2.45357 | 7.75887 |.166113| | 6.52 | 42.5104 | 2.55343 | 8.07465 |.153374 
6.03 | 36.3609 | 2.45561 | 7.76531 |.165837 | | 6.53 | 42.6409 | 2.55539 | 8.08084 |.153139 
6.04 | 36.4816 | 2.45764 | 7.77174 |.165563| | 6.54] 42.7716 | 2.55734 | 8.08703 152905 
6.05 | 36.6025 | 2.45967 | 7.77817 |.165289| | 6.55 | 42.9025 | 2.55930 | 8.09321 |.152672 
6.06 | 36.7236 | 2.46171 | 7.78460 |.165017] | 6.56 | 43.0336 | 2.56125 | 8.09938 |.152439 
6.07 | 36.8449 | 2.46374 | 7.79102 |.164745] |6.57 | 43.1649 | 2.56320 | 8.10555 |.152207 
6.08 | 36.9664 | 2.46577 | 7.79744 |.164474] | 6.58 | 43.2964 | 2.56515 | 8.11172 1.151976 
6.09 | 37.0881 | 2.46779 | 7.80385 |.164204| | 6.59 | 43.4281 | 2.56710 | 8.11788 |.151745 
6.10 | 37.2100 | 2.46982 | 7.81025 |.163934] | 6.60} 43.5600 | 2.56905 | 8.12404 1.151515 
6.11 | 37.3321 | 2.47184 | 7.81665 |.163666] | 6.61 | 43.6921 | 2.57099 | 8.13019 |.151286 
6.12 | 37.4544 | 2.47386 | 7.82304 |.163399] | 6.62] 43.8244 | 2.57294 | 8.13634 1.151057 
6.13 | 37.5769 | 2.47588 | 7.82943 1163132] | 6.63 | 43.9569 | 2.57488 | 8.14248 |.150830 
6.14 | 37.6996 | 2.47790 | 7.83582 |.162866| | 6.64] 44.0896 | 2.57682 | 8.14862 |.150602 
6.15 | 37.8225 | 2.47992 | 7.84219 |.162602| | 6.65 | 44.2295 | 2.57876 | 8.15475 |.150376 
6.16 | 37.9456 | 2.48193 | 7.84857 |.162338] | 6.66 | 44.3556 | 2.58070 | 8.16088 |.150150 
6.17 | 38.0689 | 2.48395 | 7.85493 |162075| | 6.67] 44.4889 | 2.58263 | 8.16701 |.149925 
6.18 | 38.1924 | 2.48596 | 7.86130 |.161812} | 6.68] 44.6224 | 2.58457 | 8.17313 |.149701 
6.19 | 38.3161 | 2.48797 | 7.86766 |.161551| | 6.69 | 44.7561 | 2.5860 | 8.17924 |.149477 
6.20 | 38.4400 | 2.48998 | 7.87401 |.161290] | 6.70| 44.8900 | 2.58844 | 8.18535 |.149254 
6.21 | 38.5641 | 2.49199 | 7.88036 |.161031| |6.71 | 45.0241 | 2.59037 | 8.19146 |.149031 
6.22 | 38.6884 | 2.49399 | 7.88670 [160772] | 6.72] 45.1584 | 2.59230 | 8.19756 |.148810 
6.23 | 38.8129 | 2.49600 | 7.89303 1160514] | 6.73 | 45.2929 | 2.59422 | 8.20366 |.148588 
6.24 | 38.9376 | 2.49800 | 7.89937 |.160256| |6.74| 45.4276 | 2.59615 | 8.20975 |.148368 
6.25 | 39.0625 | 2.50000 | 7.90569 |.160000| | 6.75] 45.5625 | 2.59808 | 8.21584 |.148148 
6.26 | 39.1876 | 2.50200 | 7.91202 |.159744] | 6.76 | 45.6976 | 2.60000 | 8.22192'].147929 
6.27 | 39.3129 | 2.50400 | 7.91833 |.159490] |6.77 | 45.8329 | 2.60192 | 8.22800 |.147710 
6.28 | 39.4384 | 2.50599 | 7.92465 | 159236] |6.78| 45.9684 | 2.60384 | 8.23408 |.147493 
6 29 | 39.5641 | 2.50799 | 7.93095 |.158983} | 6.79 | 46.1041 | 2.60576 | 8.24015 |.147275 
6.30 | 39.6900 | 2.50998 | 7.93725 |.158730| |6.80| 46.2400 | 2.60768 | 8.24621 |.147059 
6.31 | 39.8161 | 2.51197 | 7.94355 |.158479] |6.81 | 46.3761 | 2.60960 | 8.25227 |.146843 
6.32 | 39.9424 | 2.51396 | 7.94984 |.158228| | 6.82 | 46.5124 | 2.61151 | 8.25833 |.146628 
6:33 | 40.0689 | 2.51595 | 7.95613 |.157978| | 6.83 | 46.6489 | 2.61343 | 8.26438 |.146413 
6.34 | 40.1956 | 2.51794 | 7.96241 |.157729| | 6.84 | 46.7856 | 2.61534 | 8.27043 |.146199 
6.35 | 40.3225 | 2.51992 | 7.96869 |.157480] | 6.85 | 46.9225 | 2.61725 | 8.27647 |.145985 
6.36 | 40.4496 | 2.52190 | 7.97496 |.157233] |.6.86 | 47.0596 | 2.61916 | 8.28251 |.145773 
6.37 | 40.5769 | 2.52389 | 7.98123 |.156986| | 6.87] 47.1969 | 2.62107 | 8.28856 |.145560 
6.38 | 40.7044 | 2.52587 | 7.98749 |.156740| | 6.88] 47.3344 | 2.62298 | 8.29458 |.145349 
6,39 | 40.8321 | 2.52784 | 7.99375 |.156495| | 6.89 | 47.4721 | 2.62488 | 8.30060 |.145138 
40 | 40.9600 | 2.52982 | 8.00000 |.156250| |6.90 | 47.6100 | 2.62679 | 8.30662 |.144928 
6.41 | 41.0881 | 2.53180 | 8.00625 |.156006] | 6.91 | 47.7481 | 2.62869 | 8.31264 |.144718 
6.42 | 41.2164 | 2.53377 | 8.01249 |.155763| | 6.92 | 47.8864 | 2.63059 | 8.31865 |.144509 
6.43 | 41.3449 | 2.53574 | 8.01873 |.155521 | | 6.93 | 48.0249 | 2.63249 | 8.32466 |.144300 
6.44 | 41.4736 | 2.53772 | 8.02496 |.155280| | 6.94] 48.1636 | 2.63439 | 8.33067 |.144092 
6.45 | 41.6025 | 2.53969 | 8.03119 |.155039| | 6.95 | 48.3025 | 2.63629 | 8.33667 |.143885 
6.46 | 41.7316 | 2.54165 | 8.03741 |.154799| | 6.96] 48.4416 | 2.63818 | 8.34266 |.143678 
6.47 | 41,8609 | 2.54362 | 8.04363 |.154560| | 6.97 | 48.5809 | 2.64008 | 8.34865 |.143472 
6.48 | 41,9904 | 2.54558 | 8.04984 |.154321| |6.98] 48.7204 | 2.64197 | 8.35464 |.143266 
6.49 | 42,1201 | 2.54755 | 8.05605 |.154083| | 6.99] 48.8601 | 2.64386 | 8.36062 |.143062 
6.60 | 42.2500 | 2.54951 | 8.06226 |.153846| | 7.00] 49.0000 | 2.64575 | 8.36660 |.142857 
nl ne | Vn |Vv10n| 1/n n| n? | Vn |V10n| 1/n 
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n Vn |Vi0n| /n | in| nn | vn 
7.00 | 49.0000 | 2.64575 | 8.36660 |.142857| | 7.50 | 56.2500 | 2.73861 | 8.66025 |.133333 
‘49. 2.64764 | 8.37257 |.142653| | 7.51] 56.4001 | 2.74044 | 8.66603 |.133156 
roe eee. 2 otgE3 | 8.37854 | 14240| | 7.52 | 56.5504 | 2.74226 | 8.67179 |.132979 
£93 | 49.4909 | 2.65141 | 8.38451 |.142248| | 7-53 | 56.7009 | 2.74408 | 8.67756 |.132802 
+'04| 49.5616 | 2.65330 | 8.39047 |.142045| | 7.54] 56.8516 | 2.74591 | 8.68332 |.132626 
7 05 | 49.7025 | 2.65518 | 8.39643 |.141844] | 7.55 | 57.0025 | 2.74773 | 8.68907 |.132450 
7.061 49.8436 | 2.65707 | 8.40238 |.141643| | 7.56 | 57.1536 | 2.74956 | 8.69483 |.132275 
507 | 49.9849 | 2.65895 | 8.40833 |.141443| | 7.57 | 57.3049 | 2.75136 | 8.70057 |.132100 
708 | 50 1264 | 2.66083 | 8.41427 |.141243| | 7.58] 57-4564 | 2.75318 | 8.70632 |.131926 
5°09 | 30.2681 | 2.66271 | 8.42021 |.141044] | 7.59] 57-6081 | 2.75500 | 8.71206 |.131752 
7.10 | 50.4100 | 2.66458 | 8.42615 |.140845| | 7.60] 57.7600 | 2.75681 | 8.71780 |.131579 
7.111 50.5521 | 2.66046 | 8.43208 |.140647| | 7.61 | 57.9121 | 2.75862 | 8.72353 |.131406 
7'12 | 50.6944 | 2.66833 | 8.43801 |.140449] | 7.62] 58.0644 | 2.76043 | 8.72926 |.131234 
7'13 | 50.8369 | 2.67021 | 8.44393 |.140252] | 7.63 | 58.2169 | 2.76225 | 8.73499 |.131062 
714 | 50.9796 | 2.67208 | 8.44985 |.140056] | 7.64 | 58.3696 | 2.76405 | 8.74071 |.130890 
7.15 | 51.1225 | 2.67395 | 8.45577 |.139860] | 7.65 | 58.5225 | 2.76586 | 8.74643 |.130719 
7.16 | 51.2656 2.67582 | 8.46168 |.139665] | 7.66 | 58.6756 | 2.76767 | 8.75214 |.130548 
7:17 151.4089 | 2.67769 | 8.46759 |.139470| | 7.67 | 58.8289 | 2.76948 | 8.75785 |.130378 
7:18 | 51.5524 | 2.67955 | 8.47349 |.139276| | 7.68 | 58.9824 | 2.77128 | 8.76356 |.130208 
7°19 | 51.6961 | 2.68142 | 8.47939 |.139082] | 7.69 | 59.1361 | 2.77308 | 8.76926 |.130039 
7.20 | 51.8400 | 2.68328 | 8.48528 |.138889] | 7.70] 59.2900 | 2.77489 | 8.77496 |.129870 
7.21 | 51.9841 | 2.68514 | 8.49117 |.138696] | 7.71 | 59.4441 | 2.77669 | 8.78066 |.129702 
7.22 | 52.1284 | 2.68701 | 8.49706 |.138504| | 7.72 | 59.5984 | 2.77849 | 8.78635 |.129534 
7.23 | 52.2729 | 2.68887 | 8.50294 |.138313] | 7.73 | 59.7529 | 2.78029 | 8.79204 |.129366 
7.24 | 52.4176 | 2.69072 | 8.50882 |.138122| | 7.74 | 59.9076 | 2.78209 | 8.79773 |.129199 
7.25 | 52.5625 | 2.69258 | 8.51469 |.137931| | 7.75 | 60.0625 | 2.78388 | 8.80341 |.129032 
7.26 | 52.7076 | 2.69444 | 8.52056 |.137741| | 7.76 | 60.2176 | 2.78568 | 8.80909 |.128866 
7.27 | 52.8529 | 2.69629 | 8.52643 |.137552| | 7.77 | 60.3729 | 2.78747 | 8.81476 |.128700 
7.28 | 52.9984 | 2.69815 | 8.53229 |.137363| | 7.78 | 60.5284 | 2.78927 | 8.82043 |.128535 
7.29 | 53.1441 | 2.70000 | 8.53815 |.137174| | 7.79 {60.6841 | 2.79106 | 8.82610 |.128370 
Ne 


2.70185 | 8.54400 


53.2900 .1386986 80 | 60.8400 | 2.79285 | 8.83176 |]. 
7.31 53.4361 2.70370 8.54985 |.136799 7.81 | 60.9961 | 2.79464 | 8.83742 |.128041 
Waoe 53.5824 2.70555 8.55570 |.136612 7.82 | 61.1524 | 2.79643 | 8.84308 |.127877 
7.33 53.7289 2.70740 8.56154 .136426 7.83 | 61.3089 | 2.79821 | 8.84873 |.127714 
7.34 | 53.8756 | 2.70924 | 8.56738 |.136240 7.84 | 61.4656 | 2.80000 | 8.85488 |.127551 
7.35 | 54.0225 | 2.71109 | 8.57321 |.136054 7.85 | 61.6225 | 2.80179 | 8.86002 |.127389 
7.36 54.1696 2.71293 8.57904 .135870 7.86 | 61.7796 | 2.80357 | 8.86566 |.127226 
7.37 54.3169 2.71477 8.58487 .1385685 7.87 | 61.9369 | 2.80535 | 8.87130 |.127065 
7.38 eles 2.71662 8.53069 -135501 7.88 | 62.0944 | 2.80713 | 8.87694 |.126904 
7.39 | 54.6121 | 2.71846 | 8.59651 |.135318 7.89 | 62.2521 | 2.80891 | 8.88257 |.126743 
7.40 | 54.7600 | 2.72029 | 8.60233 135135 62.4100 | 2.81069 | 8.88819 |.126582 

7.41 | 54.9081 | 2.72213 | 8.60814 134953 62.5681 | 2.81247 | 8.89382 
2.72213 | 8.608 f oe 2.812 m .126422 
ce 55.0564 2.72397 8.61394 ie Yin | 62.7264 | 2.81425 | 8.89944 |.126263 
ee 55.2049 2.72580 8.61974 .134590 62.8849 | 2.81603 | 8.90505 |.126103 
A4 | 55.3536 | 2.72764 | 8.62554 |.134409 63.0436 | 2.81780 | 8.91067 |.125945 
7.45 | 55.5025 | 2.72947 | 8.63134 plo eee 63.2025 | 2.81957 | 8.91628 |.125786 

7.46 | 55.6516 | 2.73130 | 8.63713 134048 63.3616 | 2.82 

8. Hy ae : .82135 | 8.92188 |.125628 
hed Pek 2.73313 8.64292 .133869 63.5209 | 2.82312 | 8.92749 |.125471 
oe ee 2.73496 8.64870 .133690 63.6804 | 2.82489 | 8.93308 |.125313 
F 6. 1 | 2.73679 | 8.65448 1.133511 63.8401 | 2.82666 | 8.93868 |.125156 
7.50 | 56.2500 | 2.73861 8.66025 |.133333 64.0000 | 2.82843 | 8.94427 |.125000 
2; a a Sel 2 eh eee 

nil on Vn |V10n} 1/n rn | Vn |V10n 


1/n 


ee. a a = Te 


SQUARES, SQUARE ROOTS, RECIPROCALS 109 
| Vn |Vi0n| 1/n n 10n| 1/n 

64.0000 | 2.82848 | 8.94427 |.125000 8.50 2.91548 | 9.21954 |.117647 
64.1601 | 2.83019 | 8.94986 |.124844 8.51 2.91719 | 9.22497 |.117509 
64.3204 | 2.83196 | 8.95545 |.124688 8.52 2.91890 | 9.23088 }.117371 
64.4809 2.83373 | 8.96103 |.124533 8.53 2.92062 | 9.23580 |.117233 
64.6416 | 2.83549 | 8.96660 |.124378 8.54 2.92233 | 9.24121 |.117096 
64.8025 | 2.83725 | 8.97218 |.124224 8.55 2.92404 | 9.24662 |.116959 
64.9636 2.83901 | 8.97775 |.124069 8.56 2.92575 | 9.25203 |.116822 
65.1249 2.84077 | 8.98332 |.123916 8.57 2.92746 | 9.25743 |.116686 
65.2864 2.84253 | 8.98888 |:123762 8.58 2.92916 | 9.26283 |.116550 
65.4481 | 2.84429 | 8.99444 |.123609 8.59 2.93087 | 9.26828 |.116414 
65.6100 | 2.84605 | 9.00000 |.123457 2.93258 9.27362 116279 

8. 65.7721 2.84781 | 9.00555 |.123305 74.1321 | 2.93428 | 9.27901 |.116144 
A 65,9344 | 2.84956 | 9.01110 .1238153 74.3044 | 2.93598 | 9.28440 |.116009 
. §6.0969 | 2.85132 | 9.01665 |.123001 74.4769 | 2.93769 | 9.28978 |.115875 
;.14 | 66.2596 | 2.85307 | 9.02219 |.122850 74.6496 | 2.93939 | 9.29516 }.115741 
8.15 | 66.4225 | 2.85482 | 9.02774 |.122699 74.8225 | 2.94109 | 9.30054 |.115607 
8.16 | 66.5856 | 2.85657 | 9.03327 .122549 74.9956 | 2.94279 | 9.30591 |.115473 
8.17 66.7489 | 2.85832 | 9.03881 |.122399 75.1689 | 2.94449 | 9.31128 |.115340 
8.18 66.9124 | 2.86007 | 9.04434 |.122249 175.3424 | 2.94618 | 9.31665 |.115207 
8.19 | 67.0761 | 2.86182 | 9.04986 |.122100 75.5161 | 2.94788 | 9.382202 |.115075 
8.20 | 67.2400 | 2.86356 | 9.05539 }.121951 75.6900 | 2.94958 | 9.32738 ].114943 
8.21 | 67.4041 | 2.86531 | 9.06091 }.121803 75.8641 | 2.95127 | 9.33274 |.114811 
8.22 | 67.5684 | 2.86705 | 9.06642 }.121655 76.0384 | 2.95296 | 9.33809 |.114679 
8.23 | 67.7329 | 2.86880 | 9.07193 }.121507 76.2129 | 2.95466 | 9.34345 |.114548 
8.24 | 67.8976 | 2.87054 | 9.07744 |.121359 76.3876 | 2.95635 | 9.84880 |.114416 
8.25 | 68.0625 | 2.87228 | 9.08295 |.121212 76.5625 | 2.95804 | 9.85414 |.114286 
8.26 | 68.2276 | 2.87402 | 9.08845 |.121065 76.7376 | 2.95973 | 9.85949 |.114155 
8.27 | 68.3929 | 2.87576 | 9.09395 |.120919 76.9129 | 2.96142 | 9.36483 |.114025 
8.28 | 68.5584 | 2.87750 | 9.09945 |.120773 3 177.0884 | 2.96311 | 9.37017 |.113895 
8.29 | 68.7241 | 2.87924 | 9.10494 |.120627 77.2641 | 2.96479 | 9.37550 |.113766 
8.30 | 68.8900 | 2.88097 | 9.11043 |.120482 77.4400 | 2.96648 | 9.38083 |.113636 
8.31 169.0561 | 2.88271 | 9.11592 |.120337 77.6161 | 2.96816 | 9.38616 |.113507 
8.32 1 69.2224 | 2.88444 | 9.12140 |.120192 77.7924 | 2.96985 | 9.39149 |.113379 
8.33 169.3889 | 2.88617 | 9.12688 }.120048 77.9689 | 2.97153 | 9.39681 |.113250 
8.34 | 69.5556 | 2.88791 | 9.13236 |.119904 78.1456 | 2.97321 | 9.40213 |.113122 
.35 | 69.7225 | 2.88964 | 9.13783 |.119760 78.3225 | 2.97489 | 9.40744 |.112994 
69.8896 | 2.89137 | 9.14330 |.119617 78.4996 | 2.97658 | 9.41276 |.112867 
70.0569 | 2.89310 | 9.14877 |.119474 78.6769 | 2.97825 | 9.41807 |.112740 
70.2244 | 2.89482 | 9.15423 |.119332 3 | 78.8544 | 2.97993 9.42338 |.112613 
70.3921 | 2.89655 | 9.15969 |.119190 79.0321 | 2.98161 | 9.42868 }.112486 
70.5600 | 2.89828 | 9.16515 |.119048 79,2100 | 2.98329 | 9.43398 |.112360 

; 70.7281 | 2.90000 | 9.17061 |.118906 79,3881 | 2.98496 | 9.43928 |.112233 
70.8964 | 2.90172 | 9.17606 |.118765 79.5664 | 2.98664 | 9.44458 |.112108 
71.0649 | 2.90345 | 9.18150 |.118624 79.7449 | 2.98831 | 9.44987 |.111952 
71.2336 | 2.90517 | 9.18695 }.115483 79.9236 | 2.98998 | 9.45516 |.111857 
71.4025 | 2.90689 | 9.19239 |.118343 80.1025 | 2.99166 | 9.46044 1.111732 
71.5716 | 2.90861 | 9.19783 |.118203 80.2816 | 2.99333 | 9.46573 .111607 
71.7409 | 2.91033 | 9.20326 |.118064 80.4609 | 2.99500 | 9.47101 |.111483 
71.9104 | 2.91204 | 9.20869 |.117925 80.6404 | 2.99666 9.47629 |.111359 
72.0801 | 2.91376 | 9.21412 |.117786 80.8201 | 2.99833 | 9.48156 |.111235 
72.2500 | 2.91548 | 9.21954 |.117647 81.0000 | 3.00000 | 9.48683 }.111111 

n | Vn |V10n| 1/n n? | Vn |V10n| 1/n 


81.0000 


——> 


Vn 


3.00000 
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V10n| 1/n 
9.48683 


111111 


VII 
n | Vn |V10n| 1/n 
90.2500 | 3.08221 | 9.74679 |.105263 


3.08383 | 9.75192 


4401 105152 
81.1801 | 3.00167 | 9.49210 |.110988 90. 3 5192 |.105 
81.3604 | 3.00333 | 9.49737 |.110865 90.6304 3.08545 9.79705 “105042 
81.5409 | 3.00500 | 9.50263 |.110742 90.8200 13-06707 | 70gte ee 
81.7216 | 3.00666 | 9.50789 |.110619 0116 | 3. ; 
81.9025 | 3.00832 | 9.51315 |.110497 91.2025 | 3.09031 | 9.7241 |.104712 
82.0836 | 3.00998 | 9.51840 |.110375 91.3936 3.09192 9.77753 104603 
ates aie O P3890 GSES 91.7764 | 3.09516 | 9.78775 |.104384 
82. ; 
82.6281 | 3.01496 | 9.53415 |.110011 91.9681 | 3.09677 | 9.79286 |.104275 
82.8100 | 3.01662 | 9.53939 |.109890 92.1600 | 3.09839 | 9.79796 |.104167 

: 2.35: .80306 |.104058 

82.9921 | 3.01828 | 9.54463 |.109769 92.3521 | 3.10000 | $.8030 
83.1744 | 3.01993 | 9.54987 |.109649 92.5444 | 3.10161 9.80816 103950 
83.3569 | 3.02159 | 9.55510 |.109529 92.7369 | 3.10322) 9.81326 | B42 
83.5396 | 3.02324 | 9.56033 |.109409 92.9296 | 3.10483 | 9.81835 |.103 
83.7225 | 3.02490 | 9.56556 |.109290 93.1225 | 3.10644 | 9.82344 |.103627 
83.9056 | 3.02655 | 9.57079 |.109170 93.3156 | 3.10805 | 9.82853 |.103520 
84.0889 | 3.02820 | 9.57601 |.109051 | 93.5089 | 3.10966 | 9.83362 | 103413 
84.2724 | 3.02985 | 9.58123 |.108932 93.7024 | 3.11127 | 9.83870 | 103306 
84.4561 | 3.03150 | 9.58645 |.108814 93.8961 | 3.11288 | 9.84378 |.103199 
84.6400 | 3.03315 | 9.59166 |.108696 94.0900 | 3.11448 | 9.84886 |. 103093 
84,8241 | 3.03480 | 9.59687 |.108578 9.71 | 94.2841 | 3.11609 | 9.85393 |.102987 
85.0084 | 3.03645 | 9.60208 |108460] | 9.72 | 94.4784 | 3.11769 | 9.85901 |. 102881 
85.1929 | 3.03809 | 9.60729 |.108342] | 9.73 | 94.6729 | 3.11929 | 9.86408 |102775 
85.3776 | 3.03974 | 9.61249 |.108225| | 9.74 | 94.8676 | 3.12090 | 9.86914 |.102669 
85.5625 | 3.04138 | 9.61769 |.108108] | 9.75 | 95.0625 | 3.12250 | 9.87421 |.102564 
85.7476 | 3.04302 | 9.62289 |.107991] | 9.76 | 95.2576 | 3.12410 | 9.87927 |.102459 
85.9329 | 3.04467 | 9.62808 .107875| } 9.77 | 95.4529 | 3.12570 | 9.88433 |.102354 
86.1184 | 3.04631 | 9.63328 |.107759| | 9.78 | 95.6484 | 3.12730 | 9.88939 |'102249 
86.3041 | 3.04795 | 9.63846 |.107643| | 9.79 | 95.8441 | 3.12890 | 9.89444 |'102145 
86.4900 | 3.04959 | 9.64365 |.107527| | 9.80 | 96.0400 | 3.13050 | 9.89949 |. 102041 
86.6761 | 3.05123 | 9.64883 |.107411] | 9.81 | 96.2361 | 3.13209 | 9.90454 |. 101937 
86.8624 | 3.05287 | 9.65401 |.107296] | 9.82 | 96.4324 | 3.13369 | 9.90959 |.101833 
87.0489 | 3.05450 | 9.65919 |.107181 | | 9.83 | 96.6289 | 3.13528 | 9.91464 |.101729 
87.2356 | 3.05614 | 9.66437 |.107066] | 9.84 | 96.8256 | 3.13688 | 9.91968 |.101626 
87.4225 | 3.05778 | 9.66954 |.106952 97.0225 | 3.13847 | 9.92472 |.101523 | 
87.6096 | 3.05941 | 9.67471 |.106838 97.2196 | 3.14006 | 9.92975 |.101420 
87.7969 | 3.06105 | 9.67988 |.106724 97.4169 | 3.14166 | 9.93479 |.101317 
87.9844 | 3.06268 | 9.68504 |.106610 97.6144 | 3.14325 | 9.93982 |101215 
88.1721 | 3.06431 | 9.69020 |'106496 97.8121 | 3.14484 | 9.94485 |.101112 
88.3600 | 3.06594 | 9.69536 |.106383 98.0100 | 3.14643 | 9.94987 |.101010 


88.5481 
88.7364 
88.9249 
89.1136 


3.06757 
3.06920 
3.07083 
3.07246 


89.3025 


89.4916 
89.6809 
89.8704 
90.0601 


3.07409 


3.07571 
3.07734 
3.07896 
3.08058 


9.70052 
9.70567 
9.71082 
9.71597 
9.72111 
9.72625 
9.73139 
9.73653 
9.74166 


-106270 


3.14802 | 9.95490 


90.2500 


3.08221 


9.74679 


n2 


Vn 


V10n 


98.2081 .100908 
-106157 98.4064 | 3.14960 | 9.95992 |.100806 
.106045 98.6049 | 3.15119 | 9.96494 |.100705 
-105932 98.8036 | 3.15278 | 9.96995 |.100604 
-105820 99.0025 | 3.15436 | 9.97497 |.100503 
-105708 99.2016 | 3.15595 | 9.97998 |.100402 
.105597 99.4009 | 3.15753 | 9.98499 |.100301 
-105485 99.6004 | 3.15911 | 9.98999 }.100200 
.105374 99.8001 | 3.16070 | 9.99500 |.100100 
-105263 | ]10.00} 100.000 | 3.16228 | 10.0000 |.100000 


1/n 


Vn |V10n| 1/n 


